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MODAL  AND  IMPiDANCE  ANALYSIS 


AN  IMPEDANCE  TECHNIQUE 
FOR 

DETERMINING  LOW  FREQUENCY 
PAYLOAD  ENVIRONMENTS 

Kenneth  R.  Payne 
Martin  Marietta  Corporation 
Denver,  Colorado 


An  approximation  method  for  determining  low  frequency  pay- 
load  environments  is  developed  and  compared  to  state  of  the 
art  coupling/reaponae  routines.  Problems  in  signal  condition^ 
Ing  techniques  and  frequency  domain  analysis  are  discusac.' 
Results  from  analytical  simulations  with  a  spring  mass  sys¬ 
tem  and  a  math  model  of  the  Space  Transportation  System  and 
Long  Duration  Facility  are  presented. 


INTRODUCTION 

Low  frequency  payload  loads  and 
environmental  predictions  can  be  a  very 
lengthy  and  expensive  task  for  complex 
booster  payload  configurations.  De¬ 
tailed  mathematical  models  exhibiting 
sufficient  resolution  of  the  dynamic 
characteristics  of  both  the  payload  and 
booster  must  be  individually  generated 
than  mathematically  coupled  to  form  the 
final  system  models.  The  number  of 
degrees  of  freedom  associated  with 
these  Individual  models  as  well  as  the 
number  of  degrees  of  freedom  describing 
the  total  system  dynamic  characteris¬ 
tics  make  analysis  of  this  level  of 
detail  economically  intimidating.  This 
generally  results  in  the  analyst  reduc¬ 
ing  the  size  of  system  models  to  cut 
down  on  cost.  While  some  future  pay- 
load  models  may  legitimately  be  reduced 
in  size  for  system  analyses,  the  evident 
complexity  of  boosters,  such  as  the 
Shuttle  Transportation  System  (STS) , 
and  payloads,  such  as  current  concepts 
of  Large  Space  Structures  (LSS),  will 
require  enormous  numbers  of  degrees  of 
freedom  for  conventional  system  defin¬ 
ition. 

Furthermore,  in  most  cases,  booster 
models  and  external  forcing  functions 
are  assumed  to  be  constant,  i.e., 
changes  in  the  payload  environments  are 
assumed  to  be  dependent  on  the  payload 
characteristics,  holding  the  external 
forces  and  booster  characteristics 
constant  for  the  most  part.  These 
assumptions  do  have  some  merit  since  a 
large  number  of  payloads  are  carried  on 


a  few  common  boosters.  The  result  is 
some  analyses  are  repeated  over  and 
over,  often  with  very  similar  results. 

A  preferable  technique,  eliminat¬ 
ing  the  necessity  of  creating  detailed 
coupled  models  as  well  as  decreasing 
the  scope  of  an  overall  integration 
task,  is  described  here.  This  ap¬ 
proach,  designated  by  the  author  as 
the  "impedance  technique",  corrects 
the  response  of  the  booster/payload 
interface  to  reflect  feedback  changes 
associated  with  changes  of  the  payload. 
All  calculations  are  done  in  the  fre¬ 
quency  domain.  The  approach  elimi¬ 
nates  the  necessity  of  computing  the 
final  coupled  eigenaolutions .  The 
final  equations  are  reduced  to  simple 
complex  transfer  functions.  Further¬ 
more,  the  booster  dynamic  character¬ 
istics  required  to  compute  these 
transfer  functions  consist  of  unloaded 
interface  free-free  modal  data.  Thus, 
by  obtaining  a  "standard"  set  of 
booster  model  and  input  environmental 
data,  the  payload  organizations  should 
be  able  to  calculate  the  expected  low 
frequency  environments  at  the  inter¬ 
face  of  the  booster/payload.  Thus, 
the  approach  also  reduces  a  large 
portion  of  the  overall  integration 
task . 

The  first  purpose  of  this  paper 
is  to  present  the  development  of  the 
impedance  technique  and  emphasize  some 
of  its  salient  features.  Since  any 
analytical  technique  must  pass  a 
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demonstration  test,  the  second  purpose 
of  this  paper  Is  to  present  the  results 
of  using  the  payload  impedance  tech¬ 
nique  on  the  future  Long  Duration 
Exposure  Facility  (LDEF)  STS  payload. 
This  example  serves  as  a  cumulative 
evaluation  and  lends  some  insight  into 
the  value  of  the  methodology. 

DEVELOPMENT  OF  STANDARD  MODAL  COUPLING 

Before  discussing  the  development 
of  the  impedance  methodology,  a  brief 
review  of  a  standard  modal  coupling 
technique  is  in  order.  The  coupling 
process  begins  with  two  or  more  discrete 
mathematical  models  depicting,  for 
example,  the  structural  properties  of 
any  booster  and  payload  (Figure  1) 
system.  The  discrete  equations  of 
motion  (1]  for  the  payload  uncoupled 
(free-free)  could  be  written  asi 

[Mp]  [Kp]  |Xp}  -  )0|  (1) 

where 

[Hpl  ^  the  discrete  mass 

matrix  of  the  payload 
[Kp]  ==  the  discrete  stiffness 
..  matrix  of  the  payload 

jXpj.jXpl  »  vectors  of  discrete 

motions  of  the  payload. 


Fig.  1  -  Schematic  of  Typical  Puyload/Boc  ii 

System  Showing  Pertinent  Accelei.’rlon' 
and  Loads. 

Note  here  that  the  equations  of  motion 
shown  in  Eq.  (i)  do  not  include  damping 
or  any  applied  forces.  These  factors 
in  the  equations  of  motion  will  be  con¬ 
sidered  later  in  the  development.  A 
similar  set  of  equations  can  be  written 
for  the  booster  as, 

tv  +  tl^l  {X3I  .  jo}  (2) 


(M^l  =  the  discrete  mass 

matrix  of  the  booster 
[Ky]  =  the  discrete  stiffness 
matrix  of  the  booster 
|Xg|,|X|.|  =  vectors  of  the  discrete 
motions  of  the  booster 

Let  us  turn  our  attention  to  the 
payload  model  for  the  moment.  Eq,  (1) 
generally  represents  the  structure  as 
free-free,  i.e.,  unconstrained  at  any 
point.  A  more  convenient  set  of  equa¬ 
tions  can  be  derived  by  writing  the 
absolute  motions  of  the  payload  as  the 
sum  of  motion  relative  to  the  inter¬ 
face  and  that  due  to  the  motion  of  the 
interface  itself.  In  matrix  form, 
this  can  be  written  ass 

1^1  ■  1^}  +  tT]  jXj  (3) 

Where 

jXpl  -  the  relative  displacements 
of  the  payload  points  to 
the  interface. 

[T]  =  the  static  reduction  matrix 
of  all  the  payload  degrees 
of  freedom  to  the  interface. 
jX-l=  the  discrete  displacements 
at  the  payload/booster 
interface . 

If  the  system  can  be  assumed 
linear,  the  relationships  shown  in  Eq. 

(3)  Will  also  hold  for  the  velocities 
and  accelerations.  It  should  be  pointed 
out  that  the  relative  motions  of  the 
payload  are  obtained  by  constraining  the 
payload  at  the  interface  to  the  booster, 
and  the  reduction  transformation  [T)  be¬ 
comes  a  rigid  body  transformation  when 
the  interface  is  statically  determinate. 
Relative  motion  can  be  expressed  in 
terms  of  the  natural  modes,  Ul,  of  the 
constrained  system.  Then  Eq .  (3)  be¬ 
come  s , 

lXp(  =  It]  jqp}  +  iTjjXj  (4) 

Where 

|^p}=  modal  coordinates  of  the 
constrained  payload. 

Transforming  the  payload  energies  into 
the  Eq.  (4)  coordinate  system,  the  equa¬ 
tions  of  motion  for  the  payload  become 


I  tjMpTjrq'pJ 

sym  t’^  Mp  T  J  (  X  j  j 


s 
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where 


[I]  =  unity  matrix  representing 
the  generalized  mass, 

K  «p  *p]  -  '’1 

[♦p]  =  matrix  of  eigenvectors 
representing  the  con¬ 
strained  payload  model. 

(i^p  H  T]  =  the  inertial  coupling 
matrix 

2 

[(iipl  =  generalized  stiffness 
matrix, 

[♦p  Kp  ♦p]  -  [4] 


where  S  selects  interface  dof  from  the 
booster ^coordinates .  These  coupled 
equations  of  motion  are  then  decoupled 
by  modal  substitution  of  a  final  set  of 
eigenvalues,  (♦„],  so  that  now  the  sys¬ 
tem  equations  are, 

I'l  \\\  ^  [2Cc  “c]{\} 

^  R]KI  (9) 


where 


T  T 


“p  =  eigenvalues  of  the  pay¬ 
load  in  a  constrained 
configuration. 

Notice  here  that  the  equations  of 
motion  in  Eq.  (5)  are  still  coupled. 
The  upper  set  of  equations  represent 
noninterface  payload  dof  and  the  lower 
set  the  interface  dof  between  the  pay- 
load  and  booster.  Since  the  interface 
degress  of  freedom  jXj|,  are  common  to 
both  the  payload  and  ^the  booster,  the 
rigid  body  mass,  (T'  MpT]  ,  can  be  added 
to  the  booster  separately  before  the 
final  set  of  coupled  equations  are 
generated.  Or, 


[2;^  •  coupled  modal  damping 

[m^l  =  generalized  stiff- 
^  ness  for  the  coupled 
payload/booster 
system. 


u).  =  0  for  all  rigid  body 
modes 


[Hg  +  T^Mp  T]  jXgj  +  [KgjlXpl  -  j0{  (5) 

2 

If  modes,  I'tnl  <  frequencies,  u_  ,  of 

Eq.  (6)  are “calculated,  Eq.  (6)  can  be 
decoupled  with  the  modal  substitution 
approach  and  simplified  to! 

'^1  \s\  + 


jF  1=  vector  of  applied 
'  “ '  external  forces. 

Eq.  (9)  becomes  the  equation  to  be 
solved  for  vehicle  responses  and  loads 
for  external  loading  events,  e.g., 
engine  transients  and  staging  events. 
The  discrete  responses  of  both  the  pay 
load  and  booster  are  then  computed  by 
substituting  back  to  the  discrete 
domain . 


where 

{‘'b}'{'*b}  =  modal  coordinates  of  the 
booster . 

2 

Note  that  ID  =  0  for  every  rigid  body 
mode.  Eqs.“(5)  and  (7)  can  be  combined 
to  form  the  final  modally  coupled  set  of 
equations  [2]. 


DEVELOPMENT  OF  THE  IMPEDANCE  METHODOLOGY 

While  the  above  derivation  was  not 
completely  rigorous,  it  does  describe 
the  basic  assumptions  and  techniques  of 
a  modal  coupling  approach.  But  now  let 
us  return  to  Fig.  1.  The  methodology 
of  the  payload  impedance  technique  is 
based  on  isolating  the  feedback  of  the 
payload  from  the  coupled  dynamic  charac¬ 
teristics  of  the  total  payload/booster 
system.  The  key  to  the  approach  lies 
in  the  interface  forces  shown  schemat¬ 
ically  in  Fig.  1.  The  desired  end 
result  would  be  a  method  by  which  loads 
on  a  new  payload  can  be  determined  from 
analysis  or  test  of  a  prior  payload  for 
a  set  of  loading  conditions  without 


\ 
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having  to  obtain  a  new  set  of  coupled 
eigensci ntions ,  or  performing  new  time 
domain  analyses. 

Consider  the  interface  acoelera- 
tions,  for  the  total  free-free 

system  (rig.  1)  as  being  the  sum  of  the 
accelerations  uno  to  the  external 
forces,  1  Hid  those  due  to  the  inter¬ 
face  for.  jf}.  Or, 


jXjj  =  the  accelerations  at  the  inter- 
\  (e  face  due  to  the  external  forces 

I^eI 

i'xjl  =  the  accelerations  at  the  inter- 
’C  face  due  to  the  interface 
toKce  i,  |f  j 

By  substituting  the  appropriate  expres¬ 
sions  for  the  terms  on  the  right-hand 
side  cf  Eq.  (10)  ,  the  total  inter fac',- 
accele  ‘ations  will  account  for  both  the 
external  forces  being  transferred 
through  the  booster  and  the  dynamic 
feedback  of  the  payload  on  the  inter¬ 
face.  The  external  forces  of  concern 
in  this  development  include  those  such 
as  engine  thrusts  and,  in  the  case  of 
an  STS  configuration,  possibly  landing 
loads.  They  do  not,  howe'''er,  include 
any  external  loads  applied  directly  to 
the  payload. 

First  consider  the  acce.’.erations 
due  to  the  external  forces  applied  to 
the  booster.  A  set  of  free-free  equa¬ 
tions  for  the  booster  can  be  derived 


S  “b1 


B]  {' 


|q„J  etc  =  modal  coordinates  of 
the  unloaded  booster 
model 

[2  c  ui  ]  =  generalized  darning 

matrix  for  the  unloaded 
booster 

|u‘  =  generalized  stiffness 

^  of  the  unloaded  booster 

I FB 1  '  tiodal  amplitudes  at  the 
L  J  external  force  loca¬ 
tions  . 

The  termination  "unloaded”  means  the 
payload  body  mass  contribution  [t^  FU  t] 
in  Eq.  (6)  is  not  added  to  the  booster 
interface  before  the  eigensolution  is 
obtained.  Eq.  (11)  can  be  converted  to 


the  frequency  domain  by  taking  the 
Laplace  Transform  of  both  sides  [1], 

With  zero  initial  condition,  the  modal 
accelerations  of  the  unloaded  booster 
due  to  the  applied  external  forces  only 
can  be  expressed  as, 


«  =  Laplacian  variable 

To  convert  to  the  frequency  domain, 
substitute  J(l  for  the  variable,  s,  in 
Eq.  (12)  .  The  result  can  be  written 
in  terms  of  the  frequency  ratio,  X  as 


1=1,  2,  ...  No.  of  input  frequencies 
where 

n 

Xj^  -  /  “*8  '  ratio  of  the  fre¬ 

quency  to  the  modal  fre- 
j  .  yCY  quency 

Transforming  back  to  the  discrete  coor¬ 
dinates  of  Eq.  (10) ,  an  expression  for 
the  interface  accelerations  as  a  func¬ 
tion  of  the  input  frequency  is  given 
by: 


‘  (l-X^h  j(2;3xJ'  M  i'^ii 


Or  simplifying. 


The  coefficients  matrix,  [TaDM]^,  repre¬ 
sents  the  complex  transfer  admittance 
of  the  booster  from  the  point  of  exter¬ 
nal  force  application  to  the  payload 
interface . 

Next,  to  derive  the  expression  for 
the  interface  accelerations  due  to  the 
interface  forces,  j  f},  a  set  of  differ¬ 
ential  equations  similar  to  Eq.  (11) 
can  be  wri  :en  as, 


41^ 
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the  payload.  Eq.  (5) 

to  include  damping  as 

T 

M  i-i 

(16) 

'  I  H,,  t|  4,, 

_sym  H|,  tJ  Xj 

I  •  HbI>  '"odal  coordinates  asao- 

'  “  '  HI  '  B’  elated  only  with  the 

responses  to  the  inter¬ 
face  forces. 

1 1).  1  =  modal  amplitudes  at  the 

L  -I  interface. 

Here  the  distinction  in  the  booster 
modal  responses  is  to  separate  those  due 
to  the  external  forces,  jFE|,  (see  Eq. 

(10) ,  from  those  due  to  the  interface 
forces,  |f|.  Following  the  previous 
procedure  for  solving  and  simplifying 
the  equations  of  motion  in  the  frequency 
domain,  the  discrete  accelerations  at 
the  interface  due  to  the  interface  loads 
I  ft,  are: 

i=  1,  2,  ...  No.  of  input  frequencies. 


=  modal  amplitudes  at  the  inter- 
“  face 

Ot  / 

X,  =  /  ,  ratio  of  the  input 

/  (u_  frequency  to  the  modal 
frequency. 


This  equation  now  includes  gener¬ 
al  iied  damping  and  the  force  on  the 
payload,  jf(.  Eq.  (20)  does  imply  a 
basic  assumption.  Notice  that  the 
damping  and  stiffness  partitions  cor¬ 
responding  to  the  interface  degrees  of 
freedom  are  null.  This  is  not  true  if 
the  interface  is  not  statically  deter¬ 
minate.  In  the  case  of  the  indetermi¬ 
nate  interface,  the  following  expres¬ 
sions  arc  somewhat  more  complicated  but 
are  manageable.  One  may  separate  the 
upper  set  of  equations  in  (20), 


ti)  hpl  +  hpl 

+  Iw^]  !qpi  ■  l^pl^  iMp)  [Ti 


jXj-j  .  [PADHlj  |fjj 


Here  the  coefficients  matrix,  (PADMlj  , 
represents  the  complex  transfer  admit¬ 
tance  of  the  booster  from  the  point  of 
interface  force  application  (i.e.,  the 
interface)  to  the  payload  interface. 
This  matrix  contains  the  transfer  func¬ 
tion  characteristics  of  the  booster  at 
that  point  due  to  the  interface  forces, 
{f[.  Substituting  Eqs.  (15)  and  (18) 
into  Eq.  (10)  yields. 

|Xj|^  -  [TADM]^  |Fg|^  +  [FADM]^  |f|j  (19) 


The  feedbaclt  effect  of  the  payload  on 
these  interface  accelerations  is  con¬ 
tained  in  the  second  term  of  Eq.  (19) 
which  involves  the  interface  forces, {f[. 
These  forces  will  now  be  expressed  as  a 
function  of  the  inertial  responses  of 


from  tne  lower  set, 

It'^1  IMp)  I'^p]  l9p( 

(22) 

+(T^MpT]  |X^|  -  If} 

Taking  the  Laplace  transformation  of 
Eq.  (21)  and  simplifying  as  before,  we 
have 


’PI  2 

i  1-^Pl  +  J 


[♦p  «p 


1=1,  2,  3,  ...,  No.  of  input  fre¬ 
quencies  . 

Now  substituting  (23)  into  (22) 
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or 


1 


(24) 

(25) 


Here,  the  complex  coefficients  matrix 
[IMPJi  represents  the  impedance  of  “com¬ 
plex  inertia"  of  the  payload  at  the 
payload/booster  interface. 

Now  all  of  the  complex  transfer 
function  characteristics  that  are 
necessary  to  fully  describe  the  vehicle 
coupled  response  have  been  derived,  and 
the  final  form  of  the  coupled  impedance 
can  be  generated.  Substituting  (25) 
itito  (19)  yields. 

I'll, 

(26) 

+  [PADM]^  [IHP]^  rxJ 


1  «  1,  2,  3,  ...,  No.  of  input  fre¬ 
quencies  . 


Or,  rearranging 

^[I]  -  (PADM]^[IMP1 J  |Xj|^  -  [TAnMl^jPgl  (27) 

1  =  1,  2,  3,  ...,  No.  of  input  fre¬ 
quencies. 

In  this  form  of  the  itupedance  equation 
the  left  hand  side  matrix  of  complex 
coefficients  for  the  interface  acceler¬ 
ations  represents  the  coupled  impedance 
of  the  payload/booster  combination,  and 
the  right  hand  side  represents  the  com¬ 
plex  "pseudo"  generalized  force.  Since 
the  external  forces,  |Fe[,  are  in  complex 
spectral  form,  and  the  coefficient 
matrices  are  complex  as  well,  the 
desired  spectral  interface  acceleration 
can  be  obtained  with  Eq.  (26)  using 
nothing  more  than  complex  multiplication. 
This  simplicity  greatly  reduces  the  cost 
of  generating  the  low  frequency  environ¬ 
mental  predictions.  If  we  now  consider 
some  new  payload  for  the  same  booster 
with  the  same  interface  and  same  set  of 
external  force/torque  vectors  (Fig.  2) , 
then  the  intarface  accelerations  for  the 
new  payload  will  be: 


I'XjI  »  (in  -  [PAnHlj  IIMP2l^  j 
(in  -  IPACM]^  IIMJ’llj)  l^ij^ 


(28) 


i  =  1 ,  2 ,  3 ,  . . . ,  No.  of  input  fre¬ 
quencies  . 

where  "1"  &  "2"  designate  different  pay- 
loads  . 


Q 


Payload 


Payload  #2 


BooaCer 


Fig.  2  -  Schematic  of  Impedance  Technique  for 
Replacing  One  Payload  Feedback  With 
Aiiother 


The  advantages  of  analyzing  the 
interface  environments  in  this  manner 
appear  to  be  significant..  The  resultant 
set  of  coefficients  forjXjL  in  Eq.  (28) 
act  as  a  coupled  analytical^f liter  that 
modifies  the  environment  for  payload 
number  1  to  arrive  at  an  environment  for 
payload  number  2.  A  payload  organiza¬ 
tion  could  obtain  the  complex  impede  nee 
from  the  proposed  data  bank  that  corres¬ 
ponds  to  the  previous  Interface  acceler¬ 
ations  and  generate  new  flight  predic¬ 
tions  for  the  desired  interface.  Notice 
that  the  basic  equations  of  this  tech¬ 
nique  do  not  require  a  coupled  set  of 
eigensolutior.s  discussed  in  Eq.  (9)  . 
Thus,  it  appears  that  either  Eq.  (27)  or 
(28)  could  be  utilized  to  significantly 
reduce  the  life-cycle  cost  of  loads 
analyses . 
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The  assumptions  with  the  most  im¬ 
pact  on  the  technique  involve  the  use 
of  Eq.  (28).  Neittier  are  the  forcing 
functions  applied  to  the  vehicle  exact¬ 
ly  repeatable  nor  are  the  transfer 
characteristics  the  same  for  all  booster 
configurations,  in  the  case  of  a 
booster  system  li)(e  the  (STS) ,  these 
characteristics  change  for  each  location 
in  the  Orbiter  bay. 

EVALUATION  OF  THE  IMPEDANCE  TECHNIQUE 

To  assess  the  accuracy  of  the  tech¬ 
nique,  specifically  the  calculated  re¬ 
sults  of  Kq.  (26),  time  domain  results 
were  compared  with  those  from  the  imped¬ 
ance  technique  for  a  simple  system 
(Fig.  3).  This  evaluation  using  this 
simplified  model  proved  beneficial  in  a 
number  of  areas.  (The  degree  of  freedom 
Xj  was  used  to  describe  the  Interface 
motion  for  this  check  case,  with  the  ex¬ 
ternal  forces,  Fg  ,  applied  at  M3.)  Time 
histories  of  a  number  of  forcing  func¬ 
tions  were  used  to  force  the  model  (see 
Fig.  3).  Differential  equations  similar 
to  those  depicted  in  Eq .  (9)  were  then 
solved  usi'i.g  standard  time  domain  tech¬ 
niques.  The  discrete  accelerations  of 
the  assumed  interface  were  used  for  com¬ 
parison  with  the  impedance  results.  The 
forcing  functions  used  in  the  frequency 
domain  analysis  were  obtained  by  con¬ 
verting  the  time  histories  of  Fg  to 
Fourier  spectra  with  a  Fast  Fourier 
Transform  (PFT)  algorithm. 


One  discrepancy  pertaining  to  the 
modal  damping  became  apparent  from  the 
beginning.  Various  techniques  have  been 
tried  to  obtain  the  correct  damping  for 


a  modally  coupled  model.  For  example, 
one  technique  used  on  the  Viking  Pro¬ 
gram  involved  calculating  the  triple 
matrix  product  of  the  couplec  set  of 
modes  and  the  uncoupled  diagonal  damp¬ 
ing  matrices  and  discarding  the  result¬ 
ing  off-diagonal  terms  to  maintain  an 
uncoupled  set  of  equations.  This  gen¬ 
eralized  damping  is  then  used  in  Eqs. 

(9)  for  the  time  domain  solutions.  This 
assumption  does  force  the  coupled  damp¬ 
ing  to  be  a  function  of  the  coupled 
modes  but  discards,  in  essence,  the 
coupling  effect  from  mode  to  mode.  The 
manner  in  which  the  damping  is  measured 
and  assumed  for  a  payloao  and  booster 
presents  the  problem.  If  the  damping  is 
measured  for  a  typical  payload  in  a 
modal  survey,  tlie  recorded  damping  is  a 
function  of  the  test  boundary  conditions. 
When  the  payload  is  physically  attached 
to  the  booster,  a  new  set  of  boundary 
conditions  exist  and,  therefore,  a  new 
set  of  relative  motions  or  mode  shapes 
also  exist.  For  small  damping,  less 
than  1%,  the  previous  philosophies  about 
how  to  generate  coupled  damping  may  be 
adequate  for  determining  payload  loads 
and  environments  in  the  time  domain. 
Generally  speaking,  significant  changes 
in  damping  make  very  little  difference 
in  time  domain  peak  response.  Since 
the  impedance  technique  is  a  frequency 
domain  approach,  changes  in  damping  have 
a  large  impact  on  the  transfer  function 
characteristics.  The  impedance  method 
never  computes  the  final  set  of  eigen- 
solutions,  therefore  the  transfer  func¬ 
tions  from  moda)  coupling  and  the  imped¬ 
ance  technique  will  never  be  the  same. 

In  order  to  get  comparable  tr.ansfer 
functions  for  both  t))e  impedance  check 
and  the  coupled  time  domain  check,  dis¬ 
crete  dampings  were  assumed  as  shown  in 
Fig.  3.  Thus,  the  resulting  functions 
were  the  same  regardless.  This  point 
is  important  in  light  of  future  compar¬ 
isons  of  existing  loads  analysis  tech¬ 
niques  and  those  similar  to  the  imped¬ 
ance  methodology  developed  above. 

Use  of  the  FFT  in  obtaining  the 
spectral  data  also  presents  some  prob¬ 
lems  as  discovered  by  experimenting 
with  the  sample  problem.  The  FFT  is 
more  commonly  used  for  spectral  analy¬ 
sis,  e.g.,  auto-spectral  densities, 
coherence,  etc.,  of  random  data  (3,  4], 
Certain  errors  are  introduced  by  si.gnal 
truncation  of  time  histories.  In  random 
data  analysis,  these  errors  are  usually 
minimized  by  taking  a  number  of  averages 
or  statistical  degrees  of  freedom  [4], 

The  effects  of  truncation  on  transient 
or  complex  signals  cannot  be  averaged 
out  since  the  signals  are  of  finite 
length  and  do  not  repeat  themselves. 
These  truncation  errors  can  be  signif¬ 
icant  in  generating  Fourier  spectra. 
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especially  when  these  spectra  are  tised 
to  drive  a  system.  The  system  transfer 
function  has  a  certain  value  at  a  cer¬ 
tain  frequency  and  thus  responds  to  the 
input  at  that  frequency  reqardless  of 
the  error  of  that  Input. 

Two  separate  force  time  histories 
were  applied  to  the  model  depicted  in 
Fig.  3.  One  force  time  history  con¬ 
sisted  of  a  decaying  sine  wave  shown  in 
Pig.  4.  The  same  decaying  sine  function 
with  a  dc  (steady-state)  shift  is  shown 
in  Fig.  S.  These  two  forcing  functions 
characterize  one  of  the  most  common 
truncation  effects  [5].  The  force  time 
history  represented  in  Fig.  4  could 
represent  a  lateral  force  at  a  payload/ 
booster  interface  extracted  from 
recorded  flight  data.  Fig.  5  could  be 
obtained  in  a  like  manner  and  represent 
a  longitudinal  interface  load. 


Fig.  4  -  Decaying  Sine  Forcing  Function 
With  No  Steady  State 

The  forcing  function  shown  in  Fig. 
4  was  used  to  drive  the  3  mass  check 
model  and  obtain  the  acceleration  as  a 
function  of  time  for  the  middle  mass  at 
degree  of  freedom  number  2  (see  Fig.  3) 
In  addition,  the  Fourier  transform  of 
the  forcing  function  in  Fig.  4  was  gen¬ 
erated  using  an  FFT  after  the  time 
history  was  "windowed"  by  a  Tukey 
window  [5]  .  This  Fourier  transform  was 
then  used  to  drive  the  model  using  Eq. 
(27)  to  calculate  the  response  of 
degree  of  freedom  number  2.  The  spec¬ 
tral  results  of  the  impedance  analysis 
is  shown  in  Fig,  6.  But  for  the  true 
comparison  this  spectral  response  was 


Fig.  5.  -  Decaying  Slue  Forcing  Function 
With  Steady  State 

inverse  Fourier  transformed  to  obtain 
a  time  history  to  correlate  with  the 
time  domain  response.  This  correlation 
is  shown  in  Fig.  7. 


Frtq  (Ht) 

Fig.  6  -  Spectral  Response  of  Masa  No,  2  To 
Decaying  Sine  With  No  Steady  State 


The  effect  of  the  window  is  more 
obvious  when  the  i.iodel  is  driven  in  the 
frequency  domain  with  the  force  in  Fig. 
5.  Figs.  8  and  9  show  the  Fourier 
spectral  response  of  degree  of  freedom 
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M  £i  it  «>  it  <1  M  it  <t  i'.l 
iiKim 

Pig.  7  -  TIm  Domain  Gomparlaont  of  Impadanca 
Taehnlqua  Rasponaaa  And  Time  Domain 
Raaponaaa  to  Decaying  Sine  With  Mo 
Steady  State 

2  with  and  without  a  Tukey  window, 

Flga.  10  and  11  again  depict  a  compar- 
laon  of  both  aeta  of  frequency  domain 
reaponae  to  the  time  domain  response. 

It  la  obvloua  from  these  plots  that  for 
this  case  the  Tukey  window  improves  the 
reaponae  correlations. 


Pig.  8  -  Fourier  Spectrum  of  Raaponsa  to 
Decaying  Sine  With  Dc  But  Ns 
Tukey  Window 


Fig.  9  -  Fourier  Spectrum  of  Response  to 
Decaying  Sine  With  Dc  and  With  A 
Tukey  Window 


Fig.  10  -  Tima  Domain  Comparlaons  of 
Impedance  And  Time  Domain 
Solutions  Without  a  Tukey 
Window 
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Fig.  11  -  Tine  Donaln  Conparlaons  of 
Inpedencc  And  Time  Domain 
Solutions  With  A  Tukey  Window 

It  is  apparent  from  the  results 
obtained  that  the  low  frequency  environ¬ 
ments  can  be  predicted  with  the  imoed- 
ance  technique.  Better  correlation 
with  the  time  domain  solutions  could 
possibly  be  made  with  a  different 
window  or  increasing  the  frequency 
resolution,  however,  enough  correla¬ 
tion  is  apparent  to  attempt  to  use  the 
technique  for  more  complicated  systems. 

AS  a  further  demonstration  of  the 
impedance  technique,  interface  accel¬ 
erations  were  computed  for  a  future 
STS  payload.  The  primary  objective  of 
this  analysis  was  to  compare  results 
with  other  current  environmental  pre¬ 
dictions  from  stnte-of-the-art  tech¬ 
niques  . 

The  models  us>./  for  this  set  of 
analyses  were  chosen  to  be  consistent 
with  those  used  for  the  loads  cycles 
done  by  the  STS  project  [6].  They  were 
obtained  through  Langley  Research 
Cebter  (LRC)  and  were  comprised  of 
MASTRAN  eigenvalues  and  eigenvectors 
for  the  STS  finite  element  models  of 
the  liftoff  and  landing  configurations. 
Two  hundred  engenvectors  were  used  for 
each  configuration  which  included  the 
models  of  the  Development  Flight 
Instrumentation  (DFI)  and  Space  Pallet 
(SP) .  All  modes  for  each  loads  case 
were  assumed  to  have  a  modal  damping 
ratio  of  1%. 


and  eigenvectors  were  again  furnished 
by  LRC.  The  discrete  mass  matrix  for 
the  LDEF,  necessary  for  the  generation 
of  the  inertial  coupling  coefficients 
matrix  was  not  available  and  had  to  be 
generated  from  discrete  model  data  with 
our  finite  element  routines.  Ortho¬ 
gonality  checks  were  calculated  to 
ensure  that  the  modes  and  regenerated 
mass  matrix  were  consistent.  Like  the 
booster  models,  the  LDEF  modes  were 
assumed  to  have  1%  damping  throughout. 

Two  loading  events,  liftoff  and 
landing,  were  chosen  to  demonstrate  the 
impedance  technique.  The  liftoff  event 
analyzed  was  case  LPSOlR  [6]  which  is 
defined  as  a  "high  performance  fast 
timing"  engine  thrust  with  a  mismatch 
between  right  and  left  SRfis,  The  SRB 
mismatch  in  this  case  was  0.098  sec. 

A  more  detailed  description  of  the 
flight  conditions  can  be  found  in  [6]. 

A  total  of  62  discrete  forcing 
functions  were  used  to  drive  the  analyt¬ 
ical  model  for  liftoff.  Each  defined 
time  history  was  10.0  sec  in  length. 

To  obtain  the  Fourier  spectrum  of  each 
force,  they  were  first  digitized,  i.e., 
linearly  interpolated,  at  102.4  samples 
per  second.  This  resulted  in  a  total 
number  of  scunples  of  1024  with  a  Nyquist 
frequency  of  approximately  50  Hz.  The 
same  Tukey  window  discussed  previously 
was  used  for  the  liftoff  forcing  func¬ 
tions.  A  Fourier  spectriim  of  a  repre¬ 
sentative  force  was  plotted  and  is 
shown  in  Fig.  12. 


trn  (Hi) 


The  Long  Duration  Exposure  Facil¬ 
ity  (LDEF)  was  chosen  as  the  payload 
for  these  analyses.  Forty  eigenvalues 


Fig.  12  -  Typical  Fourier  Spectrum  of 
"l-cos"  Wind  Load  Used  For 
Liftoff  Analysis 
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An  example  o£  the  spectral  results 
of  the  impedance  predictions  for  the 
liftoff  event  is  shown  in  Fit].  13.  For 
a  check  with  previous  predictions,  the 
complex  Fourier  spectra  were  inverse 
transformed  to  obtain  a  time  history 
for  amplitude  and  frequency  content 
comparisons.  An  inverse  Fourier  trans¬ 
form  time  history  is  presented  in  Pig. 
14.  Shown  also  on  the  plot  are  the 
corresponding  peak  accelerations 
(transcribed  from  [7])  resulting  from  a 
time  domain  analysis. 


Fig.  13  -  Fourier  Spectrum  of  X  Response 
At  Forward  Attach  Point  Right 
Hand  Side  For  Liftoff 


the  impedance  technique  compare  quite 
well.  The  best  comparisons  occurred 
in  the  longitudinal  accelerations. 


tlx  (MCl 

Fig.  14  -  Inverse  Transform  Response  X 

Forward  Attach  Right  Hand  Side 
For  Liftoff 

The  final  event  ana.lyzed  with  the 
impedance  technique  was  a  landing  case 
(LM  550  in  [7) ) .  For  this  event  266 
Fourier  spectra  were  calculated  for 
discrete  forcing  functions  for  the 
orbiter.  The  event  can  generally  be 
described  as  a  high  angle  of  attack 
with  siTtinietric  landing  conditions. 


The  Tukey  window  effect  on  the 
resulting  time  histories  is  best  shown 
in  Fig.  14  which  is  the  longitudinal 
acceleration  at  a  forward  ldef  attach 
point.  Because  of  the  window,  this 
response  begins  and  ends  at  approxi¬ 
mately  zero  amplitude.  However,  since 
this  windowing  technique  cf  signal  con¬ 
ditioning  does  not  alter  the  signal  in 
the  remaining  areas,  its  effect  can  be 
ignored . 

The  correlation  of  the  impedance 
technique  results  and  the  time  domain 
solutions  show  generally  good  compari¬ 
sons.  Transcribing  the  peaks  of  the 
time  domain  accelerations  to  the  inverse 
transform  plots  is  agreed  not  to  be  a 
conclusive  comparison  technique.  How¬ 
ever,  the  peaks  do  appear  to  occur  at 
the  same  points  in  time  for  both  cases, 
indicating  a  minimal  phase  error.  The 
largest  discrepancy  is  shown  in  cunpli- 
tude  comparisons.  Even  in  this  area 
some  of  the  amplitudes  calculated  with 


The  problems  encountered  in  ana¬ 
lyzing  the  landing  event  resulted  in 
further  definition  of  analytical 
requirements  for  the  use  of  the  imped¬ 
ance  technique  for  low  frequency  pre¬ 
dictions.  The  analysis  of  this  event 
pointed  out  the  pitfalls  of  frequency 
resolution.  The  time  histories  of  the 
forcing  function  for  landing  were  of 
two  different  lengths.  These  are  two 
basic  external  forces  on  the  orbiter 
for  landing  [7)  i  the  landing  gear  strut 
loads)  and  the  aerodynamic  loads  due  to 
such  things  as  ground  effects,  etc.  The 
strut  force  time  histories  were  2.0 
seconds  in  length  and  all  other  loads 
were  only  0.8  seconds  in  length.  Since 
the  behavior  of  the  aerodynamic  loads 
were  not  known  past  0.8  seconds  and 
since  it  appeared  that  all  oscillatory 
characteristics  of  the  strut  forces  had 
diminished  by  0.8  sec.,  the  decision 
was  made  to  truncate  the  strut  forces 
at  0.8  seconds  for  the  analysis.  The 
resulting  sample  rate  based  on  the  512 


data  points  used  was  640  samples  per 
second  with  a  Nyquiat  frequency  of  320 

Hz. 


The  important  thing  of  note,  how¬ 
ever,  was  that  the  frequency  resolution 
for  the  O.e  second  signal  was  only  1.2S 
Hz.  This  resolution  would  be  sufficient 
for  describing  characteristics  of  higher 
frequencies.  However,  the  orbiter  model 
contains  low  frequency  bending  modes  at 
or  around  5  Hz.  With  the  assumed  1% 
modal  damping  ratio,  this  mode  may  have 
a  bandwidth  of  0.1  Hz.  Thus,  it  is 
obvious  that  frequency  descriptions  of 
the  input  forces  with  a  frequency  resol¬ 
ution  of  1.25  Hz  could  and  did  give 
erroneous  answers. 

The  decision  was  made  to  discard 
the  aerodynamic  loads  and  perform  the 
analysis  with  the  full  2.0  second  time 
history  of  the  strut  loads  only.  This 
decision  of  neglecting  the  aerodynamic 
forces  was  based  on  the  general  assump¬ 
tion  that  the  aerodynamic  forces 
contribute  only  a  small  part  to  the  low 
frequency  environment  at  the  payload 
Interface.  The  resulting  resolution 
with  only  the  strut  forces  becomes  O.S 
Hz,  which  comes  somewhat  closer  to  the 
desired  0.1  Hz. 

Representative  results  of  the 
analysis  with  only  the  strut  loads  are 
shown  in  Figs.  15  and  16.  Here  again 
the  time  domain  peaks  from  (7)  were 
transcribed  to  the  plots  for  compar¬ 
ison. 


rcH  (Hi) 


Fig.  15  -  Fourier  Spectrum  of  X  Response  At 

Forward  Attach  Point  Right  Hand  Side 
For  Landing  Due  To  Strut  Force  Only 


Fig.  16  -  Response  X  Forward  Attach  Right 

Hand  Side  For  Landing  Due  To  Strut 
Forces  Only 

These  comparisons  were  not  ex¬ 
pected  to  be  as  good  as  the  liftoff 
case  generally  because  of  the  absence 
of  aerodynamic  loads.  The  worst  com¬ 
parisons  are  most  evident  in  the  "Z" 
direction  acceleration,  as  expected, 
since  this  is  the  direction  of  the 
general  aerodynamic  forces.  Also,  the 
correlation  seems  to  get  worse  from 
about  0.3  to  0.4  seconds  on.  This 
again  is  when  the  aerodynamic  forces 
are  the  most  active. 

DISCUSSION  AND  CONCLUSIONS 

These  results  do  point  out  one 
important  points  determining  the  low 
frequency  environment  from  a  pure 
spectral  standpoint  is  quite  difficult. 
Frequency  domain  analysis  is  too 
sensitive  to  damping  for  example.  As 
the  results  of  the  STS  analysis  show, 
additional  and  more  meaningful  informa¬ 
tion  is  gained  from  the  time  history 
obtained  from  the  inverse  transforms. 

The  Analysis  of  the  liftoff  event 
for  the  LDEF  by  far  showed  the  best 
results.  Even  these  results  can  be 
improved,  nowever.  As  discussed  in  the 
previous  sections,  the  differences  in 
coupled  damping  versus  the  resulting 
damping  of  the  impedance  technique  will 
never  go  away.  The  differences  in  damp¬ 
ing  due  to  changes  in  boundary  condi¬ 
tions  will  always  be  there.  However, 
with  in-flight  information  on  the  true 
transfer  characteristics,  these  problems 
could  be  minimized. 
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The  set  of  asialyais  performea  with 
the  impedance  technique  for  the  liftoff 
case  included  loads  that  wore  applied 
somewhat  incorrectly.  The  steady-state 
winds  and  gust  loads  arc  represented  by 
a  steady  state  level  with  a  "l-cos" 
gust  function.  In  normal  time  domain 
solutions  the  necessary  initial  condi¬ 
tions  are  derived  to  place  the  vehicle 
in  equilibrium  before  the  time  domain 
solutions  begin.  In  the  spectral  analy¬ 
sis  of  the  Impedance  technique,  these 
forces  were  applied  at  time  zero, 
forcing  the  model  to  respond  to  an 
"imaginary"  transient  at  time  zero. 
Therefore,  the  responses  shown  will  bo 
changed  when  the  winds  are  done 
correctly. 

The  landing  event  analysis  probably 
had  the  most  meaningful  results  for  the 
intent  of  this  study.  These  results, 
when  compared  to  the  time  domain  analy¬ 
sis  prediction,  show  not  only  the 
effects  of  the  aerodynamic  forces  but, 
more  importantly,  give  insight  into  the 
errors  caused  by  inadequate  frequency 
resolution. 

Neither  the  liftoff  or  landing 
results  shown  should  be  used  in  any 
manner  for  design  purposes.  Discrepan¬ 
cies  in  the  models  used  in  these  analy¬ 
ses  versus  the  latest  design  revisions, 
or,  what  was  used  in  [7)  may  cause 
drastic  differences  in  response.  In 
addition,  assumptions  made  in  the  imped¬ 
ance  technique  analysis,  e.g.,  neglect¬ 
ing  aerodynamic  loads,  for  evaluation 
purposes  cause  the  results  to  be  some¬ 
what  unconservative. 

Based  on  the  results  of  all  of  the 
analyses  performed,  a  limited  evaluation 
of  the  technique  for  the  use  of  future 
payloads  can  be  made.  It  appears  that 
this  technique  can  be  used  for  any 
coupled  payload  system  in  a  very  inex¬ 
pensive  manner.  As  stated  before,  the 
ratiolng  of  the  acceleration  from  one 
flight  to  the  next,  as  developed  in  Eq. 
(28) ,  probably  has  the  least  use  for 
STS  payloads  due  to  the  variety  of 
interface  locations  in  the  bay.  It  does 
appear  as  an  appealing  analytical  ap¬ 
proach  for  changing  pallets  or  pallet 
mounted  experiments. 

However,  the  best  use  can  be  to 
achieve  the  rem^aal  of  an  integration 
role  with  a  final  set  of  eigensolutions . 
This  can  be  achieved  in  much  the  same 
way  as  was  done  in  this  study.  In  the 
future,  payload  projects  can  obtain  a 
data  tape  from  the  STS  project  that 
contains  the  best  STS  model  and  flight 
event  cases.  The  payload  designer  can 
then  perform  the  analysis  to  evaluate 


the  design.  This  philosophy  merely 
requires  continual  update  of  the  STS 
dynamic  characteristics  and  the  latest 
flight  data  information. 

Having  calculated  the  predicted 
low  frequency  environment  for  a  partic¬ 
ular  payload,  the  evaluation  can  be 
made  for  the  necessity  of  a  more  ex¬ 
tensive  loads  and/or  response  analysis 
for  the  payload  based  on  the  spectral 
content  of  the  interface  environment 
and  the  payload  impedance.  If  there  is 
concern  about  the  design  margin,  the 
impedance  technique  programs  should  give 
some  insight  into  the  modal  degrees  of 
freedom  of  the  generalized  forces  that 
are  contributing  most  to  the  environ¬ 
ment  at  that  frequency  bandwidth.  This 
information  should  then  be  used  to 
reduce  the  size  of  the  models  Involved 
and  again  cut  costs. 

In  summary,  based  on  the  results 
of  this  study,  with  reusable  boosters 
and  an  environmental  data  ban)c,  pay- 
load  organizations  can  use  the  imped¬ 
ance  technique  to: 

1.  Eliminate  the  necessity  of  inte¬ 
grated  coupled  analysis; 

2.  Perform  their  own  low  cost 
environment  predictions; 

3.  Reduce  analytic,al  effort  with 
spectral  evaluation  of  coupled 
response;  and, 

4.  In  the  event  more  detailed  analy¬ 
sis  is  necessary,  reduce  the  size 
of  the  dynamic  models. 
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A  STATISTICAL  LOOK  AT  MODAL  DISPUCEMENT  RESPONSE 
TO  SEQUENTIAL  EXCITATIONS 


Wllllan  J.  Kicen* 
Martin  Marietta  Ciirporatlon 
Denver,  Colorado 


The  residual  displacement  response  to  a  sequence  of  simple  excitations 
separsted  by  nearly  equal  time  Intervals  Is  evaluated  on  a  statistical 
basis.  Mean  plus  three-slgna  responses  are  plotted  as  a  function  of 
the  number  of  sequential  excitations  for  a  range  of  damping  values, 
the  curves  were  derived  for  parametric  evaluation  of  the  vibratory 
pointing  error  for  a  maneuvering  spacecraft,  but  they  can  be  applied 
to  other  sequential  excitation  problems  where  the  residual  displace¬ 
ment  In  a  key  mode  Is  the  response  parameter  of  Interest. 


INTRODUCTION 

Maneuver  excited  vibration  of  a  space¬ 
craft  can  cause  oscillatory  pointing  errors  of 
sensitive  optical  Instruments.  Reference  [l3 
shows  chat  a  simple  residual  displacement 
shock  spectrum  of  the  maneuver's  rotational 
acceleration  time  history  Is  a  powerful  analy¬ 
sis  tool  for  hounding  these  errors.  The 
spectrum  envelope  curve  at  each  modal  frequency 
combined  with  an  appropriate  modal  constant 
predicts  the  worst  case  error  associated  with 
each  mode  of  vibration.  This  analysis  tech¬ 
nique  both  Identifies  which  vibration  modes 
produce  significant  errors  and  calculates  the 
magnitude  of  the  worst  case  undamped  error  In 
each  mode  due  Co  a  single  maneuver  excitation. 

When  sequential  excitations  are  applied, 
Che  accumulated  response  may  be  many  times  the 
response  Introduced  by  a  single  worst  case 
excitation.  Uowever,  such  factors  as  damping, 
the  probability  of  a  worst  case  excitation  and 
the  probability  of  badly  phased  excitations  all 
reduce  the  cumulative  response  from  the  worst 
cose  upper  bound  (the  number  of  excitations 
times  the  worst  case  undamped  effect  from  a 
single  excitation).  This  paper  presents  Che 
results  of  a  statistical  study  of  this  sequen¬ 
tial  response  problem. 

Each  excitation  In  a  sequence  Is  assumed 
to  have  a  simple  waveform,  and  random  selection 
of  each  excitation's  time  duration  results  In 
a  statistical  representation  of  how  well  the 
excitation  Is  tuned  to  the  response  frequency. 
Similarly,  the  random  selection  of  times 
between  excitations  provides  a  statistical  look 
at  how  the  response  Is  affected  by  arbitrary 
phasing  among  excitations.  These  two  random 
time  aelectlons  are  combined  with  a  damped 
response  analysis  for  a  scenario  of  N  sequen¬ 
tial  excitations,  and  the  worst  case  residual 


responses  from  each  of  M  such  scenarios  are 
evaluated  statistically  (mean  and  standard 
deviation).  The  statistical  worst  case  re¬ 
sponse  (mean  plus  chree-slgma)  la  normalized  to 
the  Worst  case  response  from  a  single  excita¬ 
tion  and  plotted  as  a  function  of  the  number 
sequential  excitations.  Parametric  curves  for 
various  values  of  damping  are  represented  using 
a  decay  constant  parameter  that  Is  a  function 
of  modal  damping,  modal  frequency,  and  the 
average  values  of  the  random  time  parameters. 

The  curves  presented  provide  a  usefu) 
nomograph  for  evaluating  the  probable  realdual 
displacement  response  of  a  single  vibration 
mode  when  excited  by  a  sequence  of  simple 
forcing  functions  spaced  at  nearly  equal  time 
intervals.  Although  the  results  apply  directly 
to  the  evaluation  of  residual  pointing  error  of 
a  maneuvering  spacecraft,  they  can  be  applied 
to  sny  vibration  problem  (forced  or  base  motion) 
where  residual  displacement  In  a  key  mode  Is 
the  Important  response  parameter. 

NOMENCLATURE 

A  maximum  response  to  a  single  excitation 

D  decay  constant  parameter,  e 

F  slope  of  forcing  function 

f  nodal  frequency  (Hz) 

g  normalized  response  parameter 

M  number  of  sequences  considered 

statistically 

n  nth  excitation  In  a  sequence 

N  number  of  sequential  excitations 

t  time  variable  and  time  between 

excitations  (seconds) 

^o  Bvg.  time  between  excitations  (seconds) 
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T  a  tlna  paclod  (aeconds) 


STATISTICAL  ANALYSIS 


X  reaponse  displacement 

B  fraction  parameter 

C  nodal  damping  ratio 

T  actual  excitation  time  (aeconda) 

T  average  time  during  an  excitation 

(aeconda) 

DAlffED  RESPONSE  CHARACTERISTICS 

The  reaponae  of  a  single  degree-of-free- 
dom  ayatem  with  natural  frequency,  f,  and 
damping  ratio,  C,  experiences  exponential  decay 
such  that 

IXI  2  A  (1) 

If  equation  (1)  bounds  the  response  to  a  single 
worst  case  excitation,  then  the  combined 
response  to  this  excitation  and  a  second  iden¬ 
tical  excitation  at  a  time  T  after  the  first 
it  bounded  by 

1X1  5  A 

For  t  0  and  N  Identical  excitation”  ced 
at  equal  time  intervals,  T, 

IXl  <  ’O  /  -Jir^fT 

A  “  2-»  1'  )  (3) 

n“0 

If  T  la  the  average  excitation  time  and  t  is 

the  average  time  between  excitations, 

T  •  t  +T  i  and  equation  (3)  ca.  be  rewritten  as 
0  0 

N-1 

^  Z 

n“0 

where  0  is  a  decay  constant  parameter, 

-  -2ff^f(c  +r) 

D  •  e  ’  o  o 

From  handbook  data  on  infinite  aeries  [2]] 

t  ■>“  -  t4^  ■ 

n“0 

The  expression  in  (6)  is  a  simple  representa¬ 
tion  for  the  upper  bound  damped  response  to  a 
sequence  of  excitations.  For  D  ■■  O.S,  the 
maximum  response  is  limited  to  twice  the  worst 
case  single  excitation  response.  However,  as 
D  approaches  unity,  the  response  becomes  large, 
and  the  simple  upper  bound  expression  may  be 
overconeervative.  Since  the  decay  parameter  D 
is  the  key  damping  tern  for  an  infinite 
sequence  of  responses,  we  anticipate  that  D  will 
be  an  Independent  damping  parameter  when  a 
finite  sequence  of  responses  is  evaluated.  The 
following  statistical  results  confirm  this 
hypothesis. 


(A) 

(5) 

(6) 


Figure  1  shows  the  undamped  residual  dis¬ 
placement  response  spectrum  for  a  aimple  sym¬ 
metric  excitation.  A  change  in  the  time  dur¬ 
ation  of  the  excitation  causes  the  spectrum 
peaks  and  valleys  to  ahift  accordingly  in 
frequency.  This  indicates  that  there  it  a 
statistical  relationship  between  the  excitation 
time  period  and  the  expected  response  magnitude. 
In  addlllon,  the  times  between  excitations 
dictate  the  phase  relationship  between  sub¬ 
sequent  responaes.  Hence,  there  la  a  statis¬ 
tical  relationship  between  the  time  between 
excitations  and  the  expected  accumulation  of 
the  response. 

This  statistical  response  analysis  uses  a 
random  number  generator  to  select  the  maneuver 
time  period,  t,  and  the  time  between  sxclts- 
tlona,  t,  of  Figure  2  on  an  arbitrary  uniform 
distribution  basis: 

1)  given  nodal  frequency,  f 

2)  aeaume  fT>>l 

3)  assume  ft>>l 

4)  (To  -  l/f)<T<(To  +  1/f) 

5)  (to  -.5/f)<t<ft^  +.5/f) 


Residual  Rasponaa 


Figure  2.  Sequoutlel  Excltatlen  Patanetera 
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The  ageimptlons  In  2)  and  3)  above  indi¬ 
cate  that  the  particular  probleu  of  Intercat 
here  and  the  reaults  preaented  are  for  excita¬ 
tion  and  culeacent  tinea  that  are  much  longer 
than  a  cycle  of  the  dominant  vibration  mode. 

The  random  aelection  of  t  over  a  two  cycle 
range  of  the  modal  frequency  ylclda  atatlatlcal 
reaponae  reaulta  that  reflect  one  cycle  of  the 
double  peak/valley  recurrence  In  the  apectral 
plot  of  Figure  1.  Hence,  Che  aelectlon  of  i 
doea  not  blaa  Che  reaponae  atatlatlca  to  either 
a  apectral  peak  or  valley.  Similarly,  Che 
random  aelectlon  of  t,  In  S)  above,  within  one 
cycle  of  Che  modal  frequency  makea  Che  phaae 
relatlonahlp  between  the  Initial  condltlona  and 
the  Impending  reaponae  atrlcCly  arbitrary. 

Figure  3  auamarlzea  Che  reaulta  of  tlila 
atudy  by  plotting  a  nocnallzed  realdual  dla- 
placemene  reaponae  parameter  veraua  Che  number 
of  aequentlal  excltatlona.  The  reaponae  para¬ 
meter  la  normalized  auch  that  unity  la  the 
reaponae  to  a  alngle  worat  caae  excitation  aa 
defined  In  [l]  .  The  cop  curve  represents 
the  stacked  worst  caae  undamped  response  to 
sequential  excitations,  and  the  next  curve  11- 
luatracea  that  the  mean  plus  three-sigma  un¬ 
damped  response  for  random  time  selections  la 
significantly  less  than  the  worst  esse.  The 
mean  plus  three-sigma  response  statistics  are 
computed  by  calculating  the  absolute  maximum 
residual  displacement  response  for  M 
scenarios  each  having  N  excitations,  and  then 
computing  the  statlstlcel  representation  from 
the  array  of  M  maxima. 


The  equation  of  the  statistical  response 
for  zero  damping  (determined  empirically  from 
Figure  3)  Is  only  a  function  of  the  nuid>er  of 
excitations,  K. 


Statistical  Undamped 
Normalized  Reaponae 


(2N)‘‘  for  Ni2  (7) 


The  statistical  damped  response  results  In 
Figure  3  are  preaented  as  a  family  of  curves 
for  various  values  of  the  decay  conatant 
parameter,  D,  This  parameter  (ranging  from  0 
Co  unity)  was  selected  because  It  Is  ths  aver¬ 
age  exponential  decay  of  the  reaponae  between 
excitations.  Sufficient  analyses  were  con¬ 
ducted  to  verify  that  D  provides  a  general 
repreaentatlon  Independent  of  the  relative 
magnitudes  of  c,  f,  and  t©. 


The  curves  are  not  defined  for  more  than 
40  sequential  excitations  as  computational 
expense  becomes  a  restriction  for  large  values 
of  N.  However,  an  upper  bound  on  Che  normal¬ 
ized  response  can  ba  astlmaced  using  the  infi¬ 
nite  scries  expression  of  equation  (6),  It  la 
refreshing  to  observe  chec  equation  (6)  does 
Indeed  bound  the  curves  for  all  values  of  D. 
However,  as  D  approaches  unity,  use  of  this 
upper  bound  msy  be  overconservative.  For  this 
reason,  a  technique  for  extrapolutlng  the  data 
of  Figure  3  has  been  developed. 


Figure  3  Statistical  Ksaponse  Results  for  Sequential  Excitations 
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EXTRAPOLATIOM  APPROACH 


DISCUSSION 


The  fraction  of  the  stacked  worst  case 
undamped  response  represented  by  equation  (6) 
Is  [N(1-D)J  One  mlglit  suspect  that  the 

statistical  results  are  a  fraction  of  the  un¬ 
damped  scatlaticsl  curve  also  related  to  the 
function  [N(l-D)]  "1.  Based  on  equations  (6) 
and  (7),  assume  that 


Statistical  Damped  _  Af2N)‘’ 
Normalised  Reaponse  ^  ' 

r  *1 

where  6  la  a  function  of  [N(l-D)j 


(8) 


Returning  to  Figure  3,  constant  values  of 
B  are  lines  parallel  to  the  undamped  curve 
(2N)^,  When  auch  lines  are  drawn  for  various 
values  of  B,  each  constant  B  line  Intersects 
several  of  the  constant  D  lines.  When  the 
parameter  [N(l-D)]j  la  calculated  at  each 
Intersection  for  a  given  value  of  B,  It  la 
approximately  constant,  too.  Figure  4  plots 
the  observed  relationship,  which  Is  well- 
behaved  for  [N(1-D)]“1  <1.  The  extrapolation 
method  waa  checked  for  two  eimple  example  cases 
(D“.9.'',  N“100  and  D“.9fl,  N-150)  and  found  to  be 
extremely  accurate,  as  Illustrated  In  Figure  4. 


RECOMMENDED  USE  OF  RESULTS 


1)  Based  on  t.  f.  and  t^,  calculate 

-Zrtfft  +T  ) 

D  •*  e  0  0 

2)  Use  N  and  D  and  direct  interpolation 
of  Fig,  3  to  get  the  normalized 
reaponse.  If  extrapolation  of  Figure 

3  la  required,  get  the  normalized 
response  as  follows:  use  equation  (6) 
for  D  ^  .5,  and  for  D  >  .5  use  Figure 

4  to  get  B  and  then  apply  equation  (8). 

3)  Calculate  the  worst  case  residual 
response  to  a  single  excitation  using 
the  method  described  in  reference  [l]  , 
and  multiply  by  the  results  of  2) 
above  to  get  the  mean  plus  three-sigma 
reaponse. 


The  results  described  herein  apply  to  the 
residual  displacement  response  of  a  vibration 
mode  excited  by  a  sequence  of  simple  forcing 
functions.  The  only  forcing  functions  eval¬ 
uated  In  thla  study  are  lower  in  frequency 
than  the  dominant  response  swde  being  Investi¬ 
gated.  For  relatively  high  frequency  exclta- 
tloni,  the  Btatlatlcal  results  do  not  apply 
becausa  the  uniform  distribution  assumed  for  t 
la  no  longer  equally  likely  to  correspond  to 
spectral  peaks  and  valleys .  In  addition,  the 
results  presented  assume  that  all  sequential 
excitations  have  the  same  rise  time  parameter, 

F  from  Figure  2,  If  F  varies  from  excitation  to 
excitation,  the  Btatlatlcal  analysis  approach 
described  here  may  be  repeated  accounting  for 
the  specific  F  probability  distribution. 

Although  these  results  are  derived  specifically 
for  triangular  waveforms,  the  probability  of  t 
corresponding  to  a  spectral  peak  or  valley  la 
similar  for  other  waveforms  and  the  results 
should  not  be  seriously  compromised  by  this 
factor.  For  these  results  to  apply.  It  Is  more 
Important  that  all  excitations  In  the  sequence 
are  similar  to  one  another  than  It  la  for  them 
to  resemble  the  triangular  wave, 
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ON  DETERMINiNfi  THE  NUMBER  OF  DOHI.iANT  MODES 
IN  SINUSOIDAL  STRUCTURAL  RESPONSE 
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This  paper  addresses  the  problem  of  using  structural  dynamic  transfer 
function  data  to  determine  the  number  of  vibration  modes  dominant  In  re¬ 
sponse  at  a  given  frequ'.icy.  If  two  or  more  modes  are  closely  spaced  or 
if  response  Is  influenced  strongly  by  distant  modes,  then  the  number  of 
dominant  modes  may  not  be  evident  from  examination  of  transfer  function 
plots,  and  quantitative  methods  may  be  required.  Two  relatively  simple 
methods  which  have  been  used  previously  are  reviewed,  and  a  more  effective 
new  method,  called  the  vector-fit  method,  is  described  In  detail.  Ap¬ 
plications  of  these  methods  are  given  with  the  use  of  numerically  simu¬ 
lated  transfer  function  data. 


I.  INTRODUCTION 

At  any  particular  frequency  of  excitation, 
the  steady-state  sinusoidal  response  of  a  struc¬ 
ture  Is  dominated  by  only  a  few  of  its  indef¬ 
initely  large  number  of  vibration  inodes.  The 
objective  of  modal  testing  is  to  measure  speci¬ 
fic  parameters  of  the  dominant  modes  such  as 
natural  frequencies,  damping  values,  and  mode 
shapes.  When  applicable,  the  best  method  for 
determining  the  number  of  dominant  modes  in  a 
frequency  band  1s  simply  to  count  resonance 
peaks  on  transfer  function  plots.  In  such  a 
situation,  modal  parameters  can  then  be  calcu¬ 
lated  rather  easily  by  modern  curve-fitting  al¬ 
gorithms,  most  of  which  require  the  number  of 
dominant  modes  as  an  Input  value.  However,  if 
two  or  more  modes  are  closely  spaced,  or  if  re¬ 
sponse  is  Influenced  strongly  by  modes  whose 
resonances  are  outside  the  frequency  band  of 
Interest,  then  peak  counting  may  not  reveal  the 
true  number  of  dominant  inodes,  and  subsequent 
curve  fitting  of  transfer  function  data  may 
produce  incorrect  modal  parameters  and/or  miss 
modes  entirely.  But  a  quantitative  method  for 
determining  the  number  of  dominant  modes  may 
Succeed  where  peak  counting  falls.  If  such  a 
method  should  reveal  the  presence  of  pre¬ 
viously  undetected  modes,  then  careful  curve 
fitting  or  some  other  modal  testing  technique, 
such  as  multiple-shaker  tuning,  might  success¬ 
fully  separate  the  modes. 

The  problem  of  determining  the  number  of 
dominant  modes  was  discussed  extensively  some 
years  ago  In  connection  with  the  number  of 
shakers  required  to  separate  modes  in  multiple- 
shaker  modal  testing.  Traill-Nash  [1]  intro¬ 


duced  the  "effective  number  of  degrees  of 
freedom"  at  a  given  frequency,  which  he  de¬ 
fined  as  being  the  number  of  motion  coordi¬ 
nates  required  to  represent  with  accuracy 
structural  response  at  that  frequency.  He 
concluded  that  the  number  of  shakers  must 
equal  or  exceed  the  effective  number  of  degrees 
of  freedom.  Bishop  and  Gladwell  [2]  sugges¬ 
ted  a  relationship  between  Traill-Nash's 
effective  number  of  degrees  of  freedom  and 
the  number  of  dominant  modes;  subsequently, 
Asher  [3]  Implicitly  equated  these  two  num¬ 
bers.  He  then  stated,  in  effect,  that  the 
number  of  shakers  required  equals  the  number 
of  dominant  modes.  This  contention  is  not 
generally  true;  the  number  of  distinct  general¬ 
ized  force  distributions  must  equal  the  number 
of  dominant  modes,  but  there  Is  no  necessary 
relationship  between  the  number  of  general¬ 
ized  force  distributions  and  the  number  of 
discrete  forces.  Nonetheless,  Asher  made  a 
significant  contribution  by  proposing  probably 
the  first  quantitative  methods  to  determine 
the  number  of  dominant  modes  by  analysis  of 
transfer  function  data. 

This  paper  describes  the  theoretical 
basis  for  such  a  quantitative  method,  reviews 
the  methods  discussed  by  Asher,  proposes  a  new 
and  more  effective  method,  and  illustrates 
these  methods  with  the  use  of  numerically 
simulated  transfer  function  data. 


II.  THEORETICAL  BACKGROUND 

Consider  a  linear  structure  discretized 
to  n  degrees  of  freedom,  the  time-dependent 
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responses  of  which  are  elements  of  the  n  x  1 
column  matrix  g,  (Notation  Is  listed  at  the 
end  of  the  paper.)  The  governing  matrix  equa¬ 
tion  of  motion  Is 

[m]  X  +  [c]  X  +  [k]  X  =  f  (1) 

where  [m],  [c],  and  [k]  are  the  n  x  n  Inertia, 
damping,  and  stiffness  matrices,  respectively, 
and  f  Is  the  column  matrix  of  time-dependent 
forcing.  We  specify  that  all  forces  vary 
sinusoidal ly  at  the  same  frequency,  ui,  and 
that  all  have  0°  or  180°  phase, 

f  =  F  cos  „,t  =  Re  j  F  e^"^!  (2a) 

After  starting  transients  have  decayed  away, 
response  Is  steady-state  sinusoidal, 

X  -  Re  I  X  e*'°'^|  (2b) 

where  the  elements  of  amplitude  vector  X  are 
generally  complex,  reflecting  phase  differences 
between  excitation  and  response.  The  linear, 
frequency-dependent  relationship  between  ex¬ 
citation  amplitude  and  complex  response  ampli¬ 
tude  Is  defined  by  the  n  x  n  transfer  function 
matrix  [H(u)], 

X  =  [H(a.)]  F  (3) 

The  standard  real  modal  analysis  solution 
of  equation  (1)  for  [H(u)]  begins  with  calcula¬ 
tion  of  the  real  undamped  natural  frequencies 
r  *  1,  2,  ....  n,  and  the  associated  real 

nwde  shape  vectors  which  are  the  columns 

of  modal  matrix  [4>]  (Melrovltch  [4]).  Subse¬ 
quently,  response  coordinates  X^  are  trans¬ 
formed  Into  normal  coordinates  whic.i  diagonal¬ 
ize  the  mass  and  stiffness  matrices  of  equa¬ 
tion  (l)i  then  tne  normal  coordinates  are 
calculated  by  matrix  inversion,  and  X  is  calcu¬ 
lated  from  the  normal  coordinate  solution  In 
the  form 

X  =  M  [S(a.)]  F 

where  [S(u)]  Is  an  n  x  n  complex  matrix.  Hence, 
the  transfer  function  matrix  Is 

[H(w)]  =  M  [$(<.)] 

and  any  column,  say  the  jth,  of  [H(i.;)]  can  be 
written  as 


Hj(ui),  then  equation  (4)  gives 


ri 

Hj(w)  = 


S^j(u))  4^, 


j  =  l,2,...n 


Thus,  each  column  of  the  transfer  function 
matrix  can  be  expressed  as  a  summation  of  the 
n  linearly  independent  mode  shape  vectors.  If 
we  consider  some  subset  p  <  n  of  degrees  of 
freedom  and  define  the  corresponding  p  x  1 
Incomplete  jth  transfer  function  column  as 


^  S^j(m)  i*,  j  ■  1,2 . n  (5) 


where  the  degrees  of  freedom  Included  In  each 
p  X  1  Incomplete  mode  shape  vector  are  the 

same  as  those  Included  In  yt,  Although  the 
summation  In  equation  (5)  extends  over  all 
modes,  only  p  of  the  n  4*  vectors  are  Inde¬ 
pendent. 

If  damping  matrix  [c]  were  to  couple  the 
undamped  normal  modes  (I.e.,  If  [4]t  [c]  [4] 
were  not  diagonal),  then  the  use  of  undamped 
normal  modes  as  outlined  above  would  be  com¬ 
putationally  Inefficient,  and  we  would  prob¬ 
ably  solve  for  the  transfer  function  matrix 
with  an  appropriate  complex  modal  analysis 
employing  complex  eigenvalues  and  mode  shape 
vectors.  Nevertheless,  the  solution  for  each 
column  of  the  transfer  function  matrix  could 
still  be  expressed  In  the  forms  of  equations 
(4)  and  (5),  that  Is,  as  linear  summations  of 
n  mode  shape  vectors,  where  In  this  case  the 
4^  would  be  complex  vectors.  The  Important 

fact,  expressed  In  the  language  of  matrix 
theory.  Is  chat  each  transfer  function  column 
Hj  is  an  element  In  the  n-dimenslonal  vector 

space  spanned  by  the  n  mode  shape  vectors, 
whether  they  be  '  eal  or  complex;  similarly, 
each  Incomplete  column  HT  Is  an  element  In 

-J 

the  p-dimensional  vector  space  spanned  by  any 
p  linearly  independent  incomplete  mode  shape 
vectors. 

A  useful  general  characteristic  of  struc¬ 
tural  dynamic  behavior  is  that  very  few  of  a 
structure's  many  vibration  modes  are  sensitive 
to  excitation  at  any  given  frequency.  These 
few  modes  then  dominate  the  response  at  that 
frequency.  If  there  are  q  such  dominant 
modes  at  frequency  w,  then  the  mathematical 
statements  of  their  dominance,  from  equations 
(4)  and  (5),  are 


d 

HJ(u.)  =  ^ 


Srj(u))  4^, 


1,2 . n  (6) 


S^j(w)  4?.  j  =  1.2 . n  (7) 


where Z.^  denotes  summation  over  only  the 

q 

q  dominant  modes.  In  equation  (6),  the  q  mode 
shape  vectors  associated  with  the  dominant 
nxsdes  generate  a  q-d1mensional  subspace  of  the 
original  n-dimenslonal  vector  space.  The  ap¬ 
proximate  equality  In  equation  (6)  means  that 


each  Hj(io)  column  can,  with  small  error,  be 

considered  an  element  of  the  subspace.  In 
equation  (7),  the  p  x  1  Incomplete  mode  shape 
vectors  associated  with  the  dominant  moles 
generate  a  q-dimenslonal  subspace  of  the  orig* 
Inal  p-dimenslonal  vector  space,  provided  that 
p  >  q.  Again,  the  approximate  equality  means 
that  each  HJ  (u)  column  Is  approximately  an 

element  of  the  subspace, 

Most  current  methods  of  modal  testing  are 
capable  of  measuring  incomplete  transfer  func¬ 
tion  column  vectors  over  a  frequency  band  of 
Interest.  The  Jth  column  HJ  represents  physic¬ 
ally  the  complex  response  amplitude  of  motion 
sensors  at  p  stations  on  the  test  structure 
due  to  sinusoidal  forcing  excitation  of  unit 
amplitude  at  the  Jth  station,  which  does  not 
necessarily  coincide  with  any  of  the  motion 
sensor  stations.  If  excitation  Is  applied 
successively  to  k  different  stations,  then 
vectors  HJ,  J  =  l,2,...k,  can  be  measured. 

They  are  the  columns  of  the  p  x  k  Incomplete 
transfer  function  matrix  [H*].  (It  is  gener¬ 
ally  impossible  to  measure  the  complete  matrix 
[H],  since  a  continuous  structure  has  an  In¬ 
definitely  large  number  of  degrees  of  freedom.) 

If  the  structure  being  tested  responds 
linearly,  then  each  HJ  column  is  represented 

mathematically  by  equation  (7),  which,  there¬ 
fore,  is  the  basis  of  the  methods  discussed  In 
Section  III  below  for  determining  the  number  of 
dominant  modes  from  experimental  transfer 
function  data.  Each  method  estimates  the  num¬ 
ber  q  of  dominant  vectors  In  equation  (7), 

given  k  experimental  p  x  1  vectors  HJ. 

One  practical  requirement  for  the  correct 
use  of  equation  (7)  In  the  present  context  1s 
immediately  evident:  since  p  must  exceed  q, 
as  discussed  above,  the  test  engineer  must 
guess  an  upper  bound  q^^^^  for  the  number  of 

dominant  modes  likely  to  be  encountered,  and 
then  he  must  Install  more  than  q^^^  distinct 

motion  sensors.  This  requirement  does  not 
present  a  significant  practical  obstacle,  since 

^or  most  structures  should  be  on  the 

order  of  ten  or  less.  It  Is  assumed  In  the 
remainder  of  the  paper  that  the  number  of 
motion  sensor  measurements  available  for 
analysis  1s  always  greater  than  the  number  of 
dominant  modes. 

In  vehicle  modal  testing,  1t  is  usually 
feasible  to  Install  a  substantial  number  of 
motion  sensors,  but  the  number  of  exciters  or 
excitation  stations  Is  often  much  smaller  due 
to  practical  Hniitallons.  Hence,  we  assume 
that  k  1  p  in  most  of  what  follows, 


III.  QUANTITATIVE  METHODS  FOR  DETERMINING  THE 

NUMBER  OF  DOMINANT  MODES 

1 11.1  TRANSFER  FUNCTION  DETERMINANT  METHOD 

This  method  Involves  analysis  of  square 
transfer  function  matrices,  which  are  formed 
by  the  use  of  only  k  of  the  p  available 
motion  sensor  measurements.  Thus,  [H*]  Is  a 
k  X  k  matrix.  If,  In  the  first  case,  the 
number  of  exciters  Is  less  than  or  equal  to 
the  number  of  dominant  modes,  k  q,  then 
according  to  equation  (7),  the  k  columns  of 
[H*]  generally  will  be  linearly  Independent; 
hence  [H*]  will  be  non-singular  and  Its  deter¬ 
minant  will  be  non-zero,  det  [H*]  f  0  for 
k  ^q.  But  If  the  number  of  exciters  Is  In¬ 
creased  until  It  just  exceeds  the  number  of 
dominant  modes,  k  =  q  +  1,  then  the  k  columns 
will  be  approximately  dependent,  so  that  [H*] 
wHl  be  nearly  singular  and  Its  determinant 
will  be  close  to  zero,  det  [H*]  =  0  tor  k  >  q. 
The  strategy  for  application  of  this  method, 
therefore.  Is  to  add  rows  and  columns  of  data 
to  the  transfer  function  matrix  1n  unit  steps 
until  the  value  of  k  Is  found  for  which 
det  [H*]  -  0;  then  the  conclusion  is  that 
q  "  k  -  1 . 

This  Is  a  very  simple  method  to  apply, 
but  It  has  some  deficiencies.  First,  trans¬ 
fer  function  determinants  are  complex,  so  one 
must  assess  the  possibly  non-monotonIc  pro¬ 
gression  toward  zero  of  a  sequence  of  complex 
numbers.  Second,  the  restriction  to  square 
transfer  function  matrices  Is  undesirable  be¬ 
cause  It  prevents  the  use  of  all  available 
DKitlon  sensor  data.  Both  of  these  deficien¬ 
cies  are  eliminated  with  little  additional 
effort  by  the  use  of  the  Gram  determinant 
method  described  below,  so  there  appears  to  be 
no  reason  to  develop  further  or  test  the 
transfer  function  determinant  method.  We  note 
that  Ibrahim  and  Mikulclk  [5]  employed  a  simi¬ 
lar  method,  but  with  filtered  transient  re¬ 
sponse  data,  and  found  It  quite  satisfactory. 

in. 2  GRAM  DETERMINANT  (GRAMIAN)  METHOD 

This  method  Involves  analysis  of  a  rec¬ 
tangular  p  X  k  transfer  function  matrix, 

[H*].  The  Gram  matrix  of  [H*]  Is  defined  to 
be  a  matrix  product, 

[G,,]  --  [H*]‘  [H*] 

where  the  overbar  indicates  complex  conjugacy. 
By  this  definition,  the  Gram  matrix  Is  a 
k  X  k  HermlLlan  matrix.  The  Gram  determinant, 
or  Gramlan,  is  defined  to  be 

=  det  [G^] 

It  can  be  proved  that  the  Gramlan  is  real 
and  non-negative. 
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The  Gramlan  of  a  transfer  function  matrix 
Is  a  quantitative  measure  of  the  degree  of 
linear  dependence  of  the  column  vectors,  HJ, 

j  “  l,2,...,k.  Specifically,  the  set  of  vec¬ 
tors  is  linearly  dependent  if  and  only  If  the 
Gramlan  Is  zero  (Hildebrand  [6]).  Moreover, 

It  Is  reasonable  to  expect  that  If  the  set  of 
vectors  Is  almost  but  not  precisely  linearly 
dependent,  then  the  Gramlan  should  be  nearly 
zero.  As  is  discussed  In  Section  IIl.l,  any 
q  or  fewer  columns  of  [H*]  generally  are 
linearly  independent  and,  hence  have  non-zero 

Gramlans,  G^*'^  >  0  for  k  “  l,2,...,q.  But  any 
set  of  more  than  q  columns  will  be  approximate¬ 
ly  dependent  and  have  very  small  or  zero 

Gramlans,  =  0  for  k  q  +  1 .  Therefore, 
the  basic  strategy  for  a’pplication  of  this 
method  Is  to  add  columns  of  data  to  the  trans¬ 
fer  function  matrix  In  unit  steps  until  the 

value  of  k  1s  found  for  which  G^'*^  ’  0;  then, 
the  conclusion  Is  that  q  =  k  -  1, 

It  1s  necessary  In  applying  this  method 
to  separate  the  change  in  Gram  determinant 
value  due  to  change  in  degree  of  linear  de¬ 
pendence  from  that  due  simply  to  change  In 
determinant  size.  If,  for  example,  all  Gram 
matrix  elements  are  numerically  of  order 
-2 

10  ,  then,  without  change  In  degree  of  linear 

dependence,  will  be  of  order  10*^,  G^^^ 

of  order  lO"^,  of  order  10'®,  and  so 
forth.  This  characteristic  of  determinants 
will  obviously  mask  the  Gramlan  test  for 
linear  dependence  unless  Gram  matrix  elements 
are  of  ordor  1.  In  applications  of  the  Gra¬ 
mlan  method,  the  authors  have  attempted  to 
minimize  the  masking  by  normalizing  each  col¬ 
umn  of  [H*]  so  that  the  corresponding  diagonal 
element  of  the  Gram  matrix  is  1,  I.e.,  (HJ, 

HJ)  =  1,  J  =■  1,2 . k,  where  here  denotes 

the  normalized  column  rather  than  the  original 
column  In  physical  units.  The  numerical  re¬ 
sults  of  Section  IV. 3  suggest  that  this  ad  hoc 
measure  is  effective  In  filtering  out  Gramlan 
variation  with  Gram  matrix  size. 

Asher  [3]  described  and  discussed  both 
the  transfer  function  determinant  and  the  Gram 
determinant  methods.  He  recognized  that  In 
applying  either  method,  one  might  find  It  dif¬ 
ficult  to  dec'de  how  small  a  generally  non¬ 
zero  determinant  value  must  be  in  order  to 
Indicate  linear  dependence  correctly.  The 
numerical  results  of  Section  IV. confirm  that 
the  absence  of  a  definite  smallness  criterion 
Is  Indeed  a  weakness  of  the  Gramlan  method. 

Even  though  all  Gramlan  values  are  referenced 

to  G^'^  =  1  by  virtue  of  the  normalization 
procedure  described  above,  examples  for  dif¬ 
ferent  situations  show  Gramlan  values 

G^'*  ''  of  orders  10"',  10"^,  and  even  10'^. 


Another  deficiency  of  the  Gramlan  method 
Is  that  It  can  correctly  Indicate  linear 
dependence,  yet  underestimate  the  number  of 
dominant  modes.  To  understand  how  this  can 
happen,  consider  a  simple  example  in  which 
there  are  two  dominant  modes.  The  analysis 
of  three  given,  distinct  transfer  function 
vectors,  denoted  and  y^,  then  should 

Indicate  two  nudes,  The  set  of  three  vectors 
Is  linearly  dependent,  but  suppose  also  that 
y.|  and  y2  are  Independent  and  v^  and  v^  are 

dependent.  If  the  transfer  function  matrix 
Is  defined  as  [H*]  =  [y^,  y^,  v^],  then 

(o) 

G''"'  >  0,  and  G'  '  =  0,  leading  to  the  correct 
conclusion  that  q  =  2.  If,  on  the  other  hand, 

we  define  [H*]  =  [v, ,  v,,  v,],  then  G^'^=l 
(2l  (31  '' 

and  G'  '  =  G'  '  =  0,  leading  to  the  Incorrect 
conclusion  that  q  =  1.  An  Instance  of  this 
particular  case  occurring  In  a  realistic 
situation  Is  presented  In  Section  IV. 3.  (See 
Figures  12b, c  and  the  associated  discussion.) 

It  Is  clear  that  the  ordering  of  vectors  in 
the  p  X  k  transfer  function  matrix  affects  all 

Gramlan  values  except  G^'^  »  1  and  which 

Is  invariant  with  column  and  row  ordering. 

The  Gramlan  method  then  has  some  serious 
weaknesses,  Perhaps  for  this  reason.  It 
apparently  has  not  been  employed  widely.  The 
authors  have  located  only  one  published  ap¬ 
plication,  that  by  Klosterman  [7].  The  vector- 
tit  method  to  be  discussed  next  is,  to  a  con¬ 
siderable  extent,  free  of  the  weaknesses  of 
the  Gramlan  method. 

III. 3  VECTOR-FIT  METHOD 

A  concept  analogous  to  the  number  of 
dominant  inodes  of  a  vibrating  structure  Is 
that  of  a  "best  approximating  subspace". 

Cliff  [8]  discussed  this  concept  in  the  con¬ 
text  of  control  theory.  Given  a  set  of  k  p- 
dlmensional  vectors,  one  can  calculate  the 
particular  m-dimenslonal  basis  (m  <  k)  which, 
among  all  possible  m-d1mens1onal  bases,  does 
the  best  Job  of  approximately  spanning  the 
set  of  k  vectors,  with  error  minimized  in  the 
least-squares  sense.  In  other  words,  the  k 
vectors  are  "fit"  to  the  best  approximating 
ra-dimensional  subspace.  The  method  developed 
here  to  solve  for  the  number  of  dominant 
modes  follows  Cliff's  general  approach;  hence, 
It  Is  referred  to  as  the  vector-fit  method. 

Given  the  p  X  k  transfer  function  matrix 
[H*]  for  frequency  w,  the  general  stepwise 
procedure  for  application  of  the  vector-fit 
method  1s  as  follows: 

1.  A  particular  p-dlmensional  complex  unit 
vector  u-j  Is  calculated  from  [H*].  A- 

mong  all  possible  unit  vectors,  u^  alone 
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h«s  the  property  of  producing  the  best. 

In  a  sense  to  be  defined,  set  of  one- 
term  approximations  to  the  transfer  func¬ 
tion  columns.  This  set  of  approximations 
takes  the  form 

yj  *  Cj^  u^ ,  J  ■  1 ,2 . k 

where  the  Cj^  generally  are  complex  con¬ 
stants.  Next,  the  real  scalar  error 
associated  with  this  set  of  approxima¬ 
tions  Is  calculated. 

2.  A  second  unit  vector  U2  Is  calculated. 

It  Is  orthogonal  to  .  Among  all  pos¬ 
sible  unit  vectors  orthogonal  to  u^,  U2 

alone  has  the  property  of  producing.  In 
conjunction  with  u^ .  the  best  set  of  two- 

term  approximations  to  the  transfer  func¬ 
tion  columns.  This  set  takes  the  form 

2 

!?J  "  S  '^j1  -“1-  J  '  ’-2 . “ 

1  •  1 

Next,  error  associated  with  this  set 
of  approximations  1s  calculated. 


m.  The  mth  unit  vector  u„  Is  calculated.  It 
Is  orthogonal  to  all  other  u^,  1  ®I,2, 
m-1.  Vector  has  the  property  of 
producing,  1n  conjunction  with  u^ ^  U2. 

....  u^_.| ,  the  best  set  of  m-term  approx¬ 
imations  to  the  transfer  function  columns. 
This  set  takes  the  form 

m 

HJ  =  ^  i  ‘  l.Z.....  k 

1  «  1 

Next  error  associated  with  this  set 
of  approximations  Is  calculated. 


Each  step  Introduces  a  refinement  of  the  ap¬ 
proximation,  so  the  error  diminishes  In  each 

step,  E^'*'^  <.  If,  after  m  >  I  steps 

of  this  procedure,  we  find  that  E^*”^  »  0 

relative  to  E^^^,  then  we  may  reasonably  con¬ 
clude  that  the  set  of  transfer  function  vectors 


Is  spanned  approximately,  with  very  small 
error,  by  an  m-dimenslonal  basis.  According 
to  equation  (7),  then,  there  are  m  dominant 
tifides  at  frequency  u,  I.e.,  q  ^  m.  It  Is 
quite  unlikely  that  the  vectors  u^  will  be 

Identical  to  the  r^jde  shape  vectors  of 
equation  (7),  since  the  u^  are  orthogonal  by 
definition  while  the  need  not  and  generally 

will  not  be  orthogonal.  Nonetheless,  It  Is 
certain  that  both  sets  u^  and  span  the 

same  q-dimenslonal  vector  space. 

If  p  <  k  and  the  procedure  Is  carried 

through  p  steps,  then  E^**^  i  0  since  the  p 
independent  u.|  exactly  span  p-dimensional 

space.  If,  on  the  other  hand,k  <  p  and  the 
procedure  Is  carried  through  k  steps,  then 

E^*^^  i  0  since  the  k  independent  exactly 

span  the  subspace  defined  by  the  k  transfer 
function  column  vectors.  (This  case  Is  sim¬ 
ply  orthogonal itatlon  of  a  vector  set,  similar 
to  the  Gram-Schmidt  procedure.)  Hence,  in 
order  for  the  vector-fit  method  to  produce  a 
correct  evaluation  of  the  number  of  dominant 
modes,  it  Is  necessary  that  p  and  k  each  must 
exceed  q.  That  Is,  the  test  engineer  must 
provide  both  more  motion  sensors  and  more 
excitation  stations  than  the  maximum  number 
of  dominant  modes  likely  to  be  encountered. 

In  application,  the  method  Itself  Indicates 
if  too  few  motion  sensors  or  excitation  sta¬ 
tions  have  been  used,  and  this  is  Illustrated 
in  Section  IV. 3. 


It  is  worthy  of  note  that  each  of  the 
three  methods  described  for  identification  of 
the  presence  of  q  dominant  modes  requires  a 
minimum  of  q  +  1  motion  sensors  and  q  +  1  ex¬ 
citation  stations. 


The  theory  associated  with  the  calcula¬ 
tions  discussed  above  Is  developed  next.  Let 
a  basis  for  p-dimenslonal  space  of  complex 
vectors  consist  of  p  orthogonal  unit  vectors 
u^,  Ug.....  Up,  which  .ire  unknown  at  this 

point.  Any  transfer  function  column  vector 
HJ,  j  “  l,2,...,k,  can  be  expressed  as  the 

summation 


yj 


The  basis  vectors  are  orthogonal  in  the  Her- 
mitian  sense,  so 


(fh  sj)  • 
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Next,  for  m  =  2  we  wish  to  minimize 


Hence,  we  may  define  as  follows  the  squared 
scalar  error  associated  with  approximation  of 
as  a  series  sum  In  only  the  first  m  basis 
-J 

vectors, 

(eW)2»  Y,  (“1-  ^l) 

\  /  1  "  m  +  1 


The  appropriate  total  or  global  error,  defined 
in  the  least-squares  sense  over  all  HJ,  1s 

k 

£  (sj'Hj) 

J  =  1 

k  m  1/2 

-£  £  (!cSj)  ((!■''!) 

J  =  1  1  =  1 

For  given  m,  we  wish  to  determine  the  basis 

vectors  Uj  so  as  to  minimize  E^'"^  by  maximizing 
■»  1 

the  double-summation  term.  With  a  few  steps 
of  matrix  algebra,  that  term  is  cast  into  the 
more  useful  form 


For  all  possible  Ug  orthogonal  to  u^  ®  'i'l> 
the  maximum  value  assumed  by  quadratic  form 
u^CA]  Ug  Is  equal  to  the  second  eigenvalue 
and  this  maximum  results  if  u^  = 
(Franklin  [9]).  Thus, 

[  k  2  1  1/2 


This  reasoning  can  be  extended  easily  to  show 
that  the  minimum  error  for  arbitrary  m  (1  ^  m 
<  p)  is 


where  Uj  =  iF.!  •  To  simplify  notation,  1t  Is 
understood  In  equation  (8)  and  In  the  discus¬ 
sion  and  numerical  examples  to  follow  thatE^"’^ 
denotes  the  minimum  error,  even  though  sub¬ 
script  min  is  deleted. 
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Z  Z  (yi*  yi)  °  L  -i 


j  =  1  1  =  1 


where  [A]  =  [H*]  [H*]^  Is  a  p  x  p  Hermitlan 
matrix  with  p  real  non-negative  eigenvalues 
i  1^2  -  ■  ■  ■  -  ^p  -  ^  ^  corresponding  com¬ 

plex,  mutually  orthogonal  unit  eigenvectors 
i{i.| ,  ijig'  iFp-  Thus,  *'or  given  m,  we  wish 

to  minimize 

k  m 

£(">)  =  Y  (yj-  y])  -  Yj  y?  yi 
.1  =  1  1  =  1 

Consider  first  m  =  1.  The  maximum  value  as¬ 
sumed  by  the  Hermitlan  quadratic  form  u^[A]  Uj 
is  equal  to  the  lai'gest  eigenvalue  x.| ,  and 
this  maximum  results  if  u.|  =  (Franklin  [9]). 
Hence,  the  minimum  associated  error  is 

1/2 

(HT.  HJ)  - 


We  can  now  reiterate  and  summarize  the 
vector-fit  method  for  determining  the  number  q 
of  dominant  modes  at  a  given  frequency.  From 
the  p  X  k  transfer  function  matrix  (H*],  the 

p  X  p  Hermitiaii  matrix  [A]  =  [H*][H*]^  is 
formed.  It  is  necessary  that  p  ^  q  +  1  and 
k  >.  q  +  1.  Next,  the  real  eigenvalues  of 
[A],a^  i  >2  -  "  •  -  calculated. 

Next,  for  rn  =  1,  2,  ...,  p,  the  minimum  error 
values  are  calculated  from  equation  (8).  The 

smallest  integer  m  for  which  =  0  relative 

to  E^^^  then  is  equal  to  the  number  q  of 
dominant  modes.  Note  that  the  eigenvectors  of 
[A],  iF.| ,  ij>2 . 'I’p'  calculated. 

It  can  be  proved  easily  that  the  error 

values  E^"^^  are  entirely  independent  of  the 
numbering  or  ordering  schemes  used  to  Identify 
motion  sensors  and  exciters  or  to  arrange 
elements  in  the  transfer  function  matrix.  In 
other  words,  any  of  the  rows  of  [H*]  can  be 
Interchanged  and/or  any  of  the  columns  can  be 
Interchanged  without  changing  the  values  of 

E^"'^.  Hence,  the  vector-fit  method  has  no 
weakness  comparable  to  the  dependence  on  vec¬ 
tor  ordering  of  the  Gramian  method. 
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IV.  NUMERICAL  SIMULATION  STUDY 

Two  mathematical  models  have  been  used 
for  numerical  simulation  of  experliriental  ap¬ 
plication  of  the  vector-fit  and  Gramlan  meth¬ 
ods.  The  models  were  designed  to  have  fre¬ 
quency  bands  of  high  modal  density  with  pre¬ 
scribed  numbers  of  dominant  modes.  The  basic 
objective  of  the  numerical  study  then  was  to 
determine  1f  the  vector-fit  and  Gramlan  meth¬ 
ods  are  capable  of  correctly  determining  the 
number  of  dominant  modes.  Other  objectives 
were  to  compare  the  two  methods  and  to  develop 
guidelines  for  applying  the  methods  and  In¬ 
terpreting  the  results. 

To  simplify  calculations,  It  was  speci¬ 
fied  that  each  model  have  hysteretic  damping 
which  does  not  couple  the  undamped  normal 
modes.  Hence,  transfer  function  matrix  ele¬ 
ments  were  calculated  exactly  from  the  equation 


r  =  1  Vr  (1  -  ^  '9, 


where  4ij_  Is  the  1th  element  of  the  complete 

1  I  i 

mode  shape  vector  =  {^[m]  Is  the 

generalized  mass  of  the  rth  normal  mode,  and 
and  g^  are,  respectively,  the  natural  fre¬ 
quency  and  hysteretic  damping  of  the  rth  mode. 

iV.l  TEN-MODE  MODEL 

The  mode  shapes  of  this  model  are  those 
of  the  first  ten  out-of-plane  vibration  modes 
of  the  uniform  stretched  membrane  shown  on 
figure  1 , 

vv-  (^) 
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Fig.  1  Stretched  membrane  for  mode 
shapes  of  ten-mode  model 

where  Integers  m^,  and  n^  are  the  numbers  of 

half-wavelengths  for  the  rth  mode  listed  In 
Table  1,  x.|  and  y^  are  coordinates  of  the  mo¬ 
tion  sensor/exciter  stations  shown  on  Figure  1 

and  constant  A  for  the  rth  mode  is  chosen  so 
r 

that  the  numerically  largest  mode  shape  ele¬ 
ment  equals  one.  Other  modal  parameters,  as 
listed  In  Table  1,  are  not  those  of  the  uni¬ 
form  membrane,  but  rather  were  selected  to 
produce  a  mathematical  model  with  four  very 
closely  spaced  modes  In  the  vicinity  of  100  on 
the  frequency  scale  and  six  more  modes  out¬ 
side  the  region  of  high  .modal  density,  Thus, 
q  =  4  in  a  frequency  band  of  roughly  three 
units  centered  at  100,  so  the  methods  under 
study,  if  successful,  should  Indicate  accord¬ 
ingly.  Since  this  model  has  limited  physical 
significance,  all  quantities  are  considered  to 
be  dimensionless. 


TADLE  1 

Parameters  of  ten-mode  model 


67.6  82.0  91.2  98.9  99.4  100.1  101.4  110,7  117.6  132.3 


Figs.  Z  F1fteen-degree-of-freedom  model : 
(a)  pictorial  view  with 
translation  dof;  (b)  plan  view 


IV. 2  FIFTEEN-DEGREE-OF-FREEDOM  MODEL 

This  model,  unlike  the  ten-raode  model,  is 
based  entirely  on  a  physical  structure,  the 
cantilevered,  rectangular  plane  grid  shown  on 
Figures  2a  and  b.  The  model  was  designed  to 
have  two  modes  with  nearly  identical  natural 
frequencies,  as  shown  in  Table  2.  To  achieve 
such  close  modes,  an  optimization  technique 
similar  to  that  of  Hallauer  et  al .  [10]  was 
used. 


Each  elastic  member  of  the  model  is  a 
steel  bar  having  Young's  modulus  E  ^  200  GPa 

(29  X  10®  psi),  shear  modulus  G  =  82.7  GPa 

i]Z  X  10®  psi),  and  diameter  of  6.35  nn 
(0.'25  inch),  (The  fundamental  units  of  pounds 
inches,  and  seconds  were  used  in  all  calcula¬ 
tions.)  Each  bar  may  twist  about  its  axis 
and  bend  out  of  the  grid  plane,  and  each  is 
clamped  at  both  ends  by  either  the  rigid  sup¬ 
port  wall  or  a  rigid  cylindrical  joint  member 
of  0.051-m  (2-Inch)  diameter.  The  five  node 
points  of  the  model  are  the  intersections  of 
the  bar  centerlines  in  the  grid  plane.  The 
fifteen  degrees  of  freedom  then  consist  of  one 
out-of-plane  translation  and  two  out-of-plane 
rotations  of  each  node  point,  The  transla¬ 
tions  are  identified  in  Figure  2a,  and  the  ro¬ 
tations  of  node  1.  for  example,  are  identified 
in  Figure  2b.  The  nodal  lumped  mass  and  mo¬ 
ment  of  Inertia  (for  both  rotational  dof)  as¬ 
sociated  with  each  rigid  joint  are  listed  in 
Table  2.  To  account  approximately  for  dis¬ 
tributed  inertia  of  the  bars,  finite  element 
consistent  mass  matrices  were  used,  with  bar 

density  taken  to  be  7859  kg/m^  (7,3536  x  lO'^ 

lb-sec^/1n^) .  Modal  hysteretic  damping  con¬ 
stants  g^  were  specified  to  be  0.015  for  modes 

1  and  2,  0.018,  0.022,  and  0.026  respectively 
for  modes  3,  R,  and  5,  0.03  for  modes  6-10, 
and  0.035  for  modes  10-15. 

IV. 3  RESULTS  AND  DISCUSSION 

Consider  first  the  ten-mode  model.  Typi¬ 
cal  transfer  functions  are  shown  on  Figures  3a 
and  b,  with  the  coincident  (co)  or  real  parts 
and  the  quadrature  (quad)  or  imaginary  parts 
plotted  separately.  Qualitative  inspection  of 
these  and  other  transfer  functions  seems  to 
indicate  the  presence  of  only  two  dominant 
modes  in  the  vicinity  of  frequency  100.  But 
there  are  actually  four  dominant  modes  in  that 
region,  as  listed  in  Table  1. 


TABLE  2 


Inertia 

parameters  and  close  modes 

of  fifteen-dof  model 

Inertia 

parameters 

Close  modes 

Mass 

Moment  of  inertia 

r 

3 

4 

Node 

kg 

10'^  kg-m^ 

u)^(r/s) 

149.18 

149.22 

1 

0.5114 

0,5570 

'l.r 

1  .000 

1.000 

2 

1.4994 

1.7199 

*4,r 

0.031 

-0.274 

3 

2.0390 

4.1627 

*7,r 

0.446 

-0.444 

4 

0.4756 

0.1154 

♦lO.r 

-0.421 

-0.236 

5 

2.0424 

4.1833 

*13, r 

-0.151 

0.216 
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Figs.  3  Typical  transfer  functions  for  the 
ten-node  model;  (a)  H,  ,{w);  (b) 

J  I  J 


To  begin  numerical  application  of  the  vec¬ 
tor-fit  method,  we  examine  first  errors  cal¬ 
culated  from  the  complete  10  x  10  transfer 
function  matrix.  Such  a  large  matrix  will  not 
generally  be  required,  but  examining  this  case 
first  establishes  a  reference  and  provides 
guidelines  for  Interpreting  the  error  values 
and,  more  generally,  for  applying  the  method. 
Since  transfer  functions  are  usually  plotted 
versus  excitation  frequency.  It  seems  natural 
and.  In  fact,  proves  advantageous  also  to  cal¬ 
culate  and  plot  error  values  versus  excitation 

frequency.  Errors  ni  =  1,2 . 10,  for 

the  complete  transfer  function  matrix  were  cal¬ 
culated  from  equation  (8)  and  are  plotted  on 
Figure  4.  Note  the  relatively  large  variations 

with  frequency  and  the  peaking  of  E^^\  e(2). 
and  E^^\  Note  also  that  1s  on  the  order 
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Fig.  4  Reference  error  graph  for  the 
ten-mode  model  with  all  motion 
sensors  and  all  exciters 


of  ion  of  the  maximum  value  of  and  that 

(4) 

E'  '  varies  only  slightly  with  frequency.  As 
stated  In  Section  111.3,  the  result  that 

£(4)  ^(1)  indicates  that  there  are  four 

dominant  modes.  But  It  Is  also  Important  that 

E^^^  0  and  that  E^^\  E^^^,  etc.  vary  slowly 

with  frequency  In  comparison  with  E^^^,  E^^\ 
(3) 

and  E'  From  these  observations,  weconclude 
that  four  modes  dominate  but  do  not  complete¬ 
ly  describe  the  response  In  this  narrow  fre¬ 
quency  band,  and  that  the  contributions  of 
distant  modes  remain  relatively  constant  in 
this  band.  Both  conclusions  are  quite  reason¬ 
able  In  view  of  the  nature  of  the  ten-mode 
model.  Thus,  this  reference  case  suggests 
that  In  examining  graphs  of  error  versus  fre¬ 
quency,  we  should  use  not  only  the  basic  cri¬ 
terion  E^'^^  <<  E^'^,  but  also  the  additional 

criteria  that  E*'’^  f  0,  that  E^'’^  E^''  ^ 
etc.  should  vary  slowly  with  frequency  In  com¬ 
parison  with  E^^\  E^^^,  ...,  E^'^  "  and 


that  plots  versus  frequency  of  E^^^  E^^\ 

...,  E^'^  ’  should  exhibit  peaks.  An  ex¬ 
ceptional  case  for  which  all  these  criteria 
might  not  apply  Is  that  of  a  distant  mode  con¬ 
tributing  significantly  to  response.  In  this 
case,  we  might  expect  to  find  a  relatively 

large,  slowly  varying,  and  non-peaking  E^"”^ 
for  m  <  q. 


Figures  5  a-d  are  plots  of  errors  cal¬ 
culated  from  responses  at  seven  motion  sensor 
locations  due  successively  to  excitation  at 
three,  four,  five  and  six  locations.  This 
simulates  a  realistic  testing  approach  In  which 
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Figs.  5  Error  graphs  for  the  ten-mode  model  with  motion  sensors  1, 

2,  5,  6,  8,  9,  10:  (a)  exciters  1,  6,  9;  (b)  exciters  1,  2, 

6,  9i  (c)  exciters  1,  2,  6,  8,  9;  (d)  exciters  1,  2,  6,  8, 

9,  10 


very  few  exciters  are  applied  Initially, 
and  additional  exciters  are  applied 
as  required.  In  Figure  5a  for  three  exciters. 

Is  not  much  smaller  than  E^^\  and  E^^^ 
=0,  as  required  by  the  theory  of  Section  III. 3. 
(The  very  small  non-zero  values  on  this  and 
other  computer-generated  plots  are  due  to 
round-off  errors.)  Clearly,  more  exciters 
are  required  to  Indicate  correctly  the  number 
of  dominant  modes.  The  addition  of  a  fourth 
exciter  (i.e.,  another  column  In  [H*])  leads 
to  Figure  5b,  which  also  indicates  the  need 
for  at  least  one  more  exciter.  With  five 

(41 

exciters,  however.  Figure  5c  shows  that  E'  ' 
varies  slowly  with  frequency  and  1s  non-zero 

yet  much  smaller  than  E^'^.  We  conclude, 
therefore,  that  q  =  4.  Figure  5d  for  six  ex¬ 
citers  substantiates  the  conclusion. 


Unfortunately,  Interpretation  of  the  er¬ 
ror  plots  Is  not  always  as  unambiguous  as  It 
appears  to  be  with  Figures  4  and  5.  There  Is 
a  definite  dependence  on  the  n»t1on  sensor  and 
exciter  locations  represented  in  the  transfer 
function  matrix.  These  points  are  Illustrated 
on  the  error  plots  of  Figures  6  a,b,  and  c, 
which  were  calculated  for  different  sets  of 
motion  sensor/exciter  locations  than  those  of 
Figures  4  and  5.  Figure  6a  for  five  motion 
sensors  and  five  exciters  can  be  Interpreted 
as  Indicating  four  dominant  modes;  but  this 
Interpretation  is  substantially  weaker  here 

than  for  Figures  4  and  5c, d  since  E^^^  on  Fig¬ 
ure  6a  Is  only  slightly  peaked  and  Is  very 

small  relative  to  E^^\  Figure  6b  for  six 
motion  sensors  and  six  exciters  Is  ambiguous; 
one  might  Infer  that  It  Indicates  three,  four, 
or  five  dominant  modes,  with  three  being  perhaps 
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Figs.  6  Error  graphs  for  the  ten-mode  model: 

(a)  motion  sensors/exciters  2,  3,  4, 
7,  8;  (b)  motion  sensors/exciters  2, 
3,  4,  7,  8,  10;  (c)  motion  sensors/ 
exciters  2,  3,  4,  6,  8,  10 


(a)  all  ten  exciters  applied  in 
forward  order,  1,2,.  .  .  ,10; 

(b)  all  ten  exciters  applied  In 
reverse  order,  10,  9,  .  .  .  ,1 

the  most  likely  interpretation.  Figure  6c, 
also  with  six  motion  sensor/exciter  locations 
but  one  different  location  than  Figure  6b, 
permits  a  somewhat  more  certain  Interpretation 
of  four  dominant  modes. 

One  can  observe  from  the  vertical  axis 
scales  on  Figures  4-6  that  all  non-zero 
error  values  tend  to  Increase  as  columns  are 
added  to  the  transfer  function  matrix.  This 
tendency  appears  not  to  have  any  useful  sig¬ 
nificance. 

Next,  we  examine  the  Gramlan  method  as 
applied  to  the  ten-mode  model.  Figure  7a  is 
a  graph  of  Gramlans  plotted  versus  frequency 
in  the  region  of  high  modal  density.  Gramlans 

g(0  .  q(^0)  calculated  from  complete 
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Figs.  8  Comparisons  of  exact  and  approximate 
transfer  functions  for  the  ten-mode 
model,  with  solid  lines  for  exact 
values,  long  dashes  for  modes  4,  5, 

6,  and  7,  and  short  dashes  for  modes 
4  and  6:  (a)  (b) 

10  X  1  transfer  function  vectors,  with  the  vec¬ 
tors  applied  in  the  order  of  the  station  num¬ 
bering  shown  on  Figure  1,  i.e.,  1.2,  ...,  10. 
Recall  that  the  identification  criterion  for 

this  method  is  ==  0,  where  =  1  by 

virtue  of  transfer  function  vector  normaliza¬ 
tion.  So  G^®^  should  be  nearly  zero  in  this 
case.  A  tabulation  (not  included)  of  for 

_3 

Figure  7a  shows  values  in  the  ranges  10  and 
10"^.  Figure  7b  is  a  graph  of  Gramians  G^^^  - 

also  calculated  from  10  x  1  transfer 
function  vectors,  but  with  the  vectors  applied 
in  reverse  order  of  the  station  numbering, 

i.e.,  10,  9,  ...,  1.  Values  of  G^®^  for  Figure 


Figs.  9  Transfer  functions  for  the 

fifteen-dof  model:  (a)  ^(w) 

(b)  (c) 


Figs.  10  Error  graphs  for  the  f1fteen-dof 
model  with  motion  sensors/exciters 
1,4.  7.  10,  13:  (a)  in  the  re¬ 

gion  of  a  single  isolated  mode; 

(b)  in  a  region  of  very  little 
modal  activity 

7b  are  in  the  ranges  10"'  and  10“^.  The  vast 
differences  between  the  curves  on  Figure  7a 
and  those  on  Figure  7b  illustrate  the  vector¬ 
ordering  dependence  of  the  Gramian  method,  and 

(61 

the  different  magnitudes  of  G'  '  on  the  two 
graphs  illustrate  the  indefiniteness  of  the 

smallness  criterion,  =  0. 

Finally  for  the  ten-mode  model,  Figu.-es 
8a  and  b  denwnstrate  the  significance  on  typi¬ 
cal  transfer  function  plots  of  the  dominance 
of  four  modes.  These  graphs  show  exact  coin¬ 
cident  and  quadrature  values  of  ^((v)  and 

j(ui),  approximate  values  calculated  from 

only  the  four  dominant  modes,  and  approximate 
values  calculated  from  only  modes  four  and 


six,  two  of  the  dominant  modes.  Whereas  modes 
four  and  six  alone  dominate  j,  all  four  of 

the  close  modes  make  comparabld  contributions 


Consider  next  the  fifteen-dof  model, 
which  has  the  pair  of  dose  modes  listed  in 
Table  2.  In  testing  of  this  model,  it  would 
be  natural  to  Instrument  and  to  provide  forc¬ 
ing  excitation  at  the  five  translation  degrees 
of  freedom  shown  on  Figure  2a,  so  we  will 
analyze  the  5  x  5  incomplete  transfer  function 
matrix  associated  with  those  degrees  of  free¬ 
dom. 


Figures  9a, b,  and  c  are  selected  transfer 
functions  in  a  narrow  band  about  the  close 
natural  frequencies.  Figure  9a  for  Hj  .|(u)) 

has  the  character  of  most  transfer  function 
elements  in  this  frequency  band,  namely.  It 
seems  to  indicate  only  a  single,  isolated 
mode.  Figure  9b  for 

presence  of  more  than  one  mode,  but  the  asym¬ 
metry  of  the  coincident  response  curve  would 
probably  be  attributed  to  a  distant  mode 
rather  than  to  close  modes.  Of  all  the  ele¬ 
ments  of  the  5  X  5  [H*],  only  i3(“)  shown 

on  Figure  9c  provides  definite  evidence  of 
the  presence  of  two  close  modes.  But  both 
and  H.|  have  such  small  magnitudes 

relative  to  H.|  .|  that,  in  actual  testing, 

they  would  probably  be  lost  in  noise  or  ig¬ 
nored.  So  it  is  fair  to  say  that  qualitative 
examination  of  the  transfer  functions  indi¬ 
cates  the  presence  of  only  a  single  mode  at 
149.2  rad/sec. 

Before  examining  error  plots  in  the  re¬ 
gion  of  the  two  close  modes,  it  is  useful  to 
have  as  a  reference  an  example  of  error  plots 
at  and  near  a  single  isolated  mode.  The 
second  mode  of  this  model,  with  a  natural 
frequency  of  67.5  rad/sec,  is  quite  distant 
from  all  other  modes.  Figure  10a  is  the  graph 
of  error  values  around  this  mode  for  the 
5x5  [H*].  For  comparison.  Figure  10b  is  the 
graph  of  error  values  in  a  region  of  almost 
no  modal  activity  between  t.he  second  and 
third  modes.  The  error  scales  of  both  Figures 
10a  and  b  are  quite  small  (relative  to  that 
of  Figure  11a  discussed  below),  and  neither 
figure  has  any  error  peaks.  The  only  sig¬ 
nificant  difference  in  character  between  the 
two  figures  is  the  numerical  noise  at  and 
near  the  natural  frequency  in  Figure  10a,  due 
to  accumulated  round-off  error  in  eigenvalue 
calcvi’ations. 

Figures  11a  and  b  are  graphs  of  error 
values  in  a  band  around  the  pair  of  close 
modes,  the  former  for  excitation  at  all  five 
translation  degrees  of  freedom,  and  the  latter 
for  excitation  at  only  three.  On  the  basis  of 
all  criteria  developed  previously  and  in 
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Figs.  11  Error  graphs  for  the  fifteen-dof 
model  with  motion  sensors  1,  4,  7, 
ICJ,  13:  (a)  exciters  1,  4,  7,  10, 

13;  (b)  exciters  1 ,  10,  13 

comparison  with  Figure  10a,  these  graphs  indi¬ 
cate  clearly  and  Indisputably  the  presence  of 
two  dominant  modes. 

Figures  12  a,  b,  and  c  are  graphs  of  Gra- 
mlans  In  the  region  of  close  inodes.  Figure 
12a  for  five  exciters  applied  in  the  order  1, 
4,  7,  10,  13  seems  to  indicate  clearly  that 
q  =  2.  So  also  does  Figure  12b  for  three  ex¬ 
citers  applied  In  the  order  13,  1,  10.  How¬ 
ever,  Figure  12c  for  the  same  three  exciters 
applied  in  the  order  1,  10,  13  seems  to  indi¬ 
cate  just  as  clearly,  though  Incorrectly,  that 
q  =  1. 


FREOUtNCY  raddec 


In  sunmary  of  the  discussion  of  theory 
and  the  numerical  simulation  study,  the  vector- 
fit  method  is  distinctly  superior  to  the  Gra- 
mlan  method  for  the  purpose  of  determining  the 
number  of  dominant  modes.  The  only  advantage 
of  the  Gramian  method  is  that  it  requires  sub¬ 
stantially  less  computation  time.  As  has  been 


Figs.  12  Gramian  graphs  for  the  fifteen-dof 
model  with  motion  sensors  t.  4,  7, 
10,  13;  (a)  five  exciters  aoplied 

In  the  order  1,  4,  7,  10,  13;  (b) 
three  exciters  applied  in  the  order 
13,  1,  10;  (cl  three  exciters  ap¬ 
plied  in  the  order  1,  10,  13 
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demons tr« ted,  the  vector-fit  method  can  produce 
error  plots  which  are  difficult  to  Interpret 
correctly.  But  results  of  the  simulation 
study  suggest  that  the  use  of  a  large  number 
of  motion  sensors  In  calculation  of  the  error 
values  will  reduce  the  likelihood  of  mis¬ 
taken  Interpretations.  Theoretically,  a  mini¬ 
mum  number  of  qt1  motion  sensors  are  required; 
however.  It  would  seem  prudent  and  usually 
practical  to  estimate  q  and  then  to  use  sever¬ 
al  times  that  number  of  motion  sensors  In  cal¬ 
culating  error  values. 

We  note  that  the  vector-fit  method  Is 
valid  regardless  of  the  type  of  motion  sensor 
employed  In  testing,  since  the  form  of  equa¬ 
tion  (7)  remains  the  same  for  displacement, 
velocity,  or  acceleration  transfer  functions. 


V.  CONCLUDING  REMARKS 

The  vector-fit  method  for  determining  the 
number  of  dominant  vibration  modes  from  struc¬ 
tural  transfer  functions  has  been  derived 
theoretically.  Illustrated  with  a  numerical 
simulation  study,  and  compared  with  other 
methods.  The  method  works  well  with  exact, 
noiseless,  simulated  data.  However,  Its  prac¬ 
tical  applicability  has  not  been  evaluated. 

The  logical  next  step  Is  to  test  the  method 
with  real  data.  If  It  should  prove  applicable, 
It  would  be  a  useful  analysis  tool  for  modal 
testing.  Regardless  of  the  type  of  testing 
employed,  the  vector-fit  method  could  provide 
an  independent  check  on  whether  or  not  all  sig¬ 
nificant  modes  had  been  detected. 
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n  X  n  stiffness  matrix 
n  X  n  Inertia  matrix 
n  X  n  modal  matrix 
an  unspecified  n  x  n  com¬ 
plex  matrix 
force-amplitude  vector 
jth  column  of  [H] 

jth  column  of  [H*] 
rth  column  of  [♦] 
p  x  1  sub-vector  of  t,. 

1th  complex  unit  eigen¬ 
vector  of  [A] 
p  x  1  complex  unit  basis 
vector 

n  X  1  time-dependent  re¬ 
sponse  vector 
n  X  1  complex  response- 
amplitude  vector 
unspecified  complex  con¬ 
stant 

mth  real  error  value 
Gram  determinant,  Gramian 

hysteretic  damping  con¬ 
stant  of  rth  mode 


number  of  dof  subjected  to 
forcing  excitation 
1th  eigenvalue  of  [A] 

generalized  mass  of  rth 
normal  mode 

numbers  of  half-wavelengths 
for  the  ten-modf  model 
total  number  of  dpf 
frequency  of  excitation 
natural  frequency  of  rth 
normal  node 

number  of  dof  instrumented 
with  motion  sensors 
number  of  dominant  modes 
element  of  [S] 
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Hlgh-peiloraance,  composite -material  flywheel  eyeteme  under  current 
development  for  energy-storage  purposes  differ  from  turbine  and  com¬ 
pressor  systems  In  Chat  the  flywheel  rim  Is  flexibly  attached  to  the 
hub.  Thus,  for  whirling  with  gyroscopic  action,  an  axlsymmetrlc 
flywheel  system  has  four  degrees  of  freedom,  two  associated  with  lat¬ 
eral  translation  and  two  with  tilting.  In  the  Sand  la  Livermore  spin- 
test  facility,  Che  above  system  was  driven  by  an  air  turbine  which 
added  Luo  more  degrees  of  freedom.  A  slx-degree-of-f reedom  analysis 
of  such  a  system  Is  presented  here  and  applied  tr  two  versions  of  a 
specific  design  presently  being  developed. 


INTRODUCTION 

Currant  engineering  interest  in  the  fly¬ 
wheel  as  an  energy-storage  mechanism  Cor  either 
stationary  or  vehicular  applications  has  direc¬ 
ted  attention  to  ,;he  dynamics  of  such  a  sys¬ 
tem  [l]*.  One  flywheel  configuration  currently 
under  investigation  by  Sar.dla  Laboratories  lo  a 
high-rocaclonal-speed  sysi  ea,  conilsclng  of  a 
composice-mdccrlal  tim  attached  by  means  of 
flexible  composite-material  bands  (or  spokes) 
to  a  hub  of  finite  mass  which  in  turn  Is  at¬ 
tached  to  a  relatively  flexible  shaft  [l].  In 
the  spin  tests  conducted  at  Sandia-Livermore 
test  facility  [3],  the  flywheel  shaft  Is  essen¬ 
tially  supported  as  a  cantilever  at  Its  top  end 
by  rigid  actachnent  to  the  turbine  shaft,  which 
in  turn,  Is  supported  by  a  pair  of  ball  bear¬ 
ings,  A  schematic  diagram  of  such  a  system  Is 
shown  in  Fig.  1. 

For  this  system  both  translational  and 
tilting  motions  take  place.  The  translation 
contributes  to  the  development  of  s  lateral 
force  due  to  centrifugal  action,  while  the 
Lilting  produces  an  Inertial  couple,  Including 
gyroscopic  action,  about  a  diumeter  of  the  fly¬ 
wheel.  The  sense  of  this  couple  is  such  that 
it  effectl-rely  sclffens  the  system  for  modes 
correspond:' og  to  retrograde  (or  backward)  pre¬ 
cession.  lulu  gyroscopic  effect  on  rotor 


whirling  was  first  investigated  by  Stodola  [4] 
in  1918.  See  also  [5]. 

Due  to  the  flexible  nature  of  the  flywheel 
banoB,  flywheel  shaft,  and  turbine  shaft,  as 
well  as  the  finite  mass  of  the  rim,  hub  (54Z  of 
the  rim  mass)  and  turbine,  the  system  la  con¬ 
sidered  as  a  three-mass  system.  A  few  analyses 
of  multi-mass  disk-shaft  systems  have  appeared 
In  the  literature;  see,  ''or  Instance  [6-8]. 
Unfortunately,  however,  these  analyses  are  all 
applicable  to  only  the  case  where  the  flexible 
members  (portions  of  the  shaft)  connect  to 
ground.  In  the  present  system,  one  flexible 
member  (the  bands)  connects  to  an  otherwise 
free  msss  (the  flywheel  rim) .  To  the  best  of 
Che  present  investigators'  knowledge,  the  only 
analyses  even  remotely  applicable  to  such  a 
configuration  are  [9-ll].  However,  the  analy¬ 
ses  in  [9-10]  are  applicable  only  to  a  thln- 
place  wheel,  while  McKinnon's  analysis  [ll] 
considered  a  two-mass  system  with  only  three 
degrees  of  freedom,  since  he  considered  the 
radial  flexibility  of  the  rlm-to-hub  connector 
to  be  negligible. 

The  present  analysis  considers  three 
masses  (rim,  hub,  and  turbine)  and  six  degrees 
of  freedom  (translation  and  tilting  for  each 
mass,  as  shown  In  Fig,  1). 


*  The  research  reported  here  was  supported  by  the  Department  of  Energy  through  a  contract  from 
Sandla  Laboratories,  Albuquerque,  New  Mexico. 

t  Presently  at  the  Engineering  Mechanics  Department.  Research  Laboratories,  General  Motors  Tech¬ 
nical  Center,  Warren,  Ml. 

*  Numbers  in  brackets  designate  References  at  end  of  paper. 
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Fig.  1.  SchemaClc  diagram  of  the  Sandla  fly¬ 
wheel  syatemi  ea  Inatalled  lii  the 
Sandla-Llvernore  ipln-teat  facility. 


ANALYSIS 

The  system  Is  depicted  schematically  in 
Fig.  1,  which  has  three  masses  snd  six  gener¬ 
alized  displacements  {q.)  -  (r^,  4,.,  rj,, 
ft.  noted  that  r  and  ♦  are 

respective  translational  and  tilting  dleplace- 
mencs,  while  subscripts  c,  h,  t  refer  to  rim, 
hub,  and  turbine  respectively.  The  compliance 
equations  can  be  written  in  matrix  form  as 
follows  s 

<qi)  ■  1-,  J  -  1,  2 . 6  (1) 


Here  the  generalized  forces  are  (Q, }  ~  (F,., 

Mj,  Fj,,  Mjj,  F(,,  and  the  ire  the  com¬ 

pliances.  Due  to  the  nature  of  the  connection 
between  the  rim  and  hub  as  well  as  the  neces¬ 
sary  symmetry  of  the  array  as  required  by  Max¬ 
well's  reciprocal  principle,  some  of  the  com¬ 
pliance  terms  are  repeated  in  the  array,  which 
can  thus  be  written  as  follows: 
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_ 1 

- - - 1 

— 

— 

“33 

“12  1 

“33 

“12  1 

“15 
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“12  “44  1 

“12 
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“44  1 
- 1 

“25 

“66 

“15 

“25  j 

“15 

“25  1 

“55 
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“66  1 

“16 

1 

“66  1 

“25 

“66, 

with 

“11  "  “33  ^^'SjIp 
“22  “  “44 

where  K|,,  and  Kbop  are  band  stiffnesses  to 
resist  respective  relative  in-plane  translation 
and  out-of-plane  tilting  between  rim  and  hub. 
The  values  of  Kblp  and  Kbop  increase  not 
only  with  the  initial  winding  tension  in  the 
bands  but  also  with  rotational  speed  due  to  the 
centrifugal  stiffening  effect.  The  values  of 
oij  can  be  obtained  by  using  elementary  beam 
theory:  however,  shear  flexibility  is  Included 
in  obtaining  turbine  shaft  stiffnesses  due  to 
its  high  diameter/length  ratio.  For  the  pur¬ 
pose  of  completeness,  equations  for  calculating 
compliances  and  band  stiffnesses  are  presented 
in  Appendices  A  and  B  respectively. 


The  generalized  forces  are  given  by 
F,  -  m 

^  ^  -  “h  ■  •“  ■  ’^mah"^“+h'^^ 

Ft  -  m^  r^  ,  m 


where  m^,  mb,  and  mr  are  respective  rim,  hub, 
and  turbine  maases;  ^mat 

spcctlve  rim,  hub,  and  turbine  mass  moments  of 
Inertia  about  the  axis  of  rotation;  Xmdri  Imdh 
and  Indt  ‘Fe  Che  respective  mass  momenta  of 
inertia  about  a  diametral  axis;  D  is  the  ro¬ 
tations!  speed;  and  u  is  the  whirling  fre¬ 
quency. 

Inverting  Eq.  (1)  and  using  Eqs.  (4),  one 
obtains  the  following  equation; 

{[Mijlm'  -  [N,j]m  -  [Kij]l(q,}  -  0 

(1,  J  -  1.  2 . 6) 

where  [Kij]  is  the  inverse  of  [a^j],  [M^,] 
and  have  zero  elements  except  for  tlie 

following 
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>•  m  i 
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i  «66- 

^adt 

'22 
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One  can  reduce  Eq.  (5)  to  a  aCandard-cype 
eigenvalue  problem,  which  mlnlmlzea  the  compu- 
taclona,  by  Introducing  the  following  defini¬ 
tion; 

(Pj^)  -  uilq^}  (7) 

Using  Eq>  (7)  In  Eq.  (S)  and  omitting  the 
subscripts,  one  obtains  the  following  equation 


1  M  v 


I—  —  U  •< - h  (8) 


[k]  {  [M]"^  i<Pi) 


Eq,  (8)  la  In  the  form  of  a  standard-type 
eigenvalue  problem.  Thus,  It  can  be  solved  by 
using  an  existing  elgenproblem  code  at  each  ro¬ 
tational  speed  n  . 


NUHERICAL  RESULTS  AND  DISCUSSION 

The  numerical  values  of  the  various  mass 
and  inertia  parameters  for  two  different  com¬ 
posite-material  flywheel  systems  are  listed  in 
Table  I**.  Each  of  the  two  systems  have  the 
same  rim,  which  la  constructed  of  hoop-wound 
graphlte-upoxy  composite  loacerial  and  Is  de¬ 
signed  to  achieve  jn  enurgy-storage  capacity  of 
0.56-Rwn  at  31,500  rpm. 

bystem  A  has  flal-bund-type  spokes  of 
aremid-epoxy  unidirectional  composite  laaterlal 
and  Is  shown  In  Fig.  2.  There  are  six  complete 
bands,  i.p.  the  bands  are  located  30  degrees 
apart  around  the  clrcumfurence.  The  bands  are 
wound  with  nn  Initial  tension  of  360  lb  and 
pass  through  and  are  bonded  to  sluts  In  the  hub, 

Systim  B  differs  from  System  A  primarily  In 
the  fact  that  System  B  has  spokes  which  are- 
wound  flat  on  to  the  rln  but  undergo  a  90- 
degrec  twist  to  bi  wound  on  to  axially  oriented 
pins  at  the  hub.  This  twist  and  a  lower  Initial 
winding  tension  in  the  bends  (90  lb  for  Sys¬ 
tem  B)  results  In  higher  in-plane  compliance  of 
the  bunds.  However,  the  tilting  compliance  In 
smaller. 


TABLE  i 

Maas  and  Inertia  Parameters  for  Systems  A  and  B 


(Ib-in-sec  ) 


sm==S====:=J== 

1  I  „  2, 

n.  N-sec  /cm  n 

Rim  mass  n  ,  0.075 

(lb-sec  / In) 

Hub  mass  mj^  "  "  0.041 

Turbine  mass  m^  "  "  0.035 

2 

^  c  T  N-cm-sec 

Rim  mass  moment  of  I  2  ^6.33 

Inertia  about  its  axis  (Ib-in-sec  ) 

Hub  muss  moment  of  I  "  "  0.610 

inertia  about  its  axis 

Turbine  mass  moment  of  "  "  0.757 

Inertia  about  its  axis 

Rim  mass  moment  of 

Inertia  about  a  ^mdr  "  "  18.485 

centroldal  diameter 

Hub  mass  moment  of 

Inertia  about  a  ”  "  2.793 

centroidal  diameter 

Turbine  mans  moment 

of  Inertia  about  a  ^mdt  "  "  0,432 

centroidal  diameter 

**  The  numerical  values  of  compliances  arc  given  in  Appendix  A. 


1  System  | 

A 

B 

0.075  (0.043) 

0.075  (0.043) 

0.041  (0.0235) 

0.045  (0.0258) 

0,035  (0.020) 

0.035  (0.020) 

36.33  (3.23,5) 

36.33  (3.215) 

0.610  (0.054) 

0.836  (0,074) 

0,757  (0.067) 

0.757  (0.067) 

18.485  (1.636) 

18.485  (1.636) 

2.791  (0.2A?) 

2.689  (0.238) 

0.432  (0.040) 

0.452  (0.040) 
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Fig.  2  Plan  view  of  one  quarter  of  the  Sandia 
thlck-rlng  flywheel  (System  A). 


Both  System  A  and  System  B  have  been  spin- 
tested  at  the  Sandia  Livermore  spin  test 
facility,  In  which  the  flywheel  iiub  Is  mounted 
to  a  shaft  vhlch  la  cantilevered  from  the 
Barbour-Stockwell  air-turbine  drive  ausembly. 

Solving  the  eigenvalue  problem  represented 
by  equation  (8)  by  means  of  routine  EIGRF  [l2] 
on  an  IBM  370,  Model  158J  dlglta.'.  computer,  one 
obtains  modal  frequencies  as  a  function  of  the 
rotational  speeds.  Plots  of  these  relationships 
for  Systems  A  and  B  are  shown  In  Figs.  3  and  4. 
These  figures  are  plotted  In  log-log  form  In 
order  to  get  them  on  the  paper.  All  six  modes, 
with  forward  and  retrograde  branches  for  each, 
are  shown  for  completeness.  It  should  be  men¬ 
tioned  that  the  retrograde  branches  correspond 
to  negative  whirling  speeds,  l.e..  Cite  direction 
of  rotation  of  the  whirling  Is  a  direction 
opposite  to  the  direction  of  the  running  speed. 

The  Intersections  of  the  w  vs.  n  curves 
with  straight  lines  of  the  form  u  -  ntJ  deter¬ 
mine  the  so-called  critical  speeds  (Rcr^  which 
correspond  to  the  values  of  running  speed  n  at 
which  dynamic  Instability  may  take  place.  The 
value  n(»  u)/n)  is  called  the  order  of  the 
critical  speed  and  It  is  usually  either  a  posi¬ 
tive  or  negative  Integer  or  Its  reciprocal. 

Lines  corresponding  to  n  ■=  +  1  and  n  =  +  2 
are  shown  in  Figs.  3  and  4. 

Crltlcnl  speeds  of  positive  orders  ore 
always  asaociai  ^d  with  forward  precession,  in 
which  the  whirling  phenomenon  takes  place  In 
the  same  direction  as  the  shaft  rotation.  In 


contrast,  critical  speeds  of  negative  orders 
are  always  associated  with  retrograde  precea- 
slon,  in  which  the  whirling  phenomenon  travela 
In  a  direction  opposite  to  the  direction  of 
shaft  rotation. 

There  does  rot  appear  to  be  any  unanimity 
concerning  which  orders  of  critical  apeeds  are 
the  most  critical  ones.  For  example,  Stodola 
[4,  S],  Blezano  and  Grasmiel  [7],  and  Hartog  [13] 
emphaslee  the  first  order  (n  ~  1).  Also  ref. 

[7J  claims  that  backward-precession  critical 
speeds  are  l.eaa  dangerous  than  forward-precea- 
alon  ones.  However,  Ysinada  [l4]  observed  ex¬ 
perimentally  retrograde  as  well  .\a  forward 
critical  apeedu  of  orders  up  to  8.  Recently 
Thomson  et  al.  [l]  reported  on  experiments  with 
single-mass  flywheel  systems.  They  had  diffi¬ 
culty  detecting  the  lower  whirl  phenomena, 
although  they  did  detect  one  first-order, 
lower-mode  critical  speed.  For  the  upper  mode 
they  detected  critical  apeeds  of  retrograde 
orders  1,  2,  3,  and  5  cn  one  system  and  1  and 
3  on  the  other,  as  well  as  forward  orders  2,  3, 
4,  and  5  on  both  systema. 

It  Is  noted  tliat  In  Fig.  3  there  are  shown 
fourteen  first-  and  second-order  critical 
speeds  in  the  rotational  speed  range  up  to 
50,000  rpm;  six  forward  and  eight  retrograde. 
According  to  the  reasoning  of  [7'J  and  [13],  the 
most  Important  critical  speeds  would  be  the 
first-order  forward  ones  at  about  650  rpm  and 
34,000  rpm.  In  contrast,  the  experience  of  [l] 
and  [ll]  suggest  that  higher  mode  forward  crit¬ 
ical  speeds  of  second  order  are  moat  dangerous. 
It  is  noted  that  the  amplitude  ratios  4’r/^b 
and  r^/rj,  Increase  rapidly  aa  the  running 
speed  approaches  the  third-mode,  second-order 
forward  critical  speed  (approximately  23,000 
rpm) .  This  Is  consistent  with  comparison  be¬ 
tween  the  present  results  and  the  experimental 
results  In  [3]  as  discussed  In  Che  next  section, 
which  suggests  Chut  perhaps  the  second  forward 
critical  speed  at  the  third  mode  is  the  most 
Important  one  for  System  A. 

The  curious  triple-curvature  behavior  (two 
Inflection  points)  of  the  second-mode  forward 
branch  in  the  proximity  of  the  third-mode  for¬ 
ward  branch  (1.  e.  In  Che  vicinity  of  u  » 
45,000  cpm,  0  »  23,000  rpm)  la  reminiscent  of 
the  curve-veering  phenomenon  discussed  by 
Lelaaa  [l5]  and  was  also  found  by  McKinnon  [ll], 
who  reported  that  an  experimental  wheel  failed 
in  Che  vicinity  of  these  conditions. 

The  major  differences  In  System  B  as  com¬ 
pared  to  System  A  are  smaller  out-of-plane  band 
compliance  and  larger  hub  mass  and  axial  moment 
of  inertia  (oij,,  Ijah)  •  Again  there  are  four¬ 
teen  first-  and  second  -  order  critical  speeds 
up  to  50,000  rpm!  six  forward  and  eight  retro¬ 
grade  as  shown  In  Fig.  4.  The  first  order  for¬ 
ward  critical  speeds  ace  at  700  rpm  and  36,000 
rpm,  while  the  moat  Important  one  of  the  second- 
order  forward  critical  apeeds  la  approximately 
23,500  rpm. 
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It  ahould  alio  be  Bencloned  that  a  4  DOF 
analysli  preaented  In  [17]  predicted  correepon- 
dlng  secondaorder  critical  apeeda  much  higher 
than  the  present  analyala.  The  considerable 
decrease  exhibited  In  the  present  6  DOF  analy¬ 
sis  Is  balleved  to  be  due  to  the  close  proxla- 
Ity  of  the  band  tilting  and  turblne-ahaft 
translation  modes  (l.e.  the  3rd.  and  4th.  owdes 
In  Figs.  3  and  4).  Thus,  It  must  be  concluded 
that  an  analysis  with  at  least  6  DOF  is  requir¬ 
ed  to  accurately  portray  the  system  behavior. 


Some  parametric  studies  were  carried  out 
for  System  A  In  which  either  Che  hub  essembly 
or  the  bands,  or  both  were  redesigned.  Values 
of  the  third  2nd. -order  critical  speed  for  dif¬ 
ferent  designs  are  presented  In  Table  2,  It  Is 
Interesting  to  see  that  this  particular  criti¬ 
cal  speed  can  be  Increased  more  significantly 
by  Increasing  the  band  thickness  (with  fixed 
cross-sectional  area)  than  by  changing  the 
material . 


ROTATIONAL  SPEED  Si  ,  RPU 

Fig.  3  System  A  whirl  frequency  vs.  rotational  speed  for  all  six  modes  with 
gyroscopic  effects.  Circles  denote  potential  forward  critical 
speeds  and  squares  denote  potential  retrograde  critical  speeds. 
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COtffARlSON  WITH  EXFERIHENTiU.  RESULTS 


In  Cha  apln  tests  of  the  two  Sendla  fly¬ 
wheel  syatens  (denoted  here  ae  Systene  A  end  B) 
tasted  by  Sendla  personnel  at  Che  Sandle  Llver- 
giore  Laboratory  [3],  x  and  y  coordinates  of 
the  hub  poalclon  In  the  horizontal  plane  were 
picked  up  by  proxlnlty  gages  and  displayed  on 
an  oecllloacope. 

The  System  A  flywheel  dleplayed  eonalder- 
able  vibrational  amplitude  In  the  low-speed 
range.  (The  excessive  amplitude  may  have  been 


Indicative  of  the  predicted  critical  speeds  in 
the  vicinity  of  dSO  and  2,000  rpm.)  Starting 
at  about  14,000  rpm,  there,  was  a  gradually  in¬ 
creasing  buildup  In  amplitude  which  sccelersCed 
rapidly  starting  at  18,000  rpm.  Especially 
sudden  Increases  In  amplitude  were  noted  at 
20,200  rpm  and  20,900  rpm.  These  sudden  Jumps 
while  Che  rotational  speed  was  gradually  In¬ 
creased  may  be  Indicative  of  the  nonlinear 
Jump  phenomenon  associated  with  a  "softening" 
restoring  force  [16].  It  la  also  possible  chat 
these  sudden  Increases  were  due  to  any  one  of 
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ROTATIONAL  SPEED  12  .RPM 

Fig.  4  System  B  whirl  frequency  vs.  rotational  speed  for  all  six  modes  with 
gyroscopic  effects.  Circles  denote  potential  forward  critical 
speeds  and  squares  denote  potential  retrograde  critical  speeds. 


TABLE  2 


Cooparlson  of  ths  Thlrd-Moda  Sacond-Ordar  Critical  Speads  for  Various  Daslgna 
of  System  A 


1 

Case 

Specific  Design 

.Critical  Speed  (rpm) 

Remarks 

1. 

Bsslc  design  given  In  Table  1 

23.000 

frequency  map  shown 

In  Fig.  3 

2. 

Change  band  laatarlal  to 
graphlte/epoxy+^ 

24,000 

3.' 

Change  hub  aaaambly^^ 

24,000 

4. 

Combination  of  cases  2  and  3 

24,500 

5. 

Change  number  of  seta  of  bands 
from  6  to  2  but  with  triple 
thickness  perpendicular  to  the 
rim 

24,500 

total  crosa-sectlonal 
area  unchanged 

6. 

Combination  of  casaa  3  and  5 

24,600 

Young's  modulus  In  fiber  direction  -  18.0  msjL  (124.2  CPa) 

Specific  weight  -  0.054  pci  (0.015  N/cn^) 

Mew  hub  parameters  are  nij^  -  0.0183  lb-sec*/ln  (0.032  N-aec^/cm) 
^mdh  “  Ib-ln-aec^  (2.273  N-cm-see^) 

^mah  ~  Ib-ln-Bec^  (0.488  M-cm-sec^) 


these  cauaesi  (1)  sudden  failure  of  a  band,  (2) 
slippage  of  the  bands  In  the  vicinity  of  the 
hub,  or  (3)  rapid  opening  of  delamlnatlon  In 
the  rln.  The  flywheel  shaft  broke  due  Co  ex¬ 
cessive  amplitude  when  a  speed  of  approximately 
22,100  rpm  was  reached. 

By  ultrasonic  and  radiographic  means  it 
had  been  found  prior  Co  the  spin  teat  that  this 
particular  flywheel  rim  appeared  to  have  some 
localized  areas  of  fiber  buckling.  An  earlier 
test  of  another  flywheel  of  the  System  A  design 
has  achieved  17,900  rpm  before  Che  lead  balance 
weights  were  thrown  off  and  Che  test  stopped. 
Surface  flaws,  but  no  significant  Internal 
flaws,  were  detected  In  It  prior  to  test,  and 
post-failure  examination  showed  Chat  It  had 
separated  In  the  vicinity  of  the  surface  Irreg¬ 
ularity. 

In  summary.  It  appears  chat  the  calculated 
third-mode,  second-order  forward  critical  speed 
of  23,000  rpm  for  System  A  Is  In  good  agreement 
with  the  observed  failure  due  Co  excessive  amp¬ 
litude  at  22,100  rpm.  This  agreement  was  sur¬ 
prising,  since  all  of  the  stiffness  values  used 
were  calculated  ones,  some  of  which  were  based 
on  boundary-condition  assumptions  which  may  not 
have  been  sufficiently  realistic. 

The  System  B  flywheel  exhibited  a  gen¬ 
erally  smoother  ride  (less  vibrational  ampli¬ 
tude)  Chan  did  System  A.  A  possible  explana¬ 
tion  for  this  could  be  the  inherently  more 


symmetric  stiffness  distribution  of  the  band 
geometry  in  System  B.  Pronounced  sudden  de¬ 
creases  In  amplitude,  Indicative  of  nonlinear 
jump  phenomena  associated  with  a,  "hardening" 
restoring  force  [l6],werc  observed  at  approxi¬ 
mately  22,000  rpm  and  24,800  rpm.  There  was  a 
gradual  Increase  In  amplitude  starting  at  about 
27,500  rpm,  with  sudden  increases  In  amplitude 
at  approximately  29,000  rpm  and  30,000  rpm. 

There  was  a  loud  report  associated  with  the 
first  of  these,  and  final  failure  was  at  30,100 
rpm.  Post-failure  examination  of  this  flywheel 
Indicated  that  the  rim  still  retained  Its 
structural  integrity,  but  many  of  the  bands  had 
failed  near  their  attachment  to  the  rim.  It  Is 
not  known  which  of  the  following  phenomena 
directly  caused  failure  of  these  bands:  (1) 
snapping  of  some  of  the  bands  due  to  excessive 
steady  centrifugal  and  aerodynamic  loads,  (2) 
excessive  dynamic  mechanical  loads  resulting 
from  Che  system  dynamics  causing  the  bands  to 
snap,  or  (3)  excessive  abrasion  due  to  rubbing 
after  the  flywheel  dropped  Into  the  spin  pit 
following  failure  of  the  reduced-section  break¬ 
away  shaft.  An  earlier  test  of  the  System  B 
design  had  displayed  dynamic  Instability  at 
29,000  rpm  and  the  test  was  discontinued  at  that 
point . 

In  Bummary,  It  appears  that  the  calculated 
third-mode,  second-order  forward  critical  speed 
of  23,500  rpm  for  System  B  was  not  associated 
with  the  excessive  amplitudes,  during  spin 
teets.  In  the  vicinity  of  29,000-30,000  rpm. 
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Koweveri  there  Is  a  calculated  t'xrst-order  for¬ 
ward  critical  epeed  for  the  lecond  mode  (aiaoc- 
latad  with  flyvheel-shaft  rotatory  flexibility) 
at  approximately  34,000  rpm.  It  may  be  tenta¬ 
tively  conjectured  that  the  Syatem  A  flywheel 
failed  at  a  second-order  critical  speed 
(  23,000  rpm)  due  to  stiffness  asymmetry  of  the 
bands,  while  System  B  could  have  gotten  beyond 
this  speed  only  to  encounter  excessive  ampli¬ 
tude  at  the  next  higher  first-order  critical 
speed  (  30,000  rpm!*)  • 


CONCLUSIONS 

Based  on  the  present  study,  it  is  con¬ 
cluded  that  perhaps  the  most  luiportant  critical 
speed  for  flywheel  System  A  is  the  second-order 
forward  one  st  the  third  mode.  Due  to  the 
nature  of  the  coupling  Involved,  an  analysis 
with  at  least  6  DOF  is  required  to  accurately 
predict  this  system  behavior  rather  than  a  4 
DOF  analysis.  Increasing  Che  band  thickness  in 
Che  flywheel  shaft  direction  is  a  practical  way 
to  Increase  the  above  mentioned  critical  speed. 

s 

For  System  B,  Che  most  important  critical 
speed  is  less  certain.  However,  there  is  a 
distinct  possibility  chat  it  could  be  a  first- 
order  forward  one  at  Che  second  mode.  Two 
practical  ways  to  increase  this  critical  speed 
are  to  Increase  the  flywheel  shaft  stiffness 
and  to  decrease  the  hub's  diametral  mas.s  moment 
of  inertia. 
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APPENDIX  A.  ELEMENTS  OF  COMPLIANCE  MATRICES 

Detailed  derivation  for  the  stiffnesses  of 
the  flywheel  shaft  and  the  turbine  shaft  ere 
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given  in  [17]. 
can  derive  the 
present  design 

Using  such  sclffnessas,  one 
compliances  appropriate  to  the 
configuration  as  follows: 

“l2 

ac 

"tc'  ^  ®s\;' 

“is 

Vt^' 

“l6 

- 

L  K 

8  tr 

“25 

-c 

“33 

K  “^  + 
sf 

-1  -1  2  -1 
^f  -  ^  ^^c  ^ 

“44 

K  ■*■  + 
sr 

<A-i) 

“55 

K 

“66 

•^tr 

Here 

the  first 

subscripts  6  and  t  refer  to 

Che  respective  flywheel  shaft  and  turbine 
shift;  the  second  subscripts  f  and  r  are 
referring  to  the  respective  flexursl  trans¬ 
lational  and  flexural  rotatory  stlffnessess; 
while  c  refers  to  the  coupling  stiffness  to 
resist  translations]  motion  due  to  a  bending 
couple  r.pplled  on  the  shaft.  The  following 
numerical  values  are  used  in  both  Systems  A  and 
B: 

-  564.3  N/cm  <322.2  Ib/xn)  ; 

-  134,705  N-rm/rad  <11,923  Ib-ln/rad)  j 

K  “  10,346  N/rad  <2,326  Ib/rad)  ; 
sc 

-  9.751  X  10^  N/cm  <5.568  x  10®  Ib/ln)  ; 

K|.j.  “  1.580  X  lO^N-cra/rad  <1.401  xl0®lb-in/rad); 

K,  -  1.629  X  10®  N/rad  <9.301  x  10®  Ib/rad); 
tc 


motion  caused  by  lateral  force  applied  on  each 
band.  Stiffness  Kj,  is  given  as  Eq.  <A-21)  in 
[l7]  and  is  reproduced  here  as  follows: 

1C  -  <kP  slnh  kL)[2<l  -  cosh  kL)  +  kL  ainh  kh]"^ 

(B-2) 

Where  k  S  (P/Epl]^)**  ;  P  is  the  sum  of  ini¬ 

tial  winding  tension  and  centrifugal  tension  in 
each  band  <aae  [l7]  for  details)*)  A^,  is  the 
cross-sectional  area  In  each  band;  E),  Is  the 
band  Young's  modulus  In  the  fiber  direction;  L 
Is  the  band  unsupported  span  length  ;  Ii  is 
the  area  moment  of  Inertia  relative  to  an  axis 
parallel  to  the  flywheel  shaft. 

The  out-of-plane  stiffness  of  the  system 
of  bands  is 

-  12  AjjE^b^/L  +  i2<Ejjr2P)‘*<Rj^/L  -  1)  (B-3) 

where  b  Is  one  half  of  the  hub  axial  length; 

Is  the  Inside  radius  of  the  rim. 

Again  the  first  term  on  the  RNS  Is  asscc- 
lated  with  the  axial  membrane  stretching  in  the 
bands.  The  second  term  is  associated  with  bend¬ 
ing  of  the  bands  about  their  own  centroids  out 
of  the  plane  which  Is  perpendicular  to  the  axis 
of  revolution  oi  the  hub. 

For  System  B,  the  bunds  are  wound  flat  on 
to  the  rim  but  undergo  a  90-degiee  twist  to  be 
wound  on  to  axially  oriented  pins  at  the  hub. 
Ba\:'ls  in  such  systeiis  ere  ohown  In  fig.  S<a), 
Application  of  Eq.  (B-1)  is  not  valid  unless  a 
modification  Is  carried  out.  Physically  t.he 
first  tem  on  RHS  of  Eq.  <B-i),  which  is  assoc¬ 
iated  with  stretching  in  axial  direction,  is 
unaffected.  However,  the  second  term  should  h' 
decreased  due  to  reduction  of  moment  of  inertia 
along  X  . 

If  the  force  applied  at  the  right-hand  side 
is  Q  as  sho’vn  in  Fig.  5<a),  the  moment  distri¬ 
bution  is 

Mfv:)  -  -  q(L  -  x)  {B-4) 


•"  length  of  flywheel  shaf t  •  27. 94  cm  <11  In) 


APPENDIX  3.  EXPRESSIONS  FOR  COMPUTING  BAND 
STIFFNESSES 


Determination  of  band  cclffnesses 
and  System  A  are  derived  in  [17]  and 

are  summarized  here  for  completeness. 


The  in-plann  stiffness  of  the  system  of 
bands  le 


“'hip  “ 


(B-l) 


'ihe  flr&c  t^rm  on  the  RHS  (right-hand  side) 
la  cha  integrated  stiffness  caused  by  the  axial 
membrane  stretching  in  each  band;  while  the 
second  term  Is  due  to  resistance  to  in-plsne 


Using  the  same  approach  as  tci(Kc  as  pre-^ 
seated  In  [iS],  the  translational  deflection  at 
the  point  where  Q  -is  applied  can  be  expressed 
as  follows  by  neglecting  the  shear  flexibility i 

yp  -  [<M|^)/KI<x)]dx  <B-5) 

where  l(x)  Is  the  moment  of  inertia  at  posi¬ 
tion  X  . 


P  =  Initial  winding  tension  <Pj^)  +  centri¬ 
fugal  tension  <Pc)  ; 


4,017  X 
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PIN 


HUB 


(a) 


Fig.  5  Schematic  diagrams  showing  that  the 
bands  of  System  B  have  been  twisted 
by  an  angle  of  ir/2  at  the  end  at¬ 
tached  to  the  hub. 


Assuming  that  the  angle  twisted  Is 
linearly  dependent  on  x  ,  the  following  re¬ 
lation  can  be  obtained 

I(X)  “  cos^  X  +  aln^x  (B-6) 

where  =  ta^/12  ;  Ij  H  at^/12  j 

x=  nx/2L  ;  t  Is  band  thickness;  a  Is 
band  width. 

Inserting  Eds.  (B-4)  and  (B-6)  Into  Eq. 
(B-5),  one  obtains 


^^P^'^^wlated 

I  [(L  -  X)^/Ejj(I.^  cos^x  +  Ij  8ln^5)]dx 


(B-7) 


For  ch€  case  whan  tha  band^  are  not:  pre-* 
twisted,  the  value  of  y„/Q  can  be  obtalad  by 
using  the  following  equation, 

nontwl.ted  “  ^CL  -  x)'/E,I,]dx  (B-8) 

The  ratio  of  the  translational  stiffness 
for  the  above  two  different  configurations  csn 
be  obtslned  as  follows: 

twisted^  ^^^nontwlfltod 

^>'p'^‘^^nontwlated'’^V^^twlBted 


Ualng  the  values  pertinent  to  the  present  geo¬ 
metry  and  Integrating  numerically,  one  obtains 
Che  following  result: 

^*^b^ twisted  "  ^*^b^nontwlsted 


This  Implies  a  destlffenlng  effect  due  to  90° 
pretwistlng.  Combining  the  present  result  with 
that  given  as  Eq.  (B-1),  one  can  compute  , 

by  using  the  following  equations 

-  12(A^E^/L  +  0.67B  K  )  (B-10) 


As  far  as  the  Kbop  concerned,  Fig, 
5(b)  should  be  used.  If  a  moment  Mo  ,  Instead 
of  a  force  Q  ,  la  applied  at  one  end,  the 
moment  distribution  would  be 


M(x)  ■■  M 

0 


(B-11) 


The  slope  at  the  point  of  application  of 
Mo  can  be  deduced  from  the  following  equation. 

^''’^"o^twisted 

-  I  [l/Ej^d^  COB^  i{  +  sin^  j|)]dx 

(B-12) 


where  it  =  ^(L  -  x)/2L 


For  the  case  where  the  bands  are  not  pre- 
twlated,  the  value  of  J/M^  Is 

<*^"o>no„t«lsted  ■  to 

Combining  Eqs.  (B-12)  and  (B-13),  one 
Obtains 

<^'“o>tvistcd/<*/«o5„ontwisted  “ 

This  represents  s  stiffening  effect  through 
pretwistlng.  Thus,  the  second  tens  on  RHS  of 
Eq,  (B'*3)  should  be  nultlplled  by  5  in  order  to 
Incorporate  the  stiffening  effect*  However,  the 
first  term  Is  unaffected  since  it  accounts  for 
the  membrane  stretching  effect  along  the  axis  of 
the  bands.  Bearing  this  in  mind*  one  has 
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•Sop  “  W  +  60(Ej,l2r)^Rj/L  -  u 


K  .  K  ,. 
&c  sf 


fl/wheeL*‘Bhaf t  8t If fnesap.B :  trana^ 
latlonal-rotAtory  coupling,  trans¬ 
lational,  and  rotatory,  reapectlve" 

ly 


In  the  present  paper,  the  following  data 
are  used 

Ajj  -  0.05  ln^(0.323  cn^) 
a  »  0.5  In  (1.27  cm) 
b  -  1.5  In  (3.81  cm) 

Ej^  -  11  X  10^  pal  (75.87  C.Pa) 

L  -  5.375  in  (13.65  cm) 

-  7.625  in  (19.37  cm) 

t  a  0.1  In  (0.254  cm) 


•^tc’  '^tf 


turblne-ahaft  atifincases!  crana- 
laclonal-rotatory  coupling, 
translational,  and  rotatory, 
reapectively 

U 

tie-bar  parameter  (sp/Ej^Ij^) 

unsupported  length  of  band  (from  hub 
to  rim) 

length  of  flywheel  shaft 


bending  moment  at  position  x  on 
the  band 


APPENDIX  C.  NOMENCLATURE 


«h-  «r*  «t 


inertial  moments  of  hub,  rim,  and 
turbine,  respectively 


ccoBs-sect innal  area  of  one  band 


width  of  band  in  plane  of  rotation 
one  half  of  the  hub  axial  length 


inertia  matrix  with  elements  de¬ 
fined  in  Eqs.  (6) 

bending  moment  applied  at  end  of 
band 


E.  elastic  modulus  of  band  along  its 

length 

F  ,  Fj.,  Fj.  centrifugal  forces  of  hub,  tiin, 
and  turbine,  respectively 


I(x)  distribution  of  rectangular  area 

moment  of  inertia  of  bund  along 
the  length  of  a  twisted  band 

Ij^,  major  and  minor  rectangular  area 

moments  of  inertia  of  band 

I  1 

mah’  mat’  mass  polar  moments  of  inertia 

about  the  axis  of  revolution  for 
'^mat  turbine, 

respectively 


'^mdh’  ^mdr’  polar  moments  of  inertia 

about  a  diametral  axis  for  the  hub, 
rim  and  turbine,  respectively 


mass  of  hub,  rim,  and  turbine, 
respectively 

gyroscopic-action  matrix  with  ele¬ 
ments  defined  in  Eqs.  (6) 

the  order  of  a  critical  speed 
e  m/ll) 

total  tension  in  one  band 
<=  P,  +  Pj) 

centrifugal  tension  In  one  band 
initial  winding  tension  In  one  band 
pseudo-velocity  column  vector 

applied  shear  force  on  band,  acting 
normal  to  the  band  and  in  the  plane 
of  rotation 


translational  flexural  stiffness 
of  one  band  in  a  plane  perpendic¬ 
ular  to  the  plane  of  rotation 

in-^plane  translational  stlffneas 
of  the  entire  system  of  bands 


generalized  force  column  vector  = 

(Fr.  M^,  Fj^.  M^,  F^, 

generalized  displacement  column 
vector  s  (r^,  r,^,  4,^,  r^, 


out-of-plane  rotatory  stiffness  of 
entire  system  of  bands 

inverse  of 


h’  r  C 


Inside  radius  of  rim  where  the  bands 
are  attached  to  it 

translation  in  plane  of  rotation  for 
the  hub,  rim,  and  turbine 
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thlcVtneis  of  b«ad  In  direction  of 
axle  of  rotation  of  flywheel 

poaltlon  along  the  band,  Baaeured 
froa  the  hub 

HX/2L.  ’'(b  -  x)/2L 

deflection  of  band  at  rlB  relative 
to  the  hub,  In  a  direction  noraal 
Co  the  band  and  In  the  plane  of 
rotation 

compliance  matrix  with  eleaenta 
defined  by  Eqa,  (A-1) 

A  tilt  anglea  (alopea)  of  the  hub, 
rim,  and  turbine,  reapucClvely . 

rotational  apeed 

whirling  frequency 


HUMAN  RESPONSf  TO  VIBRATION  AND  SHOCK 


WHOLE-BODV  VIBRATION  OF  HBAVY  EQUIPMENT  OPERATORS 


D.E.  Waascrman*  W*C.  Aaburry« 
National  institute  for  occupational 
Cincinnati^  Ohio 


T.E.  Doyle 
Safety  and  Health 


Approximately  6«8  million  United  States  workers  are  exposed 
to  whole-body  vibration.  A  vibration  field  study  was  made 
of  one  of  these  groups  -**  heavy  equipment  operators.  Several 
types  of  machines  (track-type  tractors,  scrapers,  motor 
graders,  loaders,  backhoes,  compactors,  skidders,  and  dump 
trucks)  were  operated  by  one  or  two  of  four  operators  with 
differing  degrees  of  experience.  Vibration  data  were  ob¬ 
tained  from  the  following  locations]  vehicle  floor,  man- 
seat  Interface,  as  well  as  from  the  operator's  knee,  shoulder, 
and  head.  Results  of  analyzing  the  vibration  spectrum  indi¬ 
cate  that  for  the  different  types  of  machines  little  dif¬ 
ference  could  be  attributed  to  the  experience  or  body  mass 
o£  the  operator  and  that  most  of  the  higher  level  vibration 
occurred  below  the  4  to  8  Hz  "human-body  resonance  band,** 
much  of  it  at  less  than  1  Hz. 


INTRODUCTION 

From  data  compiled  in  plant  site  and 
workplace  studies  performed  by  the 
National  Institute  for  Occupational 
Safety  and  Health  (NIOSH}  we  can  esti¬ 
mate  that  there  are  some  eight  million 
workers  in  the  United  States  who  are 
exposed  to  occupational  vibration . (1) 

Of  these,  some  6.8  million  are  esti¬ 
mated  to  be  exposed  to  so-called  "whole- 
body"  vibration  (i.e.,  vibration  im¬ 
pinging  on  the  entire  body,  head-to-toe) 
such  as  would  be  experienced  while 
driving  a  moving  vehicle,  for  example. 
Another  1.2  mrllion  workers  are  exposed 
to  "hand-arm"  (i.e.,  segmental)  vibra¬ 
tion,  which  is  locally  applied  vibration 
such  as  would  be  experienced  while  oper¬ 
ating  vibratory  hand  tools  (e.g.,  pneu¬ 
matic  chipping  hammers,  grinders,  chain 
saws ,  etc.). 

Whole-body  vibration  is  considered 
a  "generalized  stressor  (2  )  Since  it 
impinges  on  multiple  body  organs  simul¬ 
taneously,  both  the  acute  and  chronic 
physiological  effects  of  such  exposure 
are  difficult  to  define.  With  regard 
to  the  work  situation,  information  about 
chronic  effects  are  paramount  since  a 
worker  working  in  the  same  vibratory 


job  for  30  years,  SO  weeks  per  year, 
at  a  conservative  30  hours  per  week, 
would  be  exposed  45,000  hours.  To 
answer  some  of  the  questions  relating 
to  chronic  vibration  exposure  in  the 
workplace,  NIOSH  has  completed  a  series 
of  epidemiological  morbidity  studies  of 
key  vibration-exposed  occupations! 
heavy  equipment  operation  (3,  4),  bus 
driving  (5),  and  truck  driving  (6).  In 
addition,  a  series  of  laboratory  animal 
studies  (7,  8}  and  human  studies  (9) 
were  performed. 

Heavy  equipment  operation  was  the 
subject  for  this  first  series  of  field 
studies  because  this  large  group  of 
workers  (about  500,000)  is  chronically 
exposed  to  occupational  vibrati-on  and 
has  been  epldemiologlcally  studies  and 
because  the  Union  of  Operating  Engineers 
Local  #  3  (San  Francisco  based)  ,  which* 
assisted  in  the  previous  epidemiological 
studies,  offered  us  the  use  of  their 
unique  training  facility  (Rancho- 
Murietta,  near  Sacramento,  California). 

As  part  of  this  aeries,  we  under¬ 
took  engineering  field  studies  to  quan¬ 
tify  and  describe  the  vibration  exposure 
received  by  workers  while  they  operated 
various  types  of  heavy  equipment  vehi- 
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cles  under  actual  work  conditions, 

Future  biological  laborator/  and  medical 
field  Btudies  combined  with  vibration 
dose  datat  such  as  that  reported  here, 
will  eventually  give  the  final  answers 
to  the  health  and  safety  concequences 
of  this  exposure.  In  this  paper  thi- 
instrumentation)  the  study  methodsi  and 
the  data  collection  and  procnssitig  of 
the  engineering  field  study  are  de¬ 
scribed.  An  example  of  the  vibration 
data  is  also  presented.*  Only  the 
results  of  the  analysis  of  the  vibration 
data  is  presented  in  this  report* 
physiological)  noise,  and  other  date 
obtained  in  this  study  will  be  reported 
elsewhe  re . 

instrumentation 

The  vibration  exposure  experienced 
by  the  worker  must  be  measured  at  vari¬ 
ous  polii' ^  on  the  vibratory  source,  as 
well  as  on  the  man,  because  the  dose  a 
worker  receives  depends  on  such  multi¬ 
ple  factors  as  i 

o  worker  orientation  and  the  degree  of 
body  coupling  to  the  vibratory  source) 

o  frequency  filtering  by  vehicular 
seats,  worker  clothing,  vehicle 
suspension,  vehicle  tire  pressure) 

o  multiple  vibratory  sources,  e.g., 

dual  engines  on  some  types  of  earth- 
moving  scrapersi 

o  vehicle  speed  and  the  type  of  road 
terrain  being  traveled) 

o  the  worker's  age,  body  mass,  and 
expocuro  time  on  the  job. 


multiplexed  FM/FM  (4  watt)  telemetry 
transmitter  operating  at  216. S  MHz. 

Data  were  transmitted  to  a  nearby  mobile 
unit  where  it  was  demodulated  and  FM 
tape  recorded  for  later  data  analysis. 
Vibration  acceleration  measures  were 
taken  in  accordance  with  the  accepted 
biodynamie  coordinate  system  designated 
in  ISO  2631  (Figure  2) .  Data  were  col¬ 
lected  from  the  following  locations i 

o  Vibration  acceleration  att 

-  Target  vehicle  floor  (ve^'ical 
axis)  ) 

-  Man-seat  interface  (i.e.,  worker's 
buttocks)  (vertical,  horizontal, 
and  lateral  axis)  (Figures  3,  4); 

-  Worker's  knee  (vertical  axis)) 

-  Worker's  head  (vertical  axle) 
(Figures  5  and  6 ) . 

o  Environment! 

-  "A"  weighted  noise  (at  the  worker's 
ear  level)  using  a  sound  level 
meter) 

-  Temperature  and  relative  humidity 
(manually  obtained), 

o  Physiology! 

-  Electrocardiogram  (SKq>  using 
disposable  silver-silver  chlo’-ide 
electrodes  > 

-  Electiomyograms  (EMG,  2  channels, 
bilateral  s acroap.)  nails  muscles) 
using  the  above  type  electrodes. 


Multiple  simultaneous  measures  need 
to  be  taken  to  characterize  the  vibration 
dose.  Because  vibration  is  often  accom¬ 
panied  by  noise,  heat,  fumes,  and  d'...st, 
it  is  necessary  to  attempt  to  account 
for  these  additional  stressors. 

SOURCE  OF  DATA  -  The  Target  Vehicle 

The  system  developed  and  used  In 
these  field  studies  is  depicted  In 
Figures  la-lc.  Each  heavy  equipment 
vehiicle  operator  was  "wired,"  using 
various  transducers,  to  a  multi-channel 


*  The  complete  details  of  this  study 
have  been  reported  in  "Whole-Body  Vibra¬ 
tion  Exposure  of  Workers  During  Heavy 
Equipment  Operation,"  D.E,  Wasserman, 
T.E.  Doyle,  and  W.C.  Asburry,  DHEW 
(NIOSH)  Publication  No.  78-153,  April, 
L978  . 


o  .'Jther: 

-  Road  profiles  traversed  by  the 
target  vehicle  (using  a  monochrome 
vidicon  TV  camera  and  video  tape 
recorder  mounted  at  the  operator's 
eye  level  observing  and  recording 
the  road  terrain  the  operator 
actually  observed)  and  continuens 
obser'’atj  ms  o"  the  operator  and 
his  vehicle  motion  (using  a  second 
monochrome  vidicon  TV  camera  and 
video  tape  recorder) ) 

-  Target-vehicle  speed  (Doppler 
radar)  ) 

-  Targe- vehicle  tire  pressure  (where 
applicable) ) 

-  Two-way  radio  communication  between 
target-vehicle  operator  and  mobile 


Figure  Biodyneaic  coordinate 
■yecen  acceleration 
meaaurenents  (ISO  2fi3l). 
“y>  ”  acceleration 

In  the  direction  of  the 
X,  y,  and  z  axes; 

X  axle  “  back-to-chest; 
y  axle  -  rlght-to-left; 

I  axle  -  foot-to-head. 
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"he  hecrt  of  the  data  acquisition 
system  was  a  ruqgedissd  FM/FH  telemstty 
system.  The  basic  transmitter  oapaolty 
was  up  to  14  multiplexed  channels.  This 
permitted  a  variety  of  data  inputs  and 
the  system  was  designed  so  as  to  allow 
us  to  custom  design  a  variety  of  oondl- 
tionlng  electronics  modules  and  to  Inter¬ 
face  these  into  the  multiplexer.  In 
these  field  testa  we  chose  to  transmit 
12  data  channels  (with  the  remaining 
two  channels  at  the  receiving  end  tape 
recorder  used  for  data  reduction  pur¬ 
poses  -  a  time  marker  channel  and  refer¬ 
ence  oscillator).  Thus i  the  transmitter 
data  were i 

o  seven  vibration  data  channels, 
o  one  "A"  weighted  noise  channel, 
c  two  electroyogram  (EMG)  channels, 
o  one  electrocardiogram  (EKG)  channel. 

The  transmitter  was  designed  so  that 
it  could  be  used  in  a  radio  frequency 
(RF)  mode  or  in  a  direct  (hard-wired) 
mode  with  the  RF  section  off.  All 
inputs  were  individually  conditioned 
and  multiplexed)  this  multiplexed  signal 
could  be  transmitted  either  directly 
(through  a  1000  foot  cable  driver  ampli¬ 
fier  to  the  mobile  unit)  or  through  the 
RF  mode,  with  a  transmitting  distance 
of  2  to  4  miles,  depending  on  the  ter¬ 
rain.  A  simplified  schematic  diagram 
of  the  transmitter  is  depicted  in 
Figure  3. 

Because  of  the  limited  number  of 
data  channels,  we  were  unable  to  use 
throe  accelerometers  at  each  vibration 
position.  (Three  acceler ^meters  would 
have  been  needed  to  reasonably  define 
the  multiple  directions  of  vibration 
impinging  on  an  object  at  a  given  point.) 
Three  orthogonal  directions  were  meas¬ 
ured  on..y  at  the  man-seat  interface 
(Figures  4  and  5)>  thus,  at  the  floor, 
knee,  and  bite  bar  (Figures  6  and  7) 
nly  vertical  acceleration  was  measured. 

Equipment  power  was  obtained  using 
a  single  12  volt  auxiliary  automotive 
battery. 

A  list  of  the  major  commercial 
equipment  used  in  this  study  is  given 
in  Table  I. 

VIBRATION  DATA  RECEIVER  - 
Vibration  Mobile  Unit 

A  versatile,  rugged,  cn-off  road 
nobl'''i  unit  that  could  be  used  virtually 
anywiiere  under  any  road  condition  was 
needed  as  a  mobile  control  and  data 
acquisition  center.  To  meet  these  needs 


a  four-wheel-drive  military  ambulance 
Wes  customized  (Figures  8  and  9)  whloh 
included  a  SOOO-wett  aluernator  for  the 
instrumentation  power. 

All  of  the  data  from  the  target  vehi¬ 
cle  were  simultaneously  multiplexed  and 
transmitted  to  this  receiving  mobile 
unit  where  it  was  received,  demodulated, 
and,  finally,  FM  tape  recorded  with  soma 
preliminary  data  processing  (i.e., 

Fourier  Spectrum  Analysis)  being  produced 
on-line.  The  target  vehicle  was  contin¬ 
uously  under  video  monitoring  from  the 
portable  black  and  white  TV  camera 
located  on  top  of  the  mobile  unit.  This 
video  information  was  taped  and  synchro¬ 
nized  with  all  the  incoming  data.  The 
speed  of  the  target  vehicle  was  contin¬ 
uously  monitored  and  recorded  using  a 
police-type  Doppler  radar  unit.  in 
addition,  an  independent  RF  audio  commu¬ 
nication  link  maintained  two-way  communi¬ 
cation  between  the  two  vehicles. 

The  mobile  unit  normally  carried  a 
three-man  crew,  one  to  operate  the 
major  electronics  system,  one  to  oper¬ 
ate  the  roof  video  camera  chain,  and 
the  third  to  double  as  driver  and  oper¬ 
ator  of  the  Doppler  speed-measuring 
unit. 

fiTUDY  METHODS  AND  DATA  COLLECTION 

Four  professional  heavy  equipment 
operators  were  used  in  the  tests  of  the 
different  pieces  of  heavy  equipment  of 
various  U.5.  manufacturers  (Table  II). 

In  many  cases,  it  was  possible  to  obtain 
data  from  two  drivers  as  they  sequen¬ 
tially  operated  a  given  machine,  each 
repeating  the  same  type  of  work  cycle 
over  the  same  terrain  under  the  same 
environmental  conditions.  Where  two 
drivers  were  used  sequentially,  one 
driver  was  the  “seasoned  professional" 
(the  driver  who  actually  taught  the 
proper  use  of  that  machine).  Because 
the  other  instructor  did  not  use  that 
particular  machine  but  could  operate  it 
he  was  considered  the  "new  driver," 

This  was  done  because  about  one-third 
of  the  heavy  equipment  workforce  con¬ 
tains  relatively  new  operators.  All 
had  at  Icact  20  years  of  experience 
operating  various  heavy  equipment  vehi¬ 
cles. 

Route  I  and  work  cycle  schedules  were 
mapped  ouc  for  each  machine.  When 
multiple  machines  of  the  same  type  were 
used  each  machine  was  operated  over  the 
same  terrain  and  under  the  same  worli 
conditions.  Each  day  an  operator  was 
wired  into  a  heavy  equipment  vehicle, 
system  calibration  and  checks  performed, 
tape  recorded,  and  logged.  Operators 
were  instructed  to  perform  their  normal 
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(Tranaalttlng)  Target  Vehicle  Equipment 

Aydln-Vector  by  power  FM/FM  tranraltter  (215,5  mHi,  Xcal  controlled) 

Sony,  Model  AVC-3400,  portable  monochrome  Vtdlcon  camera  and  video  tape 
recorder  eyatem 

Bectln-Dlcklnaon,  "Diapoa  El"  allver-allver  chloride  electrodea 
ENTRAN,  Model  EGAL-125,  pleao  realatlvc  accelerometers 

Pace,  Model  100  ASA,  voice  communications  tranamltter/recelver  (21.575  MHr.) 

(Receiving)  NIOSH  Mobile  Unit  Equipment 

Microdyne,  Model  CPR-101,  phase-locked  loop  receiver 

Metraplex,  Mcdul  122-2,  Subcarrier  FM  demodulators 

Honeywell,  Model  5600-B,  multichannel  FM  tape  recorder 

Sony,  Model  AVC-3400,  portable  monochrome  Vldlcon  camera  and  video  tape 

recorder  system 

Honeyweil-Saicor,  Model  SAI51A,  Fourier  analyzer 

Custom  Signals,  Model  MR-?,  moving  Doppler  speed  radar  system  (10.525  GHz) 
Generac,  Model  XP-5014f),  6207-5,  5000-watt  alternator 


*  Mention  of  commercially  available  equipment  does  not  necessarily  Imply 
U.S,  Government  endorsement. 
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work  tasks  in  ths  same  manner  they  would 
if  testing  were  not  baking  place.  Data 
collection  began  and  the  same  work  cycle 
using  the  same  machine  was  repeated 
using  another  operater  later  in  the  same 
day . 

Where  possible,  types  of  machines 
were  later  categorised  into  their  appro¬ 
priate  SAE  clauaif Ication  system  also 
shown  in  Table  XI. 

DATA  PRESENTATION  AND  ANALYSIS 

During  the  course  of  this  study,  we 
gathered  spectral  data  from  accelero¬ 
meters  placed  in  seven  different  posi¬ 
tions.  We  classified  these  data  into 
various  matching  categories  and  obtained 
a  maximum  of  seven  spectral  plots  for 
each  data  group. 

As  an  example,  Figure  10  lllustratea 
seven  plots  for  one  of  the  machines  and 
one  of  the  operators  (Data  Group  C) . 

The  computer  code  number  in  the  upper 
left  hand  corner  of  each  spectral  plot 
indicates  the  machine  type  (Society  of 
Automotive  Engineers  (SAE)  classifica¬ 
tion  and  document  number) ,  the  position 
of  the  accelerometer  (e.g.,  the  seat, 
knee,  etc.),  the  number  of  computer 
averages  used  in  each  plot,  and  the 
driver  code  number.  To  read  a  given 
spectral  plot  for  each  peak  in  the 
spectra,  read  "frequency"  horizontally 
(25  HZ  full  scale)  and  read  peak  linear 
acceleration  in  "g"  Units  vertically 
(for  RMS,  multiply  each  peak  value  by 
0.707),  using  the  appropriate  vertical 
scale  factor  as  indicated  in  each  plot. 

In  Table  III,  the  predominate  fre¬ 
quencies  for  the  six  Hz  bands  for  Data 
Group  C  are  discussed.  In  Table  IV, 
the  maximum  and  minimum  peaks  within  the 
six  frequency  bands  for  Data  Group  C 
are  tabularized.  in  Tabic  V  are  found 
the  major  spectral  peaks  by  machines  and 
type  of  operator  for  all  of  the  machines 
used  in  the  field  tests. 

Because  the  heavy  equipment  machines 
have  been  categorized  into  an  approved 
SAE  classification  system  the  vibration 
data  processing  has  centered  around  this 
classification  scheme.  The  first 
attempt  at  data  reduction  resulted  in 
some  2,400  data  plots.  In  the  second 
attempt  only  linear  vibration  spectra, 
grouped  according  to  the  SAE  classifi¬ 
cation  where  possible,  was  used.  This 
resulted  In  the  linear  spectral  plots, 
an  example  of  which  is  contained  in 
Figure  10  for  Data  Group  C. 

The  following  steps  were  taken  to 
derive  these  linear  spectra  plots  using 
an  HP  Model  5451  Fourier  computer.  To 


compute  a  power  spectra  of  a  random  pro¬ 
cess  it  was  first  necessary  to  generate 
a  positive  quantity  that  could  be  aver¬ 
aged.  The  resulting  average  was  a  meas¬ 
ure  of  the  energy  in  each  frequency  com¬ 
prising  the  spectrum  band.  The  vibra¬ 
tion  data  can  be  regarded  as  a  typical 
random  process  yielding  a  Fourier  trans¬ 
form  that  will  have  both  positive  and 
negative,  real  and  Imaginary  values, 
randomly  distributed  acroee  the  spectrum. 
If  this  transform  were  averaged  without 
time  synchronization,  the  result  would 
be  zero.  Thus,  the  Foufiar  transform 
was  first  conjugate  multiplied  to  yield 
a  positive  quantity  at  each  frequency. 

A  number  of  such  spectra  were  summed  and 
than  each  frequency  was  divided  by  that 
number  to  achieve  the  desired  average. 

To  obtain  linear  spectra  from  power 
spectra,  the  square  root  of  the  power 
apectra  was  taken.  In  the  computing 
process  the  result  yields  a  real  part 
containing  magnitude  data  with  the 
Imaginary  part  containing  phase  informa¬ 
tion.  The  magnitudes  are  then  summed  as 
repeated  averages  are  taken  and  stored 
in  the  computer.  The  phase  values  ran¬ 
domly  sum  and,  thus,  mu.st  be  disregarded. 

The  computer  processing  methods  are 
summarized  in  Table  V. 

SUMMARY 

The  summary  and  conclusions  given 
herein  cover  all  the  machines  and  oper¬ 
ators  indicated  In  Table  VI.  Without 
being  overly  specific,  it  appears  we 
can  Indicate  the  following  for  the  major 
vibration  peaks i 

1.  For  track  type  machines  (tractors 
and  crawler  loaders)  with  virtually  no 
suspension  and  limited  speed,  the  major 
frequency  peaks  extend  dlscontinuously 
from  about  0.12  Hz  to  about  20  Hz,  with 
peak  acceleration  levels  at  approxi¬ 
mately  O.Olg  to  0,25g.  About  25  per¬ 
cent  of  the  major  frequency  peaks  occur 
In  the  4-6  Hz  human  body  resonance  band, 
whereas  about  50  percent  of  the  major 
peaks  occur  at  frequencies  less  than 
0,15  HZ,  The  majority  of  these  latter 
peaks  appear  in  the  vertical  az  direc¬ 
tion  . 

2.  For  rubber  tire  type  machines 
(scrapers,  motor  graders,  and  loaders) 
that  have  suspension  systems  and  moder¬ 
ate  speed  capability,  the  major  fre¬ 
quency  peaks  extend  dlscontinuously 
from  about  Q.lO  Hz  to  about  5,25  Hz, 


*  A  complete  list  of  all  spectral  plots 
is  given  in  the  previously  cited  NIOSH 
publication  78-153. 
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TABLE  II 


SEIF -PROPELLED  RUBBER  TIRE  SCRAPERS 
(KlCHICAN  IIO;  CAT  627a,  63lB,  CIIC; 
TEREATS-14) 

OPERATOR  NO.  I,  EIPERlENCEO 


TABLE  III 

Exanple  of  Discussion  of  Data  {Date  Group  C) 

Data  Group  "C**  (Computer  File  Code  7A) 

TYPE  OF  MACHlNEi  Salf-propellad  rubbar  tire  acrapars  (Michigan  110,  CAT 
e27B  and  631  B,  C,  Terex  T5-14);  both  traditional  and 
newer  vibration  reducing  design.* 

OPERATORS:  One  experienced  and  one  Inexperienced;  each  operating 

machines  on  separate  days,  doing  Che  sane  Job  over  aaiae 
terrain. 

WORK  SEQUENCE:  1.  Reading  eegJty  on  blacktop  (10-20  mph);  2.  Pilling 

bowl  with  dirt  and  rock  (30-40  seconds  fill  tine); 

3.  Reading  loaded  on  semi -smooth  haul  road  (20  oph) ; 

4.  Gradually  dumping  load  while  Bovlng  (5  mph);  5.  Road- 
Ing  unloaded  on  same  haul  road  (30  mph);  6.  Push-pull 
loading  of  another  scraper;  7.  Reading  unloaded  on  access 
road  (30  mph). 

SPECTRAL  PLOTS:  14;  7  for  each  operator. 


HIGHEST  AND  LOWEST  VIBRATION  FREQUENCY  PEAKS: 


In  the  0-3.99  Hr  band.  2.12  Hr  appears  as  a  maximum  peak  at  every  vertical 
transducer  position.  It  also  appears  in  the  lateral  sent  direction  at  about 
half  Che  amplitude  of  the  principle  peak  of  0.13  Hr.  The  principle  peak  of 
Che  seat  In  the  horlroncal  direction  is  0.31  Hr. 

In  the  4-7.99  Hr  human-body  resonance  band,  components  of  4  Hr  appear  maxl- 
timlly  at  all  transducers. 

In  the.  8-11.99  Hr  band,  8  Hz  components  appear  vertically  at  each  transducer 
10-11  Hz  componenta  appear  at  the  seat  In  the  lateral  and  horizontal 
poslclona. 

In  the  12-15.99  Hr  band,  major  components  of  12-13  Hr  aopear  at  the  floor, 
head,  knee,  and  the  seat  laterally.  Minor  components  of  the  12-13  Hr  band 
appear  at  the  seat  vertically  with  the  highest  peak  occurring  at  14.87  Hr; 
similarly,  the  seat  horizontally  has  a  14,87  major  component.  Shoulder  data 
do  not  appear. 

In  the  16-19.99  Hr  band,  major  components  of  16-18  Hz  appear  at  each  trans¬ 
ducer  except  at  the  head  and  shoulder. 

In  the  20-23.99  Hr  bond,  only  the  floor  and  lateral  seat  direction  appear 
to  have  spectra. 

In  gummary,  the  overall  major  peak  appears  at  2.12  Hr  at  the  shoulder.  It 
also  appears  that  the  seats  (in  the  vertical)  direction  tend  to  remove 
frequencies  above  16  Hz. 

*The  data  are  a  combination  of  data  for  acrapers  of  traditional  and  newer 
design.  The  primary  spectral  difference  Is  that  the  vibration  reducing 
designs  exhibit  vertical  vibration  levels  of  about  one-half  that  of  the 
traditional  designs  In  the  frequency  range  of  1.5  to  2.5  Hz, 


TABLE  V 

StOBUCy  of  Data  Analyalt 


ttetho4 

Paat  Fourier  Tranafora  (m) 

Analyaar 

Hewlett-Packard  SASl  Digital 

Fourier  Analyter 

Paraaaterii 

Analyala  ranga 

0.2S  Ha 

Block  alaa 

1024 

Saapla  tlaa 

1.62  Blnutea 

Af  ••  conatant  bandwidth  > 

.0488  Ha 

Hanning  window 

Uaed  once 

Hanning  correction  factor 

2.0 

62 
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with  puak  acco  It  ra  t  i  on  isyele  at  app-oj-- 
Imatoly  0.0-1y  to  0.130q.  In  the  4-8  He 
human  hooy  rosonaiice  band,  only  a  uingla 
peak  at  5,25  Hz  at  0>095g  In  the  hori¬ 
zontal  (a|f)  Bsat  position  oocura.  About 
25  percent  of  the  major  peaks  occur  in 
the  2,12-2,6  lU  range.  The  majority 
of  these  latter  peaks  appear  in  the 
vertical  a^  direction, 

3.  For  the  vibrating  drum  type 
machine  compactors,  the  spectra  spread 
from  0,1  Hz  broadly  to  15,28  Hz,  with 
acceleration  levels  ranging  from  0.004g 
to  0,09g,  In  the  4-8  Hz  human  body 
resonance  band  there  were  no  major 
peaks;  however,  a  peak  at  3,62  Hz  ap¬ 
pears  at  0,09g,  The  majority  of  the 
spectra  peaks  appear  in  the  vertical 
direction. 

For  the  wheel  type  compactor  (where 
we  have  available  only  a  limited  amount 
of  data)  seat  data,  0,13  Hz  and  14.95  Hz 
appear  predominant  with  accelerations 
ranging  from  0,02Sg  to  0,064g, 

4,  For  the  hydraulic  excavator 

(a  track  machine  without  a  suspension) 
there  appear  to  be  two  distinct  groups 
of  peaks,  one  group  at  very  low 
frequencies  ([.',12-0,20  Hz  at  0.026g  to 
0,54g)  and  another  group  at  higher 
frequencies  (14.6-15,3  Hz  at  O.Olg  to 
0.027q).  Once  again,  the  majority  of 
these  peaks  occur  vertically  and  no 
major  peaks  occur  in  the  4-8  Hz  human 
body  resonance  band, 

5.  The  limited  available  seat  data 
for  the  log  skldder  (a  very  specialized 
forestry  type  machine)  range  from 
1-4.15  Hz,  with  acceleration  levels 
from  0,07g  to  0.130g  peaks. 

6,  For  the  case  of  the  two  dump 
trucks,  we  found  a  spectrum  extending 
from  0.12-12.12  Hz  (O.Olg  to  O.Q4ag). 

In  the  4-8  Hz  resonance  band,  about  37 
percent  of  the  major  peaks  occur.  Once 
again,  the  majority  of  all  pea)t3  appear 
in  tlie  vertrcal  a^  direction. 

CONCLUSIONS 

Recognizing  the  constraints  on  the 
data  obtained  in  this  study  as  well  as 
our  small  operator  sample  size,  it 
would  appear  that  certain  limited  and 
tentative  concluding  comments  can  be 
made  : 

1.  From  these  limited  data  there 
appears  to  be  little  differenoi  between 
experienced  and  inexperienced  operators. 

2.  From  these  limited  data,  there 
appears  to  be  little  difference  in 
spectra  between  operators  of  differing 


body  masaea.  (This  would  appear  to 
confirm  an  observation  by  Barton  et  al. 
(10)  .  ) 

3.  From  thase  limited  data,  there 
appears  to  be  a  single  vibration  trans¬ 
mission  path  to  the  operator’s  upper 
torso  and  head  from  the  vehicle  occur¬ 
ring  diraetly  through  the  operator's 
seat  and  torso.  In  the  case  of  the 
operstor'B  seat,  the  vibration  impinging 
on  the  upper  torso  is  modified  by  the 
filtering  oharaoteristica  of  the  seat, 

4.  Most  of  the  higher  acceleration 
levels  measured  occur  in  frequency  bands 
below  the  4-B  Hz  human  body  resonance 
bfind  with  much  of  the  data  occurring  at 
IssB  than  1  Hz.*  We  bellev.i  these  very 
low  friquunoy  peak:;  are  due  to  changes 
in  vehicle  path  or  speed,  such  as  accel¬ 
erating  the  vehicle  and  bra)tlng, 
steering  through  turns,  and  changing 
grades  or  side  slopes  in  the  terrain. 
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*  Freguencies  below  1  Hz  are  reported 
(11,  12)  to  cause  motion  sickness; 
however,  the  subjects  in  this  study 
have  never  reported  this  problem 
while  operating  the  heavy  equipment 
machines.  Recent  work  has  shown  that 
human  exposure  from  0.1-0. 7  Hz  (meas¬ 
ured  at  the  accelerometers  in  the 
order  of  0.19g)  as  reported  here  are 
generally  associated  with  motion 
sickness  in  susceptible  people  when 
the  motion  is  sustained  (as  on  a  ship) 
and  has  an  on-going  periodici ty . ( 13) 
This  does  not  generally  happen  in 
this  situation  because  of  the  non¬ 
recurring  nature  of  the  motion. 
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RESRAHCH  RELATED  TO  THE  EXI’ANSTON  AND  IMPROVEMENT  OF 


HUMAN  VIBRATION  EXPOSURE  CRITERIA 


Richard  W.  Shoe nbu rge r 

Aerospace  Medical  Research  Laboratory,  Aerospace  Medical  Division 
Wrl gh t-Patteraon  Air  Force  Base,  Ohio  45433 

A  program  of  research  directed  toward  improvement  of  the 
validity  and  generality  of  human  vibration  exposure 
criteria  la  described.  A  psychophysical  matching  technique 
was  used  to  investigate  the  perceived  intensity  of  various 
types  of  vibration  environments.  Experiments  conducted  to 
date  are  of  two  types:  comparisons  of  sinusoidal  and 
non -E 1 nuso i dal  vibrations,  and  comparison  of  translational 
and  angular  vibrations.  Results  discriminate  between  alter¬ 
nate  methods  for  evaluating  the  severity  of  non-si nusoidal 
vibrations,  and  indicate  relationships  between  translational 
and  angular  vibrations  needed  for  the  expansion  of  vibration 
criteria  to  include  angular  motions. 


Standards  for  human  exposure  to 
whole-body  vibration  [1,  3,  8l  are 
Intended  to  be  applied  to  real- 
world  situations  in  which  the 
motion  environments  are  composed 
of  complex  waveform  vibrations  con¬ 
taining  multiple  frequencies  or 
broadband  random  Input.s.  These  may 
occur  in  any  of  three  translational 
and  three  rotational  directions, 
either  independently  or  simulta- 
neouely  in  any  combination  of  the 
six  possible  degrees-of-f reedom . 
However,  the  experimental  data 
base  from  which  such  standards  are 
derived  consists  primarily  of 
studies  in  which  the  vibration 
inputs  were  single  sinusoids 
applied  in  one  or  another  of  the 
three  translational  axes.  To  im¬ 
prove  the  validity  and  generality 
of  vibration  exposure  criteria, 
research  is  needed  comparing  single- 
axis  sinusoidal  and  various  kinds 
of  non-Elnusoldal ,  angular,  and 
multi-degree-of-freedom  vibrations. 
A  program  of  research  in  the 
Biodynamic  Effects  Branch,  Bio- 
dynamics  and  Bioengineering  Divi¬ 
sion  of  the  Aerospace  Medical 
Research  Laboratory,  investigating 
the  perceived  intensity  of  various 
types  of  vibration  environments, 
is  directed  toward  this  goal. 

This  paper  l.s  divided  into  two 
sections:  experiments  comparing 

sinusoidal  vibrations  with  various 
kl.tds  of  non- sinusoidal  vibra¬ 
tions,  and  experiments  comparing 


translational  vibrations  with 
angular  vibrations.  Although  the 
detailed  experimental  designs 
varied  slightly  from  one  experi¬ 
ment  to  another,  the  technique  used 
was  fundamentally  the  same  for  all 
experiments  --  a  psychophysical 
matching  procedure  in  which  the 
subjects  matched  their  perceptions 
of  the  intensity  of  one  type  of 
vibration  by  adjusting  the  physical 
intensity  of  another  type  of  vibra¬ 
tion.  Similar  techniques  have 
proved  successful  for  comparing 
the  subjective  intensities  of  vi- 
bratic ns  with  different  frequencies 

[5] ,  different  translational  axes 

[6] ,  and  different  spectral 
compos  1 ti ons  [  7  ]  . 

Comparisons  of  Sinusoidal 
and  Non-Sinusoidal  Vibrations 

Currert  human  vibration  exposure 
standards  [1,  3,  8]  specify  two 
procedures  for  evaluating  non- 
sinusoldal  vibration  environments. 
The  preferred  method  ti'eats  each 
component  frequency  of  a  multifre¬ 
quency  environment  or  each  third- 
octave  band  of  a  random  environ¬ 
ment  independently^,  while  the 
alternative  method  involves  a 
weighting  technique.  These  two 
methods  yield  different  results 
except  when  all  the  vibration 
energy  is  within  a  single  third- 
octave  band.  Under  the  weighting 
method,  the  severity  rating  of  the 
vibration  increases  with  the  number 
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of  third-octavos  in  the  spectrum; 
but  under  the  independent  component 
method,  the  rating  is  determined 
solely  by  the  criterion  level  of 
the  most  Intense  third-octave  and 
is,  therefore,  independent  of  the 
bandwidth.  The  greatest  difference 
occurs  when  the  vibration  spectrum 
has  the  shape  of  the  criterion 
curve  a  . 

In  the  three  experiments  re¬ 
ported  below,  the  vibration  stimu¬ 
li  were  constituted  so  that  they 
contained  either  one,  two,  three 
or  four  components,  each  at  a 
particular  criterion  level  and  each 
in  a  different  thlrd-octavc  band. 
Under  the  independent  component 
method  the  severity  of  the  stimuli 
would  be  rated  the  same  no  matter 
how  many  components  they  contained, 
but  under  the  weighting  method  the 
severity  rating  would  increase  as 
the  number  of  components  Increased. 
The  experimental  procedure  was 
essentially  the  same  in  each  exper¬ 
iment,  but  the  composition  of  the 
vibration  stimuli  varied  between 
experiments.  In  Fxperlment  I,  the 
stimuli  were  composed  from  sinu¬ 
soids  with  frequencies  from  11  to 
63  Hz;  in  Experiment  II  they  were 
made  up  of  third-octave  bands  of 
random  vibration  with  center  fre¬ 
quencies  from  16  to  40  Hz;  and  In 
Experiment  III  they  were  synthesized 
from  sinusoids  from  2,6  to  16  Hz. 

METHOD 

Sub  Jec  t.s  :  In  all  three  experl- 
men'ts  the”suhjects  were  male  Air 
Force  mllltaiy  personnel,  who  were 
physically  qualified  volunteer 
members  of  a  vibration  panel.  They 
received  incentive  pay  for  partici¬ 
pation  in  vibration  experiments. 

Ten  subjects  participated  in  Exper¬ 
iment  I,  12  subjects  in  Experiment 
II,  and  14  subjects  in  Experiment 
III  . 

Apparatus  :  In  Experiment  I  vl - 
bratlon  w^V^produced  by  an  MB  Elec¬ 
tronics  electromagnetic  vibrator 
(Model  C-5),  and  in  Experiments  II 
and  III  an  Unho 1 t z-Di c ki e  electro¬ 
magnetic  vibrator  (Model  MA  250D) 
was  used  to  produce  the  vibration 
stimuli.  In  all  three  experiments 
a  lightweight  aluminum  seat  was 
rigidly  mounted  on  the  moving  ele¬ 
ment  of  the  vibrator,  and  'trans¬ 
mitted  the  vibration  directly  to 
the  subject  without  cushioning  or 
padding.  The  Unho 1 t z-Dl ok ie  seat 
Included  arm  and  foot  rests,  but 
the  MB  seat  did  not.  The  subject 


wa.s  Seated  upright  and  secured  to 
the  Seat  by  a  lap  belt  and  shoulder 
harness,  He  was  also  provided 
with  a  hand-held  potentiometer 
with  which  he  controlled  the 
amplitude  of  the  matching  vibration. 
The  acceleration  of  the  vibrating 
seat  was  displayed  on  a  true  HMS 
meter,  and  the  acceleration  of  the 
matching  vibration  was  read  from 
this  meter  and  recorded  by  the 
experimenter  for  each  matching 
response.  Photographs  of  the  ex¬ 
perimental  .setup  for  both  vibrators 
and  additional  details  concerning 
the  production  of  the  vibration 
stimuli  are  available  in  refer¬ 
ence  7  . 

Vibration  :  In  all  three  ex- 
perlmeTits,  vibration  was  in  the 
Z-axis.  Vibration  stimuli  in 
Experiment  I  were  composed  of  four 
sinusoidal  frequencies  (11,  17, 

40  i  6,3  Hz)  presented  either  singly 
or  in  all  possible  combinations  of 
two,  three  or  four  frequencies. 
Twenty-five  Hz  (the  matching  fre¬ 
quency)  was  also  presented  as  a 
stimulus  to  provide  a  check  on 
possible  biases  or  errors  in  the 
matching  response  when  the  .stimulus 
and  response  frequencies  were 
identical.  The  frequencies  used 
were  approximately  the  preferred 
center  frequencies  of  every  other 
third-octave  band  from  10  to  63  Hz. 
However,  slight  departures  from 
some  of  these  center  frequencies 
were  made  to  avoid  harmonic  re¬ 
lationship.?  between  frequencies. 
This  resulted  in  constantly  chang¬ 
ing  phase  relationships  between 
the  frequencies  in  all  combinations, 
rather  than  the  fixed  phasing  which 
would  occur  for  harmonically  relat¬ 
ed  frequencies.  All  frequencies 
were  presented  at  accelerations 
corresponding  to  the  ISO  25-min 
Fat  1 gue-Dec r e ased  Proficiency  (FDP) 
level  [3],  Table  1  lists  all  of 
the  stimuli  used  in  Experiment  I, 
and  specifies  their  frequencies 
and  RMS  accelerations. 

In  Experiment  11  the  vibration 
stimuli  were  made  up  of  five 
third-octave  bands  of  random  vi¬ 
bration,  with  center  frequencies 
of  16,  20,  25,  31,5  and  40  Hz, 
presented  either  singly  or  in 
combinations  of  two,  three,  or  four 
bands.  The  25  Hz  sinusoidal  match¬ 
ing  frequency  was  also  presented 
as  a  stimulus,  as  it  was  in  Ex¬ 
periment  I,  to  check  on  possible 
response  biases.  All  third-octave 
bands  were  presented  at  acceler¬ 
ation  levels  corresponding  to  the 
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TABLE  I 

Vibration  Stimuli  (Exp.  I,  25-tnln  FDP) 


Number  of 
Components 

Stimulus 

Code 

Frequency 

(Hz) 

Acceleration 
(RMS  0^) 

A 

11 

0.25 

B 

17 

0.39 

One 

25 

25 

0.5? 

C 

40 

0.92 

D 

63 

1.43 

AB 

11 

+ 

17 

0.46 

AC 

11 

+ 

40 

0 .95 

Two 

AD 

11 

+ 

63 

1 .45 

BC 

17 

40 

0.99 

BD 

17 

+ 

63 

1.48 

CD 

40 

+ 

63 

1 . 70 

ABC 

11 

17 

•f 

40 

1 .03 

ABD 

11 

+ 

17 

+ 

63 

1 . 50 

Three 

ACD 

11 

+ 

40 

+ 

63 

1 , 72 

BCD 

17 

40 

+ 

63 

1 . 74 

Four 

AMD 

11 

+ 

17 

4 

40  +  63 

1 . 76 

XSO  1-hr  FDP  level  [3).  It  was 
necessary  to  use  a  lower  acceler¬ 
ation  level  than  that  used  In 
Experiment  I  (ZS-mln  FDP)  because 
the  random  stimuli  contained 
occasional  peaks  which  were  con¬ 
siderably  higher  than  the  peak 
accelerations  for  the  sinusoidal 
and  multlf requenoy  stimuli.  All 
possible  combinations  of  four 
sinusoids  were  used  to  produce 
the  stimuli  in  Experiment  I.  while 
selected  combinations  of  five 
third-octave  bands  were  used  in 
Experiment  II  (reasons  for  this 
difference  are  discussed  In 
reference  7).  Table  II  lists  all 
of  the  stimuli  used  in  Experiment 
II,  and  specifies  their  center  fre¬ 
quencies  and  RMS  accelerations. 

In  the  third  experiment,  the 
two  methods  for  evaluating  non- 
sinusoidal  vibrations  were  compared 
at  frequencies  which  spanned  the 
Z-axls  body  resonance  range.  The 
vibration  stimuli  were  composed  of 
five  sinusoidal  frequencies  (2.6, 
4.1,  6.3,  10,  and  16  Hz)  presented 
either  singly  or  in  combinations 
of  two,  three,  or  four  frequencies. 
In  this  Case,  6.3  Hz  was  used  as 
the  matching  frequency.  .Ml  fre¬ 
quencies  were  presented  at  acceler¬ 
ations  corresponding  to  the  ISO 


l-hr  FDP  level  [3].  Table  III 
lists  all  of  the  stimuli  used  in 
Experiment  III  and  specifies 
their  frequencies  and  RMS  acceler¬ 
ations  . 

Procedure :  In  all  three  ex¬ 
periments,  each  subject  matched 
his  perception  of  the  intensity 
of  each  of  the  stimulus  vibrations 
by  adjusting  the  intensity  of  a 
sinusoidal  matching  frequency 
(26  Hz  in  Experiments  I  and  II  and 
$.3  Hz  in  Experiment  III)  until 
he  felt  that  its  subjective  in¬ 
tensity  was  the  same  as  the  sub¬ 
jective  intensity  of  the  stimulus 
vibration  he  had  Just  experienced. 
Each  match  involved  a  SO-second 
exposure  to  the  stimulus  vibration 
and  a  subsequent  exposure  to  the 
matching  vibration  which  lasted 
approximately  15  to  30  seconds, 
depending  on  how  quickly  the  sub¬ 
ject  achieved  a  match. 

When  each  subject  arrived  at 
the  laboratory,  the  nature  of  the 
experiment  and  the  intensity- 
matching  procedure  were  explained. 
The  subject  was  then  seated  in 
the  vibration  chair  and  given  a 
short  practice  sessiop  to  familiar¬ 
ize  him  with  the  operation  of  the 
equipment  and  the  matching 
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TAIILK  tl 

Vlliiullon  Stimuli  (Mxp.  II,  1-hf  KhP) 


Mumlior  o'l'  S 1. 1  mu  1  u::  Center  Aeoe  1  e  rut  1  ori 

Th 1 rd -Oc Lave  Ctnle  Frequency  (  RNH  0  ) 

Band!-,  _ ( H y. ) _  _  _ 


(SI  nuso  1  d  al  ) 

35 

;’!i 

0 .  a  H 

A 

1  c 

0.22, 

(H - 

- 20 - 

-  O.:i0)* 

One 

a 

25 

0  .  .')U 

(1)  — 

- .31  - 

E 

AO 

fJ  .  GO 

AE 

1  6 

t 

40 

0.65 

DC 

20 

+ 

25 

0 . 4H 

Two 

Bh 

20 

4 

31 . 5 

0 . 56 

Cl) 

2  5 

4 

31.5 

0 . 60 

ABC 

16  4 

20 

4 

25 

0 . 54 

Three 

ACE 

16  4 

25 

■r 

40 

0.75 

CDE 

2  5  4 

31  , 

.  5 

4  40 

0.8  5 

ADCD 

16 

4  20  4 

25  + 

31.5 

0,72 

Four 

ABDE 

16 

4  20  4 

31.5 

4  4  0 

0 .86 

HCDE 

20 

4  25  4 

31.5 

4  40 

0 . 90 

•The  20  Hz  and  31 .5  Hz  bands  were  not  used  as  individual  th i rd -uc t ave 
s  1 1  mu  1  I . 


technique.  He  then  matched  each  of 
the  vibration  stimuli  for  a  partic¬ 
ular  experiment.  The  series  of 
stimuli  was  presented  to  each 
subject  in  a  different  random  order. 
After  a  short  rest  bieak  of  about 
5  minutes,  the  stimulus  series  was 
presented  again  and  the  subject 
matched  each  stimulus  a  second 
time. 

RESULTS  AMD  DISCUSSION 

The  mean  matching  responses  ob¬ 
tained  when  the  stimulus  frequency 
was  the  same  as  the  matching  fre¬ 
quency  were  0.58  RMS  C  for 
Experiment  I,  0.36  RMS  G. 

for  Experiment  II,  and  0.13  ^ 

RMS  for  Experiment  III.  These 
values  are  nearly  identical  to  the 
respective  stimulus  accelerations 
and  demonstrate  that  the  matching 
procedure  had  no  Inherent  response 
biases. 

Table  IV  presents  the  mean 
acceleration  of  the  match'ing  re¬ 
sponses  for  stimuli  containing  the 
same  number  of  components  (i.c., 
one,  two,  three,  or  four)  for  each 


of  the  three  expeidinejits,  The 
difference  In  the  magnitude  ranges 
of  the  matching  responses  between 
experiments  arc  the  result  of  the 
different  FDP  levels  and  frequency 
ranges  of  the  stimuli  and  the 
different  frequencies  of  the 
matching  responses  used  in  the 
three  experiments. 

Each  of  the  three  experiments 
was  designed  to  Investigate  the 
relationship  between  perceived 
vibration  inten.sity  and  the  number 
of  o ri te ri on -1 e ve 1  components  in 
the  vibration  stimulus.  Under  the 
Independent  component  method  for 
evaluating  complex  vibrations,  the 
acceleration  of  the  matching  re¬ 
sponse  should  be  Independent  of 
the  number  of  components  in  the 
stimulus.  On  the  other  hand,  under 
the  weighting  method,  the 
acceleration  of  the  matching  re¬ 
sponse  should  Increase  with  the 
number  of  components  In  tlic 
stimulus.  Inspection  of  Table  IV 
Indicates  tnat  in  all  three 
experiments  the  acceleration  of  the 
matching  response  Increased  almost 
linearly  as  the  number  of  sinusoids 


TABLE  in 

Vibration  SLiinull  1 

!  Exp .  1 1 T ,  1 -h  r  f DP  ) 

Number  of 

Stimulus 

frequency 

Ac  c  e  1  e  r'a  1 1  o  n 

Components 

Co  le 

(Hz) 

(HMS  0,^) 

A 

?  .6 

0.15 

B 

4 . 1 

0.12 

One 

C 

6 . 3 

n  .  1  2 

D 

10 

0 . 1  5 

E 

16 

0.24 

AE 

2.6 

+  16 

0 . 28 

BC 

4 . 1 

+  6.3 

0.17 

Two 

BD 

4 . 1 

4  10 

0.19 

CD 

6.3 

+  10 

0.19 

ABC 

2.6 

4  4.1  +  6.3 

0 . 23 

Three 

ACE 

2.6 

4  6.3  4  16 

0 . 31 

CUE 

6 . 3 

4  10  4  16 

0 . 31 

ARCD 

2 .6 

4  4.1  4  6,  3  4  10 

0 . 27 

Four 

ADDE 

2.6 

44.1410416 

0 . 34 

BCDE 

4 . 1 

+  +  10  -+  16 

0 . 33 

TABLE  IV 

Mean  Acceleration  of  Matching  Responses  (RMS  G^) 


Number  of 
Componen  ts 

Exp  .  I 

Exp .  11 

Exp.  Ill 

One 

0 . 64 

0.36 

0.12 

Two 

0 . 88 

0 .47 

0.16 

Three 

1.11 

0.59 

0.19 

Four 

1 . 31 

0 . 67 

0.22 

(Exps,  I  &  III)  or  third-octave 
bands  (Exp.  II)  in  the  stimulus 
Increased.  In  each  experiment 
there  was  roughly  a  doubling  of 
response  acceleration  as  the  number 
of  components  in  the  stimulus 
Increased  from  one  to  four.  In 
order  to  test  the  significance  of 
the  changes  in  response  as  a  func¬ 
tion  of  the  number  of  components 
In  the  stimulus,  an  analysis  of 
variance  was  performed  for  each 
experiment.  The  results  of  all 
three  analyses  showed  that  the 
Increases  in  the  mean  accelerations 
of  the  matching  responses  as  a 


function  of  the  number  of  compo¬ 
nents  in  the  stimulus  were  highly 
significant  (p«  0.001  for  each 
experiment).  The  similarity  of 
results  In  spite  of  differences  in 
the  three  experiments  (e.g.,  types 
of  vibration  waveforms;  accelera¬ 
tion  levels:  vibration  seats;  and 
frequency  ranges,  spacing  and 
sampling  of  stimulus  components) 
suggests  considerable  generality 
for  the  fundamental  relationship 
shown  in  these  experiments;  namely, 
that  the  perceived  intensity  of 
complex  vibration  Inputs  increases 
as  a  function  of  the  number  of 
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c  r  I  te  rl  on- 1  e  vf  1  coniponenbs  in  the 
a  1 1  mul  iia  . 

An  Increase  in  subjective  In¬ 
tensity  as  more  components  are 
added  to  the  stimulus  not 
predicted  by  the  Independent  compo¬ 
nent  method  for  evaluating  complex 
vibrations  but  l_s_  predicted  by 
the  weighting  method.  Moreover, 
if  the  weighted  accelerations  of 
the  matching  responses  are  com¬ 
pared  with  the  weighted  acceler¬ 
ations  of  the  input  vibrations, 
additional  support  for  the  weight¬ 
ing  method  is  provided,  since  the 
correspondence  is  quite  good  for 
all  three  experiments.  For  each 
experiment,  Figure  1  shows  the 
mean  weighted  response  acceler¬ 
ation  as  a  function  of  the  mean 
weighted  stimulus  acceleration  for 
stimuli  containing  one,  two,  three, 
or  four  components.  If  the 
correspondence  were  perfect,  the 
data  points  would  lie  along  the 
diagonal  line.  It  is  evident  from 
the  figure  that  the  data  fall  quite 
close  to  the  diagonal. 


The  results  indicate  that  the 
independent  component  method  for 
evaluating  non-sinusoidal  vibra¬ 
tions  tends  to  underestimate  the 
severity  of  complex  vibration  en - 
vlronments  and  that  the  degree  of 
underestimation  increases  as  the 
number  of  components  in  the 
vibration  input  increases.  The 
fact  that  the  matching  acceleration 
Increased  by  roughly  a  factor  of 
two  as  the  number  of  stimulus 
components  increased  from  one  to 
four  suggests  that  the  difference 
in  subjective  intensity  is  great 
enough  to  have  practical  signif¬ 
icance.  For  example,  a  doubling 
of  acceleration  represents  a  change 
in  severity  in  terms  of  the  ISO 
standard  from  the  Fatigue-Decreased 
Proficiency  Boundary  to  the  Expo¬ 
sure  Limit.  The  findings  of  these 
experiments  also  indicate  that  the 
subjective  intensity  of  non- 
sinusoidal  vibration  environments 
is  more  accurately  reflected  by 
the  weighting  method  and  provide 
evidence  in  favor  of  adopting  the 
weighting  method  as  the  preferred 


WEIGHTED  STIMULUS  ACCELERATION  (G^^) 

Kif',ur(!  1.  V/cighted  response  acceleration  as  a  function 
of  v/cighted  stimulus  acceleration  for  each  experiment 
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procedure  when  a  vibration  envi¬ 
ronment  contains  energy  in  more 
than  one  third-octave  band. 

Comparisons  of  Translational 
and  Angular  Vibrations 

In  addition  to  non-sinuosidal 
vibrations,  operational  environ¬ 
ments  contain  vibration  components 
in  all  six  spatial  degrees-of- 
freedom-'-l  inear  motions  along  the 
three  translational  axes  (X,  Y  and 
Z),  and  angular  motions  around  each 
of  these  axes  in  roll,  pitch  and 
yaw.  To  be  applicable  to  all  vi¬ 
bration  environments,  vibration 
standards  must  provide  criteria 
for  all  six  of  these  directions  of 
motion.  However,  existing  criteria 
for  human  exposure  to  whole-body 
vibration  [1,  3,  8]  are  limited  to 
translational  vibrations  along  the 
X,  Y  and  Z  axes. 

Very  little  information  is  avail¬ 
able  concerning  human  response  to 
angular  vibration.  Even  if  a 
significant  body  of  knowledge 
existed  on  angular  vibration  effects, 
specific  data  on  the  comparability 
of  translational  and  angular 
vibrations  would  be  needed.  A 
contributing  factor  is  that  vibra¬ 
tion  intensity  Is  measured  in 
different  physical  units  for  the 
two  typer  of  vibration  -  m/s^ 

(or  G)  for  translational  vibration, 
and  rad/s^  for  angular  vibration. 
Although  these  are  both  units  of 
acceleration  there  is  no  physical 
way  to  equate  them,. 

One  way  to  obtain  Information 
on  the  equivalence  of  linear  and 
angular  vibrations  is  through  a 
psychophysical  matching  technique 
sim. ilar  to  the  one  used  in  the 
experiments  described  above.  In 
this  case  the  subjects  m.atched 
their  perceptions  of  the  Intensity 
of  translational  stimulus  vibra¬ 
tions  in  the  vertical  direction 
(Z  axis)  by  adjusting  the  physical 
intensity  of  angular  response  vi¬ 
brations  in  the  roll  axis.  The 
purpose  of  the  experiment  was  to 
obtain  comparative  data  on  the 
subjective  intensity  of  trans¬ 
lational  and  angular  vibrations, 
necessary  for  the  inclusion  of 
angular  oscillatory  motions  into 
human  vibration  exposure  criteria. 

METHOD 

_SjjbJ_e_c_ts_:  The  subjects  were 

again  from  the  vibration  panel 
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described  above.  Eleven  subjects 
participated  in  this  experiment. 

Apparatus :  Whole-body  vibra¬ 

tion  was  produced  by  the  AMRL  six 
degree-of-f reedom  motion  device 
(SIXMODE).  The  SIXMODE  is  capable 
of  motion  in  all  six  degrees-of- 
freedom  and  has  a  payload  capacity 
of  1,000  lbs.  The  vibration  seat 
was  rigidly  constructed  of  aluminum 
and  bolted  directly  to  the  vibra¬ 
tion  platform.  The  subject  was 
restrained  by  means  of  a  lap  belt 
and  shoulder  harness,  and  was  seat¬ 
ed  on  a  standard  F-105  seat  insert 
made  up  of  a  parachute  container 
and  seat  pad.  Previous  research 
[2]  has  shown  that  this  setup 
provides  a  stiff  but  comfortable 
coupling  between  the  seat  and 
subject,  that  has  a  negligible 
effect  on  vibration  transmission 
to  the  subject  over  the  frequency 
range  from  2  to  10  Hz. 

The  vibration  table  was  instru¬ 
mented  with  accelerometers  which 
measured  the  acceleration  of  the 
table  in  all  six  degrees-of- 
f reedom.  These  acceleration 
signals  were  recorded  on  six 
channels  of  a  s t r i  p-ch.'ir t  recorder. 
In  addition,  the  signals  f,. r  the 
vertical  and  roll  directions  were 
fed  to  true  RMS  meters,  providing 
a  digital  readout  for  the  z-axis 
input  accelerations,  in  RMS  G,  and 
the  roll-axis  response  accelerations, 
in  RMS  rad/ s^  . 

The  subject  was  also  provided 
V,  1  th  a  hand-held  potentiometer  with 
which  he  controlled  the  intensity 
of  the  roll-axis  matching  vibration, 
and  a  headset  and  microphone  connect¬ 
ed  to  an  intercom  system,  for 
communications  between  the  subject, 
experimenter,  and  SIXMODE  operator. 

V i brat i on :  Z-axis  stimulus 

vibrations  were  presented  at  each 
of  the  following  frequencies: 

2.5.  3.15,  4,  5,  6.3,  8  and  10  Hz. 
Each  of  these  seven  frequencies 
was  presented  at  three  different 
acceleration  levels:  the  2.5-hr. 

FDP  level  [3],  the  1-hr.  FDP  level, 
and  the  2'"  -■  FDP  level  (see 

Table  V).  The  roll-axis  response 
vibrations  were  presented  at  the 
same  frequencies  and  were  adjusted 
in  intensity  by  the  subjects.  Pre- 
lim.inary  evaluations  of  the  motion 
produced  by  the  SIXHODE.  within 
the  vibration  regime  to  be  used, 
showed  that  cross-axis  motion  was 
generally  quite  small,  except  when 
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the  machine  was  operated  in  roll 
at  10  Hz.  At  this  frequency, 
driving  the  machine  in  roll  pro¬ 
duced  considerable  cross-axis 
motion,  especially  in  the  Y  axis. 
The  amplitude  of  the  Y-axis  motion 
was  related  to  the  roll  amplitude, 

that  at  high  roll  accelerations 
Y-axis  acceleration  became  quite 
large.  It  was  anticipated  that 
this  was  likely  to  affect  the 
subject's  matching  response  at 
10  Hz,  and  the  results  showed  that 
it  did.  This  point  will  be 
considered  further  in  the  results 
and  discussion  section. 

One  additional  point  must  be 
noted  in  connection  with  the  vi¬ 
bration  environment  produced  when 
the  vibrator  is  operated  in  roll. 

As  a  consequence  of  the  way  that 
the  SIXMODE  table  is  connected  to 
the  hydraulic  actuators  that 
produce  its  motion,  the  axis  of 
rotation  for  angular  rhotions  in 
roll  (and  in  pitch  as  well)  is 
located  approximately  22.9  cm 
(9  In)  below  the  table.  Adding  the 
thickness  of  the  table  and  the 
height  of  the  seat  results  in 
the  subject  being  seated  approx¬ 
imately  81.3  cm  (32  in)  above  the 
axis  of  rotation.  Therefore,  the 
resultant  translational  accel¬ 
erative  forces  acting  on  the 
subject  are  somewhat  greater  than 
they  would  be  if  he  were  seated 
at  the  axis  of  rotation.  However, 
such  an  arrangement  is  not  un¬ 
realistic,  since  it  is  represent¬ 
ative  of  configurations  found  in 
many  operational  situations. 

Procedure :  Each  subject  was 

required  to  match  his  perception 
of  the  intensity  of  each  of  the 
Z-axis  stimulus  vibrations  listed 
in  Table  V  by  adjusting  the  in¬ 
tensity  of  vibration  in  the  roll 
axis  until  he  felt  that  its 
subjective  intensity  was  the  same 
as  the  stimulus  vibration  he  had 
just  experienced.  For  each  match 
the  frequency  of  the  matching  roll 
vibration  was  the  same  as  that  of 
the  particular  stimulus  vibration 
being  matched.  Each  match  in¬ 
volved  a  30-second  exposure  to  the 
Z-axis  stimulus  vibration  and  a 
subsequent  exposure  to  the  match¬ 
ing  roll  vibration  that  lasted 
approximately  20  to  45  seconds, 
depending  on  how  quickly  the 
subject  achieved  a  match. 

Whi'M  each  subject  arrived  at 
tiie  test  facility,  he  was  given  a 
:vt  of  written  instructions  which 


explained  the  nature  of  the  experi¬ 
ment  and  the  intensity-matching 
procedure.  He  was  then  seated  in 
the  vibration  chair  and  given  a 
short  practice  session  to  famil¬ 
iarize  him  with  the  operation  of 
the  equipment  and  the  matching 
technique.  The  subject  then 
experienced  a  series  of  matching 
runs  (pairs  of  stimulus  and  match¬ 
ing  vibrations)  consisting  of 
two  matches  at  each  of  the  seven 
frequencies  at  one  of  the  three 
acceleration  levels  (see  Table  V). 
Testing  was  carried  out  during 
three  test  sessions,  with  a 
different  acceleration  level  in 
each  session.  Sessions  were 
scheduled  at  approximately  one 
week  intervals.  The  order  of 
acceleration  levels  across 
sessions  and  the  order  of  fre¬ 
quencies  within  a  session  were 
randomized  for  each  subject. 

RESULTS  AND  DISCUSSIONS 

Table  VI  gives  the  mean  accel¬ 
eration  of  the  matching  responses 
(2  matches  for  each  of  11  subjects) 
for  each  of  the  21  vibration 
stimuli  listed  in  Table  V.  The 
same  data  are  also  presented  in 
Figure  2,  which  shows  response 
acceleration  as  a  function  of 
frequency,  with  stimulus  intensity 
(FDP  level)  as  a  parameter.  As 
mentioned  previously,  roll  motion 
at  10  Hz  was  always  accompanied 
by  appreciable  Y-axis  motion, 
especially  at  higher  roll  accel¬ 
eration  levels  (approximately 
0.25  RMS  G  at  4  RMS  rad/s^  roll). 
This  means^  that  the  subject 
matched  the  10  Hz  Z-axis  stimuli 
with  a  response  vibration  that  was 
a  combination  of  angular  motion  in 
roll  and  translational  motion 
in  the  Y-axis.  The  effect  of  this 
artifact  on  the  magnitude  of  the 
roll  matching  response  at  10  Hz 
is  readily  apparent  in  Figure  2. 
Therefore,  the  least  squares  lines, 
fitted  to  the  means  for  each  of 
the  three  FDP  levels,  in  Figure 
2  are  limited  to  the  frequencies 
from  2.5  through  8.0  Hz,  and  the 
10  Hz  data  are  excluded  from  all 
subsequent  analyses. 

Although  the  10  Hz  data  are  not 
a  valid  representation  of  the  roll 
acceleration  required  to  match  the 
10  Hz  Z-axls  stimuli,  they  do 
Indicate  that  the  Y-axis  motion  and 
the  roll  motion  interact  in  their 
effects  on  perceived  vibration 
intensity.  This  suggests  that 
simultaneous  motions  in  more  than 
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TABLE  V 

Vibration  Stimuli  (Boll  Exp.) 


Frequency 

Acceleration  (RMS  G^) 

(Hz) 

2.5-hr  FDP 

1-hr  FDP 

25-mln  FDP 

2 . 5 

.092 

.153 

.228 

3.15 

.082 

.135 

.  204 

4.0 

.072 

.120 

.183 

5.0 

.072 

.120 

.  183 

6.3 

.072 

.120 

.183 

8.0 

.072 

.120 

.183 

10.0 

.092 

.153 

.228 

TABLE  VI 

Mean  Response  Acceleration 
(RMS  rad/s^)  for  Each  Stimulus  Condition 


Frequency  _ Stimulus  Level 


(Hz) 

2.5-hr  FDP 

1-hr  FDP 

25-min  FDP 

2 . 5 

0.63 

1.09 

1.48 

3.15 

0 . 68 

1 .33 

1 .93 

4.0 

0.91 

1 . 55 

2 . 79 

5.0 

1 .05 

2.11 

3.86 

6 . 3 

1 . 64 

2.92 

4.94 

8.0 

2.06 

3 . 74 

5.74 

10.0 

2 .23 

3.05- 

4.02 

one  axis  should  be  evaluated  on  the 
basis  of  their  combined  effects, 
rather  than  independently  as 
recommended  in  paragraph  4.3  of 
the  ISO  standard  [3]. 

Inspection  of  Figure  2  indicates 
that  the  mean  acceleration  of  the 
roll-axis  matching  response  in¬ 
creased  both  as  a  function  of 
frequency  and  as  a  function  of  the 
intensity  level  of  the  Z-axis 
stimulus  vibrations.  It  is  also 
apparent  that  the  mean  responses 
for  each  intensity  level  are  fit 
very  well  by  straight  lines  in  a 
log-log  plot  of  roll  acceleration 
as  a  function  of  frequency.  To 
test  the  statistical  significance 
of  these  results,  log  transforms 
were  calculated  for  the  data  for 
each  subject  for  each  of  the 
stimulus  conditions  (excluding 
10  Hz),  and  an  analysis  of  variance 
was  performed  based  on  the  logs. 

The  analysis  of  variance  showed 
highly  signflcant  effects  for 
frequency  (F  =  104.22,  p«  .001)  and 


for  intensity  level  (F=65.70, 
p<<  .001).  This  means  that  the 
acceleration  of  the  roll-axis 
matching  response  increased 
significantly  with  frequency  and 
with  the  intensity  level  of  the 
Z-axis  stimulus  vibrations. 

The  results  of  this  experiment 
demonstrate  that  perception  of  the 
subjective  intensity  of  oscillatory 
motions  in  roll,  as  indicated  by 
the  acceleration  of  roll-axis 
matching  responses,  is  significantly 
related  to  both  the  frequency  and 
intensity  of  the  Z-axis  stimulus 
vibrations.  Since  the  stimuli 
were  chosen  from  Z-axis  equal 
intensity  contours  specified  by 
current  vibration  exposure  stand¬ 
ards,  the  mean  matching  responses 
obtained  define  equivalent  contours 
of  equal  subjective  intensity  for 
roll  vibrations,  for  the  conditions 
under  which  the  experiment  was 
conducted.  Of  course,  the  exact 
level  and  perhaps  the  slope  of  the 
curves  may  be  affected  by  a  number 
of  factors  which  were  not 
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5.0 


FREQUENCY(HZ) 

Figure  ?.  Mean  acceleration  of  roll  response  as  a 
function  of  frequency,  for  each  level  of  stimulus  Intensity. 


Investigated;  for  example,  the 
configuration  of  the  vibration 
seat,  whether  or  not  the  subject 
Is  restrained,  or  the  distance  of 
the  subject  from  the  axis  of 
rotation.  However,  the  basic 
relationship  between  the  matching 
rn.sponse  and  the  Inlen.slty  and 
frequency  of  the  stimulus  vltira- 
tlons  should  still  hold.  (Indeed, 
In  a  study  In  which  the  subjects 
.sat  unrestrained  on  a  flat  seat 
with  no  backrest  and  were  'asked 
to  set  levels  of  vibration  that 
they  felt  were  "  unconi  f  orljib  1  e  " 

[d],  the  roll  curve.s  showed 
essentially  the  same  re  1  a  1. 1  onshl  p 
to  frequency  as  found  here.)  The.se 
resulL.s  provide  information  on  the 
T"  I  a  t  1  on  s  1 1  i  p  between  Z-axls  vllrra- 


tions,  measured  In  traiislatlonal 
acceleration  units  of  C,  and  roll 
vibrations,  measured  in  angular 
acceleration  units  of  rad/s^.  The 
dc te rm 1 n a t 1 cn  of  such  relation¬ 
ships  Is  essential  for  the 
development  of  Improved  and  ex¬ 
panded  vibration  exposure  criteria 
applicable  to  complex  vibration 
environments  consisting  of  both 
angular  and  translational  motions. 

t'xpe  r  i  rr.en  t  a  1 1  on  Is  currently 
underway  comparing  angular  vibra¬ 
tion  In  the  pitch  axis  with  Z- 
axl.s  translational  vibration.  The 
experimental  design  Is  the  same  as 
In  the  roll  experiment  Just 
dc!'c  r  Ibi-d  ,  but  the  matching  vibra¬ 
tion  Is  In  pitch  rather  than  roll. 


Future  Inveatlp.atlona  In  this  area 
will  Include  additional  asaesa- 
monts  of  angular  vibrations  In 
comparison  to  translational  vibra¬ 
tions,  and  evaluations  of  the 
effects  of  simultaneous  vibra¬ 
tions  In  (or  around)  more  than  one 
axis.  Results  from  this  program 
of  research  will  Improve  the  valid¬ 
ity  and  applicability  of  vibra¬ 
tion  exposure  criteria  In  complex 
real-world  motion  envl  ronmen,ta  . 
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ELECTRO-OPTICAL  SYSTEMS 
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and 
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Wr ight-Patterson  AFB*  Ohio 


Fuselage  nodallzHtlon  has  been  used  to  reduce  vibration  levels  in 
helicopters  with  good  results*  (Sec  Shipman,  White*  and  Cronkhite* 
"Fuselage  Nnda 1 1 zat Ion *"  Presented  at  the  28th  Annual  National  Forum 
of  the  Anierlcuii  Helicopter  Society,  Washington,  DC,  May  1972  ).  The 
concept  ol  nods  1 1  z<it  ion  ior  Jet-powered,  winged  aircraft  was  examined 
at  the  Flight  Dynamics  Laboratory  using  a  simply  supported  beam  loaded 
with  a  lumped  mass  at  each  end  and  supported  by  two  passlv('  Isolators 
located  arbltiari ly  along  the  beam.  The  Fibonacci  numerical  search 
routine  was  used  to  minimize  the  sum  ot  the  mean  squared  angular 
vibration  responses  of  the  two  ends*  For  symmetric  loading  (end 
masses  identical),  the  optimum  attachment  locations  were  the  nodes  of 
tlio  frec-'frcc  The  vibration  reduction  was  several  orders  of 

magntcudu  compared  to  Isolators  at  the  ends. 


LIST  OF  SYMBOLS 


Kngl i sh : 

A  beam  cross  sectional  area 

A. jA^ ♦ ‘ ‘ »A . 2  arbitrary  constants  In  beam 
solution 

Cj  left  end  damper  coefficient 

right  end  damper  coefficient 

E  heaiii  Young's  modulus 

F(w)  beam  forcing  function  frequency 

response 

f(t)  time  part  ot  beam  forcing  func- 

t  ion 

1  beam  cross  section  moment  ot 

Inertia 


"I 


left  end  mass  moment  of  Inertia 
right  end  mass  moment  of  inertia 
left  end  spring  constant 

right  end  spring  constant 

2  9 

wave  number,  m  oA/Kl  ^  k 
n  n 

beam  length 
left  end  mass 


M 

P(x) 


PI 

t 

V 


X 

*2 


y 

"i 

*2 

Creek : 
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0 

(1) 

u 

1 


right  end  mass 
beam  bending  moment 

beam  forcing  function  spatial 
orientat  ion 

optimization  performance  Index 
time 

beam  shearing  force 
position  along  beam 

distance  from  left  end  to  left 
Isolator 

distance  from  right  end  to  right 
isolator 

beam  transverse  vibration 
left  end  vibration  disturbance 
right  end  vibration  disturbance 


beam  damping  coefficient 
beam  mass  dens  it  y 
forcing  frequency 
system  natural  frequency 
system  mode  shapes 
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INTKllUlJCTlON 

Airborne  nlcocro'^opt  icAl  packages  must 
opt'rate  in  the  noisy  aircraft  Vibration  environ¬ 
ment  ;iiiU  in.ilntaln  strict  accuracy  requirements. 
This  presents  u  tormiduhle  problem  due  primari¬ 
ly  to  two  del  Ictenc Les t  1)  very  little  Intor- 
luatiuii  is  .iViiilublc  cunccrnlnH  the  angular  vi¬ 
bration  ot  alrlrnnitifti  a  major  source  of  optical 
(lUturhanccs*  attd  2)  active  and  passive  vibra¬ 
tion  isolation  teclinLuueb  arc  relatively  under- 
devetupod  codip.trvd  to  oilier  areas  ol  electro- 
optics  technology.  This  paper  is  primarily 
cunenrned  wltli  tlie  second  constraint,  although 
tliu  Inturested  reader  is  referred  to  references 
lor  Information  tuncorning  the  angular  vl- 
brnLlon  environment.  Active  vibration  control 
techniques  were  recently  surveyed  and  a  design 
procedure  was  reported  In  Reference  [5]»  That 
work  represents  a  significant  advance  in  vibra- 
tiut)  isolation  techniques  for  airborne  optical 
packages • 

The  basic  approach  presented  in  Reference 
[^1  is  to  design  active  vibration  Isolation 
systems  for  installation  of  existing  laser  sys¬ 
tems  into  existing  airframes  at  known  locations. 
This  approach  will  work,  no  doubt,  but  does  not 
provide  for  the  Inherent  structural  properties 
of  the  airframe  and  the  loading  provided  by  the 
optical  package*  A  better  approach  would  be  to 
cunsLdcr  a  laser  system  whose  design  Is  not  as 
yet  finalized,  and  a  candidate  aircraft  on 
which  the  exact  laser  location  remains  to  be 
determined*  The  basis  of  this  approach  is  to 
consider  tliu  best  position  on  the  airframe  for 
User  attacliment  and  also  the  best  manner  of 
arcachment . 

Fuselage  nodallzatlon  Is  a  concept  that 
has  been  used  on  helicopters  for  several  years 
[b].  This  approach  is  to  attach  the  rotor  and 
engine  system  to  the  helicopter  airframe  at 
node  points  associated  with  the  airframe  first 
natural  frequency.  Since  the  forcing  spectrum 
of  helicopters  is  largely  sinusoidal  at  the 
blade  passage  frequencies,  this  nodalizatlon 
results  in  a  slp,niflcant  reduction  in  the  vi¬ 
bratory  energy  transmitted  to  the  airframe  by 
the  rotor  and  engine.  This  particular  appro.nch 
will  probably  not  work  nearly  as  well  for  Jet- 
powered,  winged  aircraft  because  their  vibra¬ 
tory  response  patterns  are  largely  stochastic. 
However,  by  nodalizlng  the  first  structural 
mode  of  the  optical  system,  one  should  signif¬ 
icantly  reduce  the  vibration  level  at  that 
freqiiency  as  that  mode  is  suppressed.  Since 
lower  frequencies  generally  have  a  higher  vL- 
hratlun  amplitude,  nodalizatlon  should  provide 
a  reduction  in  the  Root  Mean  Squared  (RMS) 
disturbance  transmitted  to  the  electro-optical 
package.  This  paper  is  a  preliminary  analysis 
uf  nodalizatlon  to  evaluate  the  degree  of  addi¬ 
tional  vibration  Isolation  which  is  possible. 

It  Is  not  anticipated  that  nodalizatlon  alone 
will  provide  adequate  isolation,  hut  rather 
will  take  its  place  along  with  active  and  pas¬ 
sive  vibration  isolation  techniques  as  a  tool 
Cor  the  designer. 


The  basic  model  to  be  ut*ed  in  th  1  s  .i ua  1  V'>  i 
is  a  beam  with  a  mass  at  cac’li  end  and  two  iso¬ 
lators  attaching  the  beam  tu  a  vibrating  mount 
at  arbitrary  points  along  the  beam  lengtli* 

Thus,  the  linear  and  angular  vlbraLory  re.spnnsf 
can  be  evaluated  as  a  function  ot  added  iti.-tfis, 
attachment  points,  and  isolator  parameters. 


MODEL  DEVELOl'MENT 

Mode  Shapes  and  Natural  Frvtiueiu-le.s 

A  simplified  airborne  e Ice t ro-opi 1 ca ) 
package  may  bo  thought  of  as  u  source  (laser) 
which  bounces  a  beam  oil  ul  a  pointing  inlrrtir. 
Figure  1  lllubtratcK  this  mudel  whore  thu 
springs  k]  and  k2  and  dumpers  cj  and  C2  act  as 
passive  isolators* 


Fig.  I  -  beam  Model  oi  an  Airborne 
El octro-Opc leal  Package 

The  equation  of  motion  for  the  model  of 
Figure  I  is*. 

^l^^l  “  y » t  )]<S(x-x^ )  +  (1) 

“  k2it)]'5(x  -  L  +  X2) 

E  s  Young’s  Modulus 

I  a  Cross  Section  Moment  of  Inertia 

0  w  Mass  Density 

A  =  Cross-sectional  Area 

b  =  Damping  Coefficient 

6  s  Dirac  delta  function 

The  moving  supports  arc  approximated  us¬ 
ing  the  base  excitation  theory  for  one  degree- 
of-freedom  systems  [?]*  The  added  masses  and 
attaching  springs  are  considered  in  the  bound¬ 
ary  conditions  [8].  Since  beams  ate  typically 
lightly  damped,  the  damping  Is  ignored  In  the 
solution  for  natural  frequencies  and  mode 
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Figures  2  and  3  show  detailed  tree-body 
diagrams  t rom  which  boundary  condition  equa¬ 
tions  are  derived* 


V 


Fig*  2  -  Frce-Dody  Diagram  of  Left 
Half  of  the  Beam 


The  beam  Is  analyzed  in  three  segments: 

For  0  <  X  <  Kj*  (left  of  both  supports) 
k  X  -k  X 

y^(x,t)  -  [A^e  ”  A^e  "  + 

A„5ln  k  X  4-  A, cos  k  xle'^**'^ 

3  n  4  n 

.  ,4  2  A 

where  k  =  w  ttt 
n  n  E I 


For  <  X  <  L  -  x^  (between  the  supports) 

k  X  -k  X 

y.(x,t)  «  [AfC  ^  +  A,e  ^  ♦ 

2  ^  CO 

A-sin  k  X  +  AqCos  k  xlc'^'*^^ 

7  ■  n  8  n 

For  L  -  1  X  <  L  (right  of  both  supports) 

k  X  -k  X 

yj(x,t)  =  [AqO  *  Ajq«  ^  t 
l«.t 

Aji^fltn  k^x  +  AjjCos  k^x]e''“’ 


/  V 


Fig*  3  -  Free-Body  Diagram  of  Right 
Half  of  Beam 


Bo'^ndary  conditions  are  as  follows: 
From  Figure  2t 
at  X  “  0 


ax' 


From  Figure  3, 

at  X  =  L-  X. 
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Equations  5,  6,  15  and  16  come  from  torce 
and  moment  balances  at  the  ends*  Equations  7 
and  ll  arise  from  continuity  of  displacement  ai 
the  spring  attschmenc  points,  and  Equations  6 
and  12  come  from  continuity  of  slope.  I*ike- 
wlse,  Equations  9  and  13  come  from  continuity 
of  moment  at  the  spring  attachment  points,  and 
Equations  10  and  14  come  from  continuity  of 
force* 


Equations  l»12  are  to  be  solved  simultan¬ 
eously  for  frequency,  not  a  trivial  task  since 
these  equations  ire  highly  transcendental. 

The  frequencies  which  make  the  determinant  of 
the  matrix  of  coefficients  zero  are  the  natur¬ 
al  trequenclcs,  and  the  corresponding  set  of 
Ap  i  =  L,  •*•  12,  give  shapes.  A  FOR¬ 

TRAN  IV  code  was  developed  which  searches  for 
these  frequencies  and  Table  I  shows  the  re¬ 
sults  of  a  few  sample  calculations. 

The  first  three  columns  of  Table  1  are 
solutions  for  the  Lirst  natural  frequency  us¬ 
ing  the  direct  analysis  described  here,  the 


TARUe  I 

Some  Example  Solutloiii  Compared  to  Exact  and  K'nlte  Element  Answers 


Natural  Kroquenc ies »  Hz 


K  O.a  K  10^^  N/m^ 

.  -7  ^ 

I  -  7  •  7  K  I U  in 

p  2.b'J  X  lO"^  kg/ni*'^ 

-4  2 
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exact  Holutlon  available  in  some  casesi  and  a 
finite  element  solution.  For  kj  =  k2  -  6.8  x 
l()l^  N/ni,  tlio  boundary  condition  1&  approxi¬ 
mately  simply  supported.  For  k]^  -  k2  -  0,  the 
boundary  condition  is  free-free.  Rows  I  and  2 
of  Table  I  show  uxeeLLent  agreement  for  these 
two  cases.  The  third  row  is  for  a  different 
loading  condition!  showing  good  agreement  with 
the  finite  element  solution. 

Forced  Response 

The  angular  disturbances  transmitted  to 
the  laser  and  mirror  are  thought  to  be  the  nia-> 
Jor  corrupting  influence  on  system  performance. 
In  order  to  evaluate  the  advantages  of  nodall- 
zatioMt  the  angular  vibration  forced  response 
must  be  calculated.  Given  the  set  of  natural 
Iroquonclos  and  the  mode  shapes  the 
forced  response  is  [9]: 


3v(Xi C ) 
3x 


t  (x)dx 


^(C-T)dT 


In  the  design  of  vibration  control  systems, 
the  frequency  response  of  Equation  17  is  often 
mure  useful.  Taking  the  Fourier  Transform  of 
17,  the  rcsii  It  is : 


Y(x„.)  =  I 

n=l  dx 


(f  (x)dx  F({i}) 


The  frequency  response  can  be  approximated  in 
the  frequency  bands  of  Interest  by  considering 
only  the  natural  frequencies  which  lie  in  that 
l)H  nd . 

The  proper  form  for  the  forcing  spectrum, 
P('i>)  may  be  estimated  from  the  amplitude  ratio 
computed  t  roni  base  excitation  theory  [7].  For 
a  spring-mass  system  excited  by  vibration  of 
the  case,  the  ratio  of  the  mass  response  to 


the  base  excitation  ist 


Wj  -  111  +  .i2&w 

Therefore,  the  frequency  domain  forcing  func¬ 
tion  to  be  used  in  Equation  18  is: 

F(u)  .  (JC-Y)  K, 

or  substituting  from  Equation  19, 

2 

.  _  “’i 


F(u)  =  (I.  - 


ui  )  -«-  4B  ul 


Figure  4  is  a  typical  set  of  angular  power 
spectral  density  (FSD)  plots  ior  various  para¬ 
meter  values,  with  7.i  chosen  to  approximate 
typical  aircraft  acco lerar.  1  on  data. 


rTTiTVo* 

FREQUENCY 


Fig.  4  -  Frequency  Response  for  Various  k, , 


.TTACHMENT  OPTIMIZATION 
Nvimcrlcal  Search  Procedure 

The  angular  vibration  response  given  by 
Equation  18  may  be  uecd  cu  examine  the  bent 
positions  for  the  two  isolators*  The  quantity 
to  be  extremised  is  the  sum  of  the  mean  square 
responses  at  the  ends. 

2  .  2 

PI  -  <  Co,t)  >  +  <  (^)  (L,t)  >  (21) 

Because  of  the  complexity  of  the  equations 
given  in  the  previous  section,  the  reader  will 
note  that  numerical  search  procedures  will 
likely  be  time  consuming.  In  addition*  the 
derivatives  of  Equation  21  are  not  readily 
available*  and  may  not  even  exist.  A  few  trial 
attempts  using  a  numerical  gradient  search 
technique  showed  no  systematic  movement  towards 
uny  fixed  number.  Exponential  overflows  and 
very  erratic  values  for  PI  suggest  that  the 
derivatives  of  Equation  21  are  not  well  be¬ 
haved*  Gradient  search  techniques  thus  are  not 
appropriate . 

The  Fibonacci  search  procoduro  yielded  tho 
limited  results  summarized  In  Table  II  [loj* 

The  procedure  employed  In  generating  the  num¬ 
bers  given  in  Table  II  was  to  fix  X2  and  search 
for  Che  optimum  then  adjust  X2  to  the  opti¬ 
mum  x^,  and  search  for  the  new  optimum  Xj. 

Since  the  model  of  Tlgurc  I  is  symmetric,  the 
optimum  X|  should  also  be  optimum  for  X2«  The 
result  of  Table  II  is  that  it  appears  that  var¬ 
iations  in  and  X2  have  a  distinct  effect  on 
the  mean  square  angular  response  of  tlic  beam 
ends  * 


DISCUSSION 

Notice  from  Table  II  that  the  values  for 
and  k2  also  affect  the  optimum  locations  xi 
and  ><2*  The  last  three  rows  of  Table  XI  show 
mean  square  values  almost  two  orders  of  mag¬ 
nitude  lower  than  for  higher  values  of  and 
k2,  This  is  also  consistent  with  the  general 
theory  of  passive  Isolation  where  decreasing 
the  spring  constants  decreases  the  isolator 
natural  frequency,  and  thus  decreases  the 
higher  frequency  vibration  response.  Luckily, 
Table  IT  indicates  chat  the  optimum  choice  for 
X,  and  x^  doesn't  change  substantially  with 
changes  in  k^  and  k2.  If  that  were  not  true* 
the  numerical  optimization  problem  would  be 
four-dimensional  instead  of  two-dimensional. 

From  Table  II,  =  X2  -  .209  Is  the  val¬ 
ue  converged  upon  by  the  numerical  search  pro¬ 
cedure.  That  general  range  for  x^  and  X2  was 
verified  by  computing  angular  RMS  values  of 
the  ends  by  an  independent  method*  i^hen  k^ 
and  k2  were  changed*  then  the  value  for  PI 
also  changed,  but  given  a  value  for  and  k2t 
the  program  converged  on  an  optimum  for  X|  and 
X2  as  summarised  by  Table  II,  Although  the 
last  three  rows  of  Tabic  11  imply  that  further 


TABU  11 

Results  of  Numerical  Search  Procedure 


h  ^2 

N/m 

x^  *  tn 
(optimum) 

x^ ,  m 

(Fixed) 

PI,  rad^ 
(Approximate] 

.r)?! 

0. 

2. 6 1  X  lO^ 

io'° 

.227 

,l37l 

2.n  X  lO^ 

.200 

.227 

2.23  X  lo"' 

.209 

.209 

I. 58  X  lo"' 

lo^ 

.202, 

.209 

6.52  X  lo"^ 

lo^ 

.2(W 

.209 

5.6  X  lo 

I  o'* 

.2 

.2 

9.9  X  lo"^ 

reduction  In  PI  Is  possible*  those  three  rows 
wore  generated  by  reducing  the ' searching  grid, 
and  therefore  represent  retinements  in  the  nu¬ 
merical  uptlmlzac ion  procedure.  The  last  row 
of  Table  11  represents  tiic  last  successful  re¬ 
finement  using  the  Fibonacci  search;  some  other 
numerical  search  routine  miglit  yfeld  even  fur¬ 
ther  refinements,  but  would  likely  exceed  ma¬ 
chine  CulerancL'S. 


CONCLUSIONS 

Applying  nod.i I  i ?.a t  ion  to  airborne  ulectro- 
optlcal  p.ickagcs  can  provide  additional  vibra¬ 
tion  reduction  of  several  orders  of  magnitude 
for  rigid  Installations.  When  passive  isola¬ 
tors  arc  used  noda  1  i z.i c ion  can  still  supply 
additional  reduction*  although  not  nearly  os 
much  as  with  rigid  installations.  The  optimum 
isolator  .attochment  locations  do  not  depend 
significantly  upon  the  isolator  spring  con¬ 
stants.  This  means  that  optimvnn  attachment 
locations  Ciin  be  chosen  liulcpcndunt  of  choice 
of  Isolator. 

To  provide  a  rigorous  analysis  of  vibra¬ 
tion  isolation  and  control,  the  use  of  active 
control  techniques  should  be  considered  to¬ 
gether  with  passive  isolation  and  noda I ; zn t ion . 
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(U)  The  key  to  designing  turbine  or  compressor  blades  for  high 
levels  of  slip  damping,  at  high  rotational  speeds,  lies  In  ensuring 
that  the  root  geometry  la  such  that  the  frictional  forces  acting 
on  the  blade  retnaln  as  close  to  optimum  as  poaalble  over  as  wide  a 
speed  range  as  possible.  Many  blade  geometries  have,  In  fact,  been 
proposed  and  are  being  used  but  success  In  achieving  high  levels  of 
slip  damping  has  not  been  widespread.  In  order  to  look  more  closely 
St  this  problem,  this  pspar  will  examine  the  dynamic  behavior  of  a 
blade  having  a  root  geometry  compatible  with  low  frictional  forces 
at  high  rotational  speeds,  somewhat  like  a  "Christmas  Tree"  root, 
but  with  a  gap  Introduced  which  will  close  up  only  at  high  speed. 
Approximate  non-linear  equations  of  motion  are  derived  and  solved 
using  a  method  of  harmonic  balance.  Numerical  examples  are  discussed. 


INTRODUCTION 

Compressor  and  turbine  blade  failures 
caused  by  excessive  vibration  can  and  often  do 
arise  in  Jet  engines  whenever  high  flow-induced 
excitation  forces,  high  static  stresses  and 
low  modal  damping  levels  occur  at  the  same  time. 
While  blade/dlsk  interactions  will  complicate 
the  response  behavior  of  each  individual  blade, 
and  cause  clrcuoferentiaLly  changing  peak 
stress  levels  around  the  disk.  It  is  slip  at 
the  blade/alsk  interface  which  provides  a 
major  mechanical  source  of  damping,  in  addition 
to  the  aerodynamic  and  material  sources. 

Attempts  to  Increase  slip  damping,  by  means  of 
mid-span  or  tip  shrouds,  or  by  means  of  mechan¬ 
ical  connections  between  adjacent  blades,  have 
not  usually  been  very  successful,  perhaps 
because  of  the  tendency  for  corresponding 
points  on  neighboring  blades  to  vibrate  with 
only  relatively  small  amplitude  and  phase 
differences  except  where  extreme  efforts  are 
made  to  mlstune  adjacent  blades  relative  to 
each  other  i,c*  Che  effect  is  usually  to 
stiffen  rather  than  dissipate  energy. 

Certainly,  the  analytical  difficulties  of 
predicting  the  response  of  complete  blade/dlsk 
systems  with  slip  at  each  blade/dlsk  Interface, 
or  between  each  blade,  are  fonnldable[L,2]and 
will  not  be  addressed  In  this  paper. 


In  this  paper  we  shall  examine  a  con¬ 
figuration  in  which  each  blade  will  slip  rela¬ 
tive  CO  Che  disk  rather  than  relative  to 
neighboring  blades.  With  proper  attention 
peld  to  the  static  and  dynamic  forces  involved, 
such  a  configuration  can  lead  to  high  slip 
damping  even  at  high  rotational  speeds.  Ibe 
response  behavior  of  such  a  system  Is  highly 
nonlinear,  so  ve  shall  assume  that  the  Imped¬ 
ance  of  the  disk  Is  infinite,  as  a  first 
approximation,  in  order  to  make  the  analysis 
more  tractable.  Figure  X  shows  such  a  blade 
concept,  as  compared  with  a  simple  dovetail 
root  and  a  Christmas  tree  root.  The  gap  be¬ 
tween  the  outer  step  of  the  blade  root  and  the 
disk  is  very  Important  since  it  must  close  only 
at  the  selected  rotational  speed  above  which 
some  damping  is  required* 


ANALYSIS  OF  DYNAMIC  RESPONSE 

In  order  to  model  the  dynamic  response 
behavior  of  the  blade  in  a  single  mode, 
usually  the  first,  different  physical  models 
are  required  depending  on  whether  slip  Is  or  is 
not  occurring  at  the  root  or  at  the  sub- 
platform.  The  blade  is  thcksfore  represented 
for  purposes  of  analysis  as  shown  In  Figure  2. 
The  various  physical  models  which  represent  the 
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blade  under  different  conditions  are  shown  In 
Figure  3.  The  parameter  0  defines  whether  slip 
occurs  at  the  lower  dovetail  or  whether  It  la 
locked  at  hla  point,  whence  X2  *  ^1 

fines  whether  the  mass  1113,  representing  the 
sub-platfom,  la  slipping  against  the  disk  or 
Is  locked  In  place  by  the  frictional  forces, 
for  which  case  X3  ■  0.  The  masses  n^,  m2,  and 
m3  and  the  stiffnesses  kj  and  k2  must  be  select¬ 
ed  In  accordance  with  the  blade  geometry.  The 
disk  Impedance  Is  assumed  to  much  greater  than 
that  of  the  blade,  for  simplicity. 


Figure  1,  Some  Blade  Oeome tries 


Figure  3.  Blade  Hodellzatlon 


For  the  model,  in  Figure  3,  the  equation  of 
motion  can  be  represented  for  all  cases  by 
the  equations; 


1  -  ign  (n-  n„) 


e')l 


«j  icj  +  klXj  +  ^  Xj  -  (Xj  <■  a  Xj)  ( 

♦  (x^  *  5  ^  V 


(1) 


(■5  ‘x^  +  UHX  n>.  Xj  +  ki2(Xj  -  Xj)  -  Xj) )  (1  t  ,ga  6) 

,  (1  -  iRIl  (0  -  Co) )  +  ^k  Xj  “  0  (2) 


Mn  Xj  +  Vj  .  Xj)  -  Xji  .  n 

‘  ?(kj  *  kji  x^l  II  •  BKn  (li-llu)l  •  'I 


sp.h  bj) 
I 


where  k  "  kj  *^2^ 


(4) 


Figute  2e  Blade  Model 

By  experimental  or  analytical  (e.g.  fi:ilte 
element)  tnethodf,  one  can  determine  the  ratio 
of  the  response  at  any  point  J  to  the  force 
applied  at  any  point  1«  laCs  the  compliance 
Gj^jCui).  and  this  data  is  then  used  either 
directly  in  a  modal  analysis  or  Indirectly 
to  determine  m^,  m2 »  m3  and  k2  for  the 
discrete  element  model.  Both  methods  should 
give  comparable  results  If  the  respective 
assumptions  and  almpllf icatlons  are  consistent, 
but  the  discrete  element  model  is  the  easiest 
to  analyze. 


Is  the  equivalent  stiffness,  m2,  and  m3  are 
masses,  and  k2  are  sub-stlf fnesses ,  n  is 
the  blade  loss  factor,  S  and  ware  the  amplitude 
and  frequency  respectively  of  the  exciting  force 
u  Is  the  dry  friction  co-eff iclent ,  N  and 
are  the  normal  loads  between  the  blade  root  and 
the  disk,  R  and  are  co-efficients  depending 
on  the  root  geometry  [3,4]  and  B,  are  co¬ 
efficients  of  the  slip  thresholds.  If  we  let 
Qq  be  the  rotational  speed  at  which  the  gap 

then  different  solutions  occur,  depending 
on  whether  tJ<no 
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shown  that, 


The  analysis  la  the  sane,  essentially,  aa 
that  for  a  blade  with  a  simple  dovetail  root 
,3-5],  The  equations  (1)  to  (3)  reduce  toi 

“l  *1  +  ^  +  '■<*1  -  Xj)  -  s  C«i  a  t  (5) 

SjXj  +  vtO  ttn  «2  ^  ^  (Xj  -  *1>  -  kXj,  +  IkXj  -  0  (t) 

We  look  for  an  approximate  steady  state 
hamonlc  solution  of  the  non-linear  equations 
(5)  and  (6)  In  Che  form; 

Xj(t)  -  0  C««  (u  t  +  V- t)  ud  Xj(t)  -  A  Cat  (w  t  +  V)  (7) 

This  la  uccompllshed  by  expanding  Che  function 
sgn  (-AwSln(ii)t+V')  ]  in  a  Fourier  series  and 
retaining  the  first  term  only  [A],  The 
following  results  are  obtained  for  the 
amplitude  A  and  the  phase  V  , 

-a  »,  +  /t,  *  0^  (s5  -  «,  «,) 

X  .  - 1 - - —2 - 1— 1_  yj 

*1 

B  •  .^lA^  (1  -  +  (An  o/k)*l/(l  ♦  rih  (»> 

Y  -  txttta  A«2n  -  s(l  -  YYn2) _ 

-  (1  +  n^)  («i^  +  •“  (10) 

.  *  a 

«  ■■  aretan  — - - ,i.. 

A«2^  •  •  '•*  (1^) 


-  u‘(  (.J  4  Oj  .  v«j)2  t  t  n*) 


^2  •  nk.'jr/il  -f 


0j  •  l(v  -  1)^  +  n^I/ci  +  n’) 


0  -  *mN  r/. 


The  solution  (7)  with  amplitude  A,  expression 

(8) ,  exists  when  5/  a>  /03  .  From  this  we 

can  define  the  coefficient  of  the  slip 
threshold  as; 

6  -  S/o  -  (15) 

When  n  “  0,  the  non-linear  equations  (8)  and 

(9)  reduce  further  to  the  very  simple  form 

[11: 


R  •  Ro  Cos  ii/t 

and  that  S  should  be  replaced  by  S  Cos 
CASE  2,  H<no,e4o 

In  some  range  of  the  parameters,  l.e. 
when  B<0,  the  solution  (7)  does  not  exist. 


Thla  correaponds  to  the  domain  of  cxleta 
of  the  linear  aolutlon  for  the  one-mass 
system.  In  , this  case,  the  equations  (1) 
to  (3)  become: 

■j  Xj  +  k  (X^  ♦  jJ  Xj)  ■  t  CO.  idt 

(18) 

Xj-O 

(19) 

The  aolutlon  of  (18)  is 

Xj(t)  -  D*  Co*(wt  “  «*) 

(20) 

with  »*  -  S/k  /(I  -  v)^  +  n 

(21) 

and  6*  •  arctan  n/(l  ~  v) 

(22) 

CASE  3  ,  n  ^Cq,  Bi>  0 

Slip  now  occurs  at  the  mass  and  ceases 
to  occur  at  the  mass  iii2>  which  becomes 
"locked"  at  tiigh  rotation  speeds.  The  slip 
at  the  mass  m3  can  contribute  significant 
amounts  of  damping  If  the  term  PN3R3  in 
equation  (3)  can  be  made  to  remain  relatively 
small  through  proper  control  of  the  blade 
root  geometry. 

The  equation  now  takes  Che  form: 

Vl  S  ^2  *i  *  ■  '‘i  'S  *3  +  Xj)  -  s  Co.  wc  (23) 

■3*3  *  '‘i  '2^*3  ■  V  *  ^"3  "  *1’ ' 

*  '‘2  '2  h  *  *3’  *  ”""1  *3  ■  ® 

The  solution  of  these  equations  is  written  in 
the  form; 


In  these  equations  R  depends  on  Che  blade  and 
root  geometry.  For  example.  In  earlier  In¬ 
vestigations  [3]  for  a  twisted  blade  of  length 
L,  twist  angle  o'  between  root  and  tip,  dove¬ 
tail  angle  ip  and  dovetail  radius  R^,  It  was 


X,  -  Djj  Co.  («t  +  Tj,  -  «„)  .nd 
Xj  (t)  •  Ajj  Co.  (ut  +  Tjj) 


(25) 


Then  again  by  the  method  of  harmonic  balance, 
It  can  be  shown  that: 
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The  soIuClon  (25)  exintti  when  S/u]^  ^ 

From  this  wu  define  the  appropriate  coefficient 
ts  of  die  Hllp  thresliold  liy: 

h  -  (  t'i) 


CASK  4  ,  W>  WO|  o 

In  tiome  ratine  of  parameters  l.e«  the 

Solution  (25)  docN  not  oxiet.  It  corresponds 
to  the  linear  case,  lor  which  t)te  relevant 
solution  is: 


Xj(t) 

•  * 

Coii(ut  -  5j) 

(IM 

with 

■  S/kj  /(I  - 

cm 

•nd 

“  arctan  n/(l  - 

(3S) 

Figure  A  lllustraten  a  graphical  method  for 
constructing  the  solution  from  these  equations, 
for  the  case  n  =  0.  Tn  this  figure,  note  that: 


Figure  4  illustrates  clearly  the  regions  of 
existence  of  the  non-linear  solutions 
(  I  A  I  *  0)  for  various  values  of  S/aj .  I'/hen 
n  *  0  and  m3  «  0,  the  solution  further  simpli¬ 
fies  tOJ 


Ki  /w,wi  |>h’ 


1 .1) 


where  it  is  recognized  that  *  u»^/u^2  and 
^11  For  most  practical  cases  Rj  *  1 

in  these  equations  and  for  a  twisted  blade,  as 
before,  we  replace  S  by  S  Cos  n*.  We  now  have 
a  formal  solution  for  the  cases  n<no  nnd 

and  a  numerical  example  will  be  dis¬ 
cussed  after  a  review  of  the  static  blade 
behavior.  Finally,  note  that  the  problem 
addressed  here  is  quite  similar  to  that  dis¬ 
cussed  by  WilUams  and  Karles  (6). 


Figure  4,  Graphical  Construction  of  Response 
Solution 

ANALYSIS  or  QUASI-STATIC  BEHAVIOR 


Referring  to  Figure  5,  the  radial  movement 
Y  of  the  Buh-plat fotnn  under  the  action  of  the 
centrifugal  load  WRpfl^  due  to  the  outboard 
part  of  the  blade  will  be  less  than  the  gap 
A  up  to  the  speed 

S)^  =  4;pA/w  (42) 


where  Rp  is  the  average  radius  of  the  blade 
relative  to  the  rotation  axis  of  the  disk. 

When  U>Uq^  the  sprl.igs  kp  will  come  into  play 
and  provide  the  normal  load  on  the  mass  m3. 
It  Is  easily  seen  on  the  basis  of  static 
equilibrium  that: 


„  w  Kn(»  -  il,')  (43) 

1  1  +  kp/  2  k 


which  means  that  kjj^kp  if  a  significant  reduc¬ 
tion  of  the  centrifugal  loads  on  tlie  blade  is 
to  occur,  as  Is  necessary.  As  .in  illustration, 
consider  the  blade  for  which  the  static  exten- 
slonal  stiffness  of  the  root  below  m3  Is 
provided  b^*  a  uniform  segment  of  cross  sectional 
area  Ap  and  length  *1),  Then; 


(44) 


Similarly,  If  uaoh  Bprlng  kp  ir  ccnBtdareil  to 
be  ropreaeiiteil,  as  an  approxlinuc  Ion,  by  a  canti¬ 
lever  beam  of  length  tp,  thlckneaa  lip  ami 
hreaJth  bp,  then; 

k  »  1  E  b  h^  /  12«'‘  («5) 

V  P  |)  |)  . 

Kor  U<MQt  the  nurmal  )c>nO  N  on  the  inuRS  in 
given  byi 

N  «  U  Rjj  11^  (46) 


•  Figure  5.  Qunsl-Statlc  Model 


NUMERICAL  ILLUSTRATIONS 

Tlie  equations  derived  In  this  paper  per¬ 
mit  one  to  predict  the  effects  of  rotational 
speed  on  Che  dynamic  response  of  any  blade 
provided  Chat  one  knows  the  modal  masses  and 
stiffnesses,  and  the  exclcing  forces.  Un¬ 
fortunately,  in  practice,  this  Information  Is 
rarely  available  at  the  time  it  is  needed. 

This  is  especially  true  of  the  exciting  forces. 
As  an  example,  the  work  of  lian.sen,  Meyer  and 
Manson  [7]  represents  a  very  InCeresclng  early 
Investigation  of  blade  damping  as  a  function 
of  rotation  speed.  The  blade  geometry  data 
[8]  indicates  that  they  used  a  rectagular 
section  blade  of  length  50 . 8nun  (2  inches) 
breadth  15.3mm  (0.602  inches),  width  l,83tnm 
(0.072  inches)  ac  the  tip  and  O.OSmm  (0.120 
Inches)  at  the  root.  The  root  was  cylindrical, 
of  diameter  7,87mni  (0.310  Inches),  In  the 
tests,  Che  blade  was  attached,  alone,  in  a 
33mni  (13  inch)  diameter  disk  and  excited  by 
impacting  it  with  a  falling  steel  ball.  While, 
therefore,  the  results  are  very  interesting 
and  useful,  it  is  difficult  to  obtain  accurate 
excitation  force  data  from  this  source. 


Ewins  {9)  recently  described  u  test  .system 
in  which  air  jeta  were  used  as  a  means  of  ex¬ 
citing  ebe  hlades.  Ibe  test  results  liidicate 
good  qualitative  agreement  between  linear 
analysis  anJ  experiment  for  several  tuned  and 
untuned  blades  in  a  flexible  disk,  but  no 
estimate  of  the  exciting  forces  is  given 
directly.  Other  investlgstorfl  16,  10,  11]  arc 
equally  unlufurmatlve  as  far  as  tbio  aspect  of 
the  problem  Is  concerned.  References  [12-14] 
do  seem  to  address  the  question  to  some  extent. 

The  cyclic  rorrus  acting  on  a  rotating 
blade-disk  system  arise  as  the  blades  cut 
tlirougli  a  quasl-stat J.onary  airflow  partem 
generated  by  the  fixed  blades  (vanes)  abend  nf 
them.  Tile  stationary  pre.s.sure  field  along  a 
circular  path  througfi  tlie  center  of  each  sta¬ 
tionary  vane  possesses  a  minimum  between  enr.li 
vnne  and  o  maximum  at  each  vane  station,  as 
illustrated  in  Figure  6.  If  the  number  of 
fixed  vane.s  is  n,  then  the  rate  of  repetition 
of  the  pressure  pulses  crossing  each  rotating 
blade  la  n  n/60  IIz,  if  Q  Is  the  rotation  .speed 
In  rpm,  A  Fourier  expan.slon  of  this  repeating 
pulse  then  gives j 

m 

s(t)  -  S(V,th  ^ J  CoMfcnJIr/r.o)  (4;) 


where  (V  1  If  the  pulses  are  sharp.  The 
amplitude  S  (V,  fi)  depends  on  the  mean 
velocity  V  of  the  airflow  tlirough  the  stage, 
which  in  turn  depends  on  the  power  setting  of 
the  engine,  as  well  as  the  rotation  speed  W, 

It  is  not  easy  to  determine  S  (V,  f})  analyti¬ 
cally  ond  little  experimental  data  from 
industrial  sources  seems  to  have  been  published. 
So  wc  sboll  consider  only  a  few  "typical" 
cases,  in  the  present  paper,  inoreJer  to  II  lu.*;- 
trate  the  effect  of  tills  Important  parameter 
on  the  blade  response.  Each  term  of  equation 
(47)  gives  rise  to  a  possible  excitation  of  a 
blade  mode,  and  n  typical  Campbell  diagram  la 
constructed  by  plotting  the  frequencies  mnfl/60 
ogainst  Q  for  various  values  of  m,  along  with 
the  blade  resonant  frequencies  as  a  function 
of  fi,  as  lllustrotcd  In  Figure  7.  As  Is  seen, 
the  fur  imental  mode  is  excited  by  the  blade 
passage  excitation  when  17  is  such  that 
fl  «  I  nfl/60  (n  th  engine  order,  point  A),  by 
the  second  harmonic  (2n  th  engine  order)  when 
«  2  nfl/6f)  (point  B)  ond  so  on.  The  Campbell 
diagram  is  therefore  a  useful  means  of  esti¬ 
mating  where  the  vibration  problems  are  likely 
to  occur,  but  again  it  gives  no  clue  as  to 
excitation  force  magnitudes. 

We  shall  now  examine  a  specific  blade 
geometry,  considered  in  previous  investigations 
(3,  4]  and  representing  a  typical  low  pressure 
compressor  blade.  The  main  dimensions  of  tl\is 
blade  are: 

L  *=  20  cm 

W  “  0.20  kg  (0,44  lb) 
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kp  *  2.1  K  lo'  N/*  (1.2  X  10^  Lb/in) 


Figure  6.  Flow  Induced  Loads 


Figure  7.  Campbell  Diagram 


The  ocher  relevant  magnitudes  are  given  in  the 
nomenclature »  as  specific  numbers  associated 
with  the  relevant  symbols.  From  these  numbers 
we  see  from  equations  (4A) ,  (45),  (42),  (43), 
and  (46)  in  succession  that: 

-  2.10  «  lo’  N/n  (1,2  x  10^  Lb/ln) 


.  ”  O.OSlim  (0,00225  Inu) 

»,  •  8.342  »  10"‘  (n“.|i^>  NefcU«« 

N  «  8,142  X  10“V  Newton  (1.875  «  10"‘n^  Lbf) 

with  ■  12000  n>B 

From  equations  (18),  (19),  (40),  (41)  we 
can  then  calculate  the  response  oi'  the  blade 
for  the  cases  n<!to  and  O^Oo,  Kesults  are 
shown  In  Figures  8  to  11.  From  these  we  cun 
then  determine  the  apparent  modal  damping  h(, 
defined  by  the  "half  power  bandwidth"  method, 
and  plot  against  a/S  (for  O^tOo)  or  aj^/S 
(for  (!>0o).  The  results  for  this  particular 
blade  are  shown  In  Figure  12,  It  Is  seen  that 
for  0<0o,  n|  Increases  rapidly  as  a/S  falls 
and  reaches  a  very  high  maximum  value  before 
finally  falling  to  zero  as  oi/S^O  l.e,  R-tO. 

On  the  other  hand,  for  R>l!o,  the  damping 
rapidly  Increases  aa  Oj^/S  rises  above  the 
threshold  level  (below  which  a  new  peak  occurs 
at  lower  frequency  and  with  low  damping) , 
reaches  a  peak  of  about  0,20  and  then  drops 
more  slowly  as  Oj^/S  increases  further. 


Figure  8.  Blade  response  for  R<no,  8>0 
and  a/s  »  10 
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Figure  11.  Blade  response  for 
various  a^^/S 


From  Che  values  of  N  and  N]^  given  earlier, 
we  can  Chen  calculaCe  a/S  and  a^/S  for  any 
assumed  values  of  S.  We  shall  consider  two 
cases  namely  (1)  S  *  22.24N  (5  Lbf)  and.,^ 

(ii)  S  -  1.69x10-6  n3«N(-  3. a  x  10“6 
with  0  in  rpm.  The  first  represents  a  con¬ 
stant  force,  as  in  Hanson,  Meyer,  and  Hanson's 
experiments  [7]  and  the  second  represents  a 
more  likely  situation  in  which  S  Increases  as 
n  Increases  e.g.  S  ■  12,24N  (SLbf)  at  12000 
rpm,  33.14N  (7.0  Lbf)  at  15000  rpm  and 
5.96N  (1.34  Lbf)  at  5000  rpm.  Tables  1  and  2 
show  typical  calculated  values  of  a/S,  a^/S 
and  nj.  from  Figure  12.  The  appropriate 
expressions  for  o/S  and  oj^/S  ore; 


(I)  s  ■  ;?.Jw  (5  ujfi 


s 


«»i  «»  _ 

t.  Cvj*  a'  CO(** 


20  X  4  X  S  M  0,  I  O.s 
•  V.fl9  X  10‘^  11^ 


tiS) 


fiM'.,  t  X  fi.l^  1  1,856  X 

<  CoT”  ’  ■■  X  V  X  0.224 

•  9.?9  X  I0**fn*-.|^)  (49) 


(U)  s  .  J.M  *  in-^  Nrwtexi  (J.8  x  lO'^  ,.h,) 


*>-■*  Kq _ 

S  X  L  C«t«  a*  c'of  i 


JLS.  <MS  K  i.w?s  t.  10'*  K  1 _ 

X  *  X  1.8  X  in'^  X  o.?2<  X  0.5 


!•  X  0.15  X  1,856  X  10‘*> 
■>  X  J.8  X  10*^  X 


“  S  Co«  a' 
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Figure  13  ahows  Che  variation  ot  with  0  for 
thaaa  cases-  It  is  seen  that  high  daaplng 
oecura  at  high  epeed,  as  expected.  Obviously, 
the  particular  nuaarlcal  values  can  be  changed 
to  rapreaant  other  condlclona,  but  the  approach 
and  general  behavior  raaain  Che  aaae. 

Ona  other  posalbillty  can  ba  exaalned, 
neaaly  a  blade  of  the  type  having  a  hinged 
root  with  Bating  aurfacee  nov  parallul  to  the 
plane  of  rotation  of  the  root,  and  dlscuaaad 
also  by  Haneon,  Heyer  and  Hanson  [7].  Tor  this 
type  of  blade.,  renalne  Juat  about  constant 
at  all  speeda,  uhlla  the  force  S  changes, 
usually  increasing  aa  0  Increasea.  Thla 
would  account  for  the  high  damping  achieved  by 
thla  type  of  blade,  since  ai  would  be  nearly 
constant  and  oj^/S  would  change  in  such  a  way 
that  would  Ineraase  as  (1  increases. 


Figure  12.  Modal  Damping  Versus  a/S  or  ai/S 


Figure  13.  Modal  Damping  Versus  Rotational 
Speed 


CONaPSlONS 

It  haa  been  shoiM  chat  a  specific  con¬ 
figuration  of  compressor  or  turbine  blade  root 
geometry,  in  which  part  of  the  root  contacts 
the  disk  only  at  high  rotational  speeds,  can 
provide  high  levels  of  slip  daaplng,  provided 
that  the  relevant  stiffnesses  are  properly 
selected.  The  snelysls  given  in  this  paper 
can  provide  the  baste  for  preliminary  design 
investigations,  but  laboratory  and  spin  pit 
testing  will  be  necessary  to  establish  the 
accuracy  of  the  epproech  end  to  develop  the 
specific  conflguretions  most  appropriate  for 
practical  application.  The  changes  in  blade 
geometry  needed  to  optimize  this  type  of 
damping  do  not  represent  very  large  departures 
from  current  practice,  nor  need  they  represent 
any  weight  Incteaaea  over  current  blades. 

Apart  from  experimental  and  spin  pit 
testing,  a  logical  follow  on  effort  would  in¬ 
vestigate  the  effects  of  finite  disk  compliance, 
and  hence  of  multiple  blade  ayatems,  on  the 
dynamic  behavior.  However,  one  Would  expect 
high  levels  of  slip  damping  to  atlll  be 
attainable.  It  la  hoped  that  this  paper  will 
stimulate  or  encourage  such  investigations, 
since  the  need  for  high  damping  in  rotating 
blades  la  becoming  ever  more  urgent. 
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NOMENCLATURE 

A  Amplitude  of  response  of  mass  m2. 

Amplitude  of  response  of  mass  m3, 

Aq  Cross  section  area  of  blade  between  root 
macing  surfaces  and  platform 
(258iim2/0.A  ln2). 

a,„  ra  th  Fourier  coefficient  of  excitation 
force. 

bp  Breadth  of  platform  (50.3  mm/2  1ns.) 

Amplitude  of  response  of  mass  m3 
(tip  of  blade). 

Amplitude  of  response  of  mass  m3 
(no  slip). 

E  Young's  modulus  of  blade  material 
(3  X  107  Lb/ln^/  7.07  x  10^^  N/m^) 

fl  1  th  resonant  frequency  (Hz). 

hp  Thickness  of  platform  (2,5A  mm/0,1  Ins). 

k3  Effective  stiffness  (30000  N/m) . 


k2  Effective  stiffness  (80,000  N/m). 

k  Effective  stiffness  (21,800  N/m). 

k])  Blade  r-jot  static  stiffness 

kp  Platform  static  stiffness  (See  Fig.  5). 

L  Length  of  blade  (20  cm) . 

Ij)  Length  of  blade  section  between  root 

mating  surfaces  and  subplatform 
(25, A  mm/1  In). 

Ip  Length  of  subplatform  (12.7  mm/O.S  Ina). 

m3  Effective  maos  (0,036  kg). 

m2  Effective  mass  (0,0033  kg). 

m3  Effective  mass  (0  kg) . 

ra  Integer  (ra  ■  1,  2,  -  -), 

n  Number  of  fixed  vanes. 

N  Net  normal  load  at  dovetail  mating 

surfaces . 

N3  Net  normal  load  at  platform. 

R,  R3  Nondlmenslonal  coefficients 

Rg  Radius  of  dovetail  sliding  surfaces 

relative  to  root  rotation  center  (1  cm). 

Rq  Radius  of  blade  relative  to  disk  axle 

(381  mm/15  Ina) . 

S  Driving  force. 

t  Time  (sec). 

V  Average  airflow  velocity. 

W  Weight  of  blade  (0.2  kg/O.AA  Lb), 

X3  Displacement  of  mass  m3, 

X2  Displacement  of  mass  m2. 

Xj  Displacement  of  mass  m3. 

0,03  Friction  parameters 

o'  Twist  of  blade  tip  relative  to  root 

(Cos  o'  -  0.72A). 

8,83  Slip  threshold  coefficients. 

I.Yp  Phase  angles. 

6,63,6*  Phase  angles. 

A  Gap 

n  Loss  factor  (0.01  for  Illustration). 
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p  Coefficient  of  friction  (0.15  for 

llluatretlon) . 

V  -  nondlmenslonal  froqui'iicy  pnra- 

neter. 

vj  -  nondltnenulonol  frequency 

parameter. 

nondimenelonol  parametete 

ij;  Angle  of  dovetail  mating  surfaces 

relative  to  baae  of  root 
(Cos  ij;  ■  0.5  for  lllnstration)  . 

u  frequency  (rad/sec). 

(Oj  Resonant  frequency  with  A>0  (124  Hz). 

Resonant  frequency  with  no  slip  at  mo 
<146  Hz), 

11  rotation  speed  (rpm). 

Hq  Critical  rotation  speed  for  A  =  0  (rpm) 
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A  MIMIM.I';  l,<)W-l'(>ST  TlX'IINlUUK  FOK  MKASUlUNf:  MATEKIAL  DAMPING  IlEllAVlOU 


by 


David  l.U.  Jonas 
Air  Foi no  Materials  laboratory 
Wr  i.ilil -I’atterson  APn,  Ohio  45433 


(U)Many  lui'thuda  liave  been  dovulopod  for  measuriny  the  dampiny  behavior 
of  o  1  as t<riin! I  ic  and  otiier  materials,  includiny  resonance,  mechanical 
impedance  and  vibratinq  beam  methods.  One  feature  all  of  these 
methods  liavi'  in  common  is  the  expense  and  i  ncotiveniencc  of  preparing 
appropr  iate  ter. t  specimens  and  the  considerable  time  needed  to  conduct 
the  tcr.ts.  A  need  appears  to  exist  for  a  simple  method  to  quickly 
obtaiir  data,  even  if  tuily  approximately  accurate,  as  for  example  in 
•^vaiuatiny  samples  for  quality  control.  This  paper  will  describe  a 
simple  tost  procedure  in  which  a  cylindrical  specimen  of  damping 
inateiial.  supporting  an  added  mass  is  impacted  by  a  small  "hammer". 

The  force  transmitted  through  the  specimen  is  measured  by  a  force 
gage  and  ttiu  acceleration  experienced  by  the  hammer  is  measured  by 
an  acceloromotor .  The  transient  signals  so  generated  are  displayed 
on  a  storage  oscilloscope,  and  the  modulus  and  loss  factor  of  the 
material  arc  derived  from  comparisons  with  a  simple  transient  analy¬ 
sis  of  a  single  degree  of  freedom  system  having  a  complex  stiffne.ss 
for  the  spring  clcracnt.  Examples  and  test  data  are  discussed  and 
coiupar  i.KOiis  are  made  with  results  of  other  methods  of  measurement. 


1.  INTRODUCTtOM 

The  various  methods  currently 
used  to  iiinasute  damping  properties  of 
elastoraei,ic  mater.ials  require  some 
effort  to  prepare  specimens  and  to 
conduct  and  analyze  tests.  If  one 
wishes  to  completely  characterize  a 
specific  material  over  a  wide  range  of 
frequencies  and  temperatures,  there  is 
little  chance  of  avoidinq  this,  so  that 
typically  one  or  tv;o  days  ore  needed  to 
prepare  speciiucns,  mostly  waiting  for 
adhesives  to  cure,  and  at  least  one  day 
to  conduct  the  tests.  This  is  no  way 
to  proceed  if  one  wishes  merely  to 
screen  material  samples,  as  in  produc¬ 
tion  control,  or  to  select  a  few 
candidate  materials,  for  further  evalua¬ 
tion.  out  of  a  large  number  of  possibi¬ 
lities.  For  .such  purposes,  it  is  often 
suf.fi  cient  to  use  data  at  a  few  terapora- 
turas  iind  at  one  frequency. 

The  tGfjt  technique  discu.ssed 
in  Llils  pa[jer  is  tiot  only  extremely  sim¬ 
ple  to  set  up,  to  prepare  specimens  for 
and  1.0  ii.se,  but  it  also  requires  only 
st.’indard  viljr.ation  Laboratory  equipment. 


Absolutely  no  new  ideas  or  concepts  are 
involved;  however,  it  is  time  that 
simple  methods  were  used  to  perform 
simple  tasks.  The  method  is  essentially 
that  of  observing  and  analyzing  the 
transient  response  of  a  damped  single 
degree  of  freedom  system.  The  particu¬ 
lar  geometric  configuration  used  con¬ 
sists  of  a  large  metal  block  supported 
at  each  end  by  soft  foam  rubber 
"springs"  and  joined  througli  the  speci¬ 
men,  at  the  center,  to  a  force  gage. 

As  the  block  is  impacted  by  a  small 
hammer,  the  mass-specimen  system  will 
exhibit  decaying  free  vibrations  and 
the  period  and  the  amplitude  ratio  of 
successive  maxima  of  response  can  be 
measured  from  the  oscilloscope  trace. 

The  use  of  a  storage  oscilloscope  allows 
one  to  conveniently  record  the  response 
trace  as  may  times  as  desired.  Tempera¬ 
ture  control,  where  needed,  was  obtained 
using  an  environmental  chamber.  Test 
results  for  two  materials  wer;;  compared 
with  those  obtained  by  resonant  beam  and 
simple  resonance  tests,  and  the  agree¬ 
ment  was  gb^jerally  found  to  bo  good. 
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2.  ANALYSIS 


Tlic  single  duyree  ot  rrecdom 
system  shown  in  Figure  1  is  sutajectool 
to  an  impulsive  load  S6  (t) .  The 
spring  stiffness  is  represented  by  a 
bock  model: 

F  =  k  X  +  (kn/|ii)| )  (dx/dt)  (1) 

which  reduces  to  a  complex  modulus 
k(l  +  In)  if  the  displacement  x(l) 
is  given  by  x  =  X  expliut).  The  complex 
modulus  representation  is  quite  a  close 
approximation  to  the  behavior  of  real 
elastomurio  materials  provided  that  the 
true  variation  of  k  and  n  with  tempera¬ 
ture  and  frequency  is  allowed  for. 
However,  for  this  representation,  the 
transient  response  can  bo  determined 
only  tluough  utilization  of  a  Fourier 
Transform,  because  the  model  (1) 
contains  the  frequency  ui  directly.  If 
S6  (t)  is  the  applied  load,  then  the 
Fourier  transform  of  the  load  is  given 
by: 


(w*  -  u? ) (m/k) 


1  *  ^  '''P 

(0) 


and 


(V) 

If  we  now  substitute  for  +  i,i^ 

from  equation  (7)  into  ^ 
equation  (6),  we  have. 


(oj  -  w|)  (m/k)  =  1  -  2tt)?  (:n/k) 


u)2  +  UI?  =  k/m  (8) 

From  equations  (7)  and  (8)  we  now  have: 
2u)^  (m/k)  =  ni^m/k 

.•.  “’i  ^  (n/2)  /k/m  (9) 


S(uO  =  [1/2 


SA  (t) 


-Ilut 


dt  =  S/2n 


For  each  oicraent  S  du  of  the  transformed 
excitation,  the  response  is: 

_  S  (u) 

X  =  - 5 -  (2) 

-mu^  +  k(l  +  iriu/jiu|) 


Therefore,  applying  the  inverse  Fourier 
Trans  forin: 


x(t) 


-mw  ^ 


^iwt 
+  k  (1  + 


dcu 


i  n  w  / 1  ti>  I ) 


(3) 


For  the  ideal  case  considered  here, 
where  )t  and  n  are  independent  of  fre¬ 
quency,  it  is  instructive  to  evaluate 
the  integral  in  equation  (3)  by 
contour  integration  in  the  complex 
frequency  plane.  The  poles  are  the  fre¬ 
quencies  for  which: 

(i]^'m/k  =  1  +  inw/jiul  (4) 

The  roots  of  this  equation  are  complex. 
If  we  therefore  write  a,  =  +  iw^, 

equation  (4)  becomes: 

(w^  -  ui?  +  2iuj^(i;j^)  (m/k)  = 
i  n  (uJ,.  +  iuJ,  ) 

- (5) 

Equating  real  and  Imaginary  parts  gives: 


oij.  =  t/(k/m)  (1  -  n''/4)  (10) 

We  have  therefore  found  the  values  of 
w  and  u.  provided  that  n<2.  The  poles 
and  the  path  of  integration  are  shown 
in  Figure  2.  The  response  x{t)  is 
equal  to  2ni  times  the  sum  of  the  resi¬ 
dues  at  the  poles.  The  residue  at 
the  pole  u  =  ujj.  +  iu)|  is: 

S  -  iup,  -  uj) 

r,  Lim  - = - - - 

2nm{ijj^  -  itij^  -  lij)  (co^.+iiii ) 

(0.^  +  iiii^ 

(11) 

=  -S  e^‘“r  ^“i>y4:imwj.  (12) 

and  Rj  =  S  e"‘-"r  +  "“i>/^™“r  (13) 

in  a  similar  way.  Finally,  therefore: 

S  e"  (9t/2)  ''k/mgj^^  /t/(k/'m)  fl-n^/4)^ 

x(t)  - -  ---  -  - - - 

m/()t7m)  U  -“n^74)'  (14) 

This  solution  represents  the  informa¬ 
tion  needed  to  deduce  k  andyfrom  ex¬ 
perimental  data.  The  ratio  of 
successive  maxima  is  given  by: 

Xj/xo  = 

n  =  C2/r)  in  (xj/xo) 

(15) 
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utul  the  time  T  between  successive  zero 
r:rf)!'.s.i  nc|3  is: 


3.  KXl’KHIMKNTAL  .1 NVKST/CIAT I  ON 


T  /(k/m)  (l-riV4) 


ujp  =  /kTiii  -  n/T  /l-n^/4  (16) 

and  k  =  mi|2/TMl-n^/4)  (17) 

from  the  experimental  traces  represent¬ 
ing  x(t)  as  a  function  of  rime  t,  one 
can  read  off  xj/xq  and  T  and  hence 
deduce  the  loss  factor  n  and  the  stiff¬ 
ness  k  at  the  frequency  lUj^.  Typical 
predicted  response  traces^are  shown 
in  Figure  3. 


Figure  1.  Maas  -  Complex  spring  system 


Figure  2.  Poles  of  System,  integration 
Path  and  Modulus  of  Integrand 
versus  frequency 


Tlio  tost  system  used  is 
illustiated  in  Figures  4  and  t .  Thi? 
mass  ra  rested  on  the  specimen .whicli 
was  a  cylinder  of  cross  sectional  area 
A  and  thickness  h,  and  was  impacted  by 
the  hammer  with  accelerometer  attached. 
Several  different  elastomeric  material 
specimens  were  ovaluoted,  as  summarized 
in  Tables  1  and  2.  These  included  an 
acrylic  adhesive  (jM-4C7,  3M  Co.)  and  a 
silicone  elastomer  (BTR,  Lord  Mfg.  Co.) 
at  several  different  temperatures. 
Typical  oscilloscope  traces  for  these 
materials  are  shown  in  Figure! 6  to  14. 
From  each  of  these  traces,  T  and  Xi/Xo 
Were  read  off.  The  first  half  cycle 
was  not  used  because  of  the  finite 
duration  of  the  actual  loading,  but 
succeeding  half  cycles  were  usable. 

Then  E  was  calculated  using  the 
usual  equations  relating  stiffness  to 
modulus : 


mu)2  =  (KA/h)  [1  +  B  (A/A'  )  2] 

where  1  +  6(A/A')2  is  a  shape  factor 
which  corrects  for  the  finite  length 
to  breadth  ratio  of  the  specimen  [IJ. 
Typically  b42  for  an  unfilled  elastomer 
(e.g.  3M-467)  and  BtI.S  for  a  filled 
elastomer  (e.g.  BTR).  The  results  are 
summarized  in  Table  2. 

In  order  to  compare  the 
measured  data  obtained  by  this  method 
with  results  from  other  methods,  graphs 
of  E  and  n  versus  reduced  frequency 
fa_  were  used,  with  construction  lines 
superimposed  to  directly  display 
temperature  and  frequency  i.e.  a 
reduced  temperature  nomogram.  This 
method  of  data  reduction  and  presenta¬ 
tion  is  described  in  an  earlier  report 
(2).  The  results  are  shown  in  Figures 
15  and  16.  It  is  seen  that  agreement 
between  the  various  methods  is  quite 
good.  Some  scatter  is  evident  though 
not  much  more  than  for  other  test 
methods.  It  is  certainly  possible  to 
distinguish  between  high  and  low  loss 
factors,  and  high  and  low  stiffnesses. 


Figure  3.  Response  versus  t/k/m 
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FlKur<*  1  .  McdauTiiJ  Ki-spinihi-  at  1^0  K 

(66^0  for  HTK 


TABLE  1 


MEASURED  DATA  FOR  3M-j67  ADHESIVE 
Circular  Cylindrical  Specimen 

m  =  743  gm,  A  «  1.61  cm* (0.249  in*).  A*  =  2.85  cm* (0.442  in*),  h  =  0.64  cra(0.25  in) 


Temperature 

Xl 

Xj 

T  sec 

“d 

E  Ib/in* 

n 

'F 

•c 

0 

-18 

1.24 

0.0018 

278 

7970 

0  14 

30 

-  1 

1.40 

0.0020 

250 

C  300 

0.21 

75 

24 

6.00 

o.olo 

50 

381 

1.14 

100 

38 

3.00 

0.012 

40 

202 

0.69 

122 

SO 

1.67 

0.015 

36 

117 

0.33 

TABLE  2 

MEASURED  DATA  FOR  BTR  SILICONE 
Rectangular  Cylindrical  Specimen 


ra  =  743  gm.  A  =  1.61  cm2(0.25  in*).  A'  =  7.23  cm*(1.12  in*),  h  =  1,42  cm(0.56  in) 


Temperature 

X2 

T  sec 

“d 

E  Ib/in* 

n 

•F 

“C 

-90 

-68 

1.40 

0.003 

167 

9580 

0.214 

-25 

-32 

1.35 

0.005 

100 

3440 

0.191 

0 

-18 

1.25 

0.006 

83 

2380 

0.142 

75 

24 

1.49 

0.008 

63 

1354 

0.254 

150 

66 

1.67 

0.010 

50 

876 

0.326 

240 

116 

1.50 

0.012 

42 

602 

0.258 

4.  DISCUSSION  AND  CONCLUSIONS 

Crandall  [3,4]  has  noted  the 
existence  of  analytical  problems 
arising  from  the  complex  modulus  model 
for  transient  oscillatory  motions, 
especially  when  the  Fourier  integrals 
are  evaluated  numerically,  and  several 
investigators  have  sought  alternatives 
to  the  complex  modulus  approach  [5-7]. 
These  discrepancies,  while  indicating 
that  we  certainly  have  not  yet  achieved 
complete  resolution  of  all  aspects  of 
linear  damping  material  behavior,  are 
not  large  numerically,  and  do  not 
seriously  affect  the  solution,  equation 
(14).  As  far  as  analyzing  experi¬ 
mental  data  to  a  modest  degree  of 
accuracy  is  concerned,  therefore,  it  is 


of  little  consequence.  Furthermore, 
the  contour  integration  solution  seems 
to  be  quite  well  behaved. 

For  sure,  therefore,  we  have 
described  a  very  simple  and  effective 
method  for  very  quickly  determining 
the  complex  modulus  properties  of 
samples  cf  soft  damping  materials,  at 
a  single  frequency.  The  specimens  can 
be  changed  quite  readily  by  raising 
the  mass,  putting  the  specimen  in 
place,  and  restoring  the  mass  on  the 
foam  supports.  Obviously,  some  further 
improvement  of  the  configuration  can  be 
anticipated  before  extensive  use  of  the 
approach  is  made.  The  important  thing 
is  tliat  it  is  a  simple  method  and 
should  not  be  looked  upon  as  anything 
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else.  If  maasuretnents  are  to  be  made 
on  stiff  matu.vials,  shapes  other  than 
cylindrical  should  be  considered  in 
order  to  reduce  the  stiffness  of  the 
specimen  to  an  acceptable  level.  One 
possibility  is  to  make  a  vertically 
oriented  ring  shaped  specimen. 

We  have  used  this  system  to 
evaluate  the  qualitative  and  quanti¬ 
tative  damping  behavior  of  many 
materials!  ranging  from  soft  foams  to 
stiff  elastomers)  and  results  have 
g<;nerally  been  acceptable  and  readily 
obtained.  One  point  to  remember  at 
all  times  is  that  the  stiffness  of  the 
specimen  should  always  be  much  greater 
than  that  of  the  foam  supports,  unless 
of  course  one  allows  for  that  In  the 
calculations  by  subtracting  the  support 
stiffness  from  the  total  stiffness  to 
determine  the  specimen  stiffness. 

ACKNOWLEDGEMEMT 

This  investigation  was 
conducted  ■J.t  the  Air  Force  Materials 
Laboratory  under  Work  Unit  Number 
24180302.  The  aasiatance  of  David 
B.  Signor  of  Michigan  State  University, 
assigned  to  AFML  as  a  Co-op  student, 
is  gratefully  acknowledged,  in  con¬ 
ducting  many  of  the  tests.  Discussions 
with  A.  R&kyckl  and  several  other 
industry  and  research  personnel  con¬ 
cerning  the  need  for  a  simple 
screening  teat  to  evaluate  damping 
properties  of  materials  led  to  this 
particular  effort. 

REFERENCES 

1.  J.C.  Snowdon,  Vibration  and 
Shock  in  Damped  Mechanical  Systems, 

John  Wiley  and  Sons  inc.,  New  York, 
1968. 

2.  D.I.G.  Jones,  "A  Reduced- 
Temperature  Nomogram  for  Characteriza¬ 
tion  of  Damping  Material  Behavior", 
Shock  and  Vibration  Bull.,  48,  Part  2, 
pp  13-22,  1978 

3.  S.H.  Crandall,  "Dynamic  Response 
of  Systems  With  Structural  Damping", 
Air.  Space  and  Instruments,  Draper 
Anniversary  Volumd,  ed.  H.S.  Lees, 
McGiaw  Hill,  pp  183-193,  1976. 

4.  S.H.  Crandall,  "The  Role  of 
Damping  in  Vibration  Theory" ,  Journal 
of  Sound  and  Vibration,  11(1),  pp  3-18, 
1970. 

5.  R.E.D,  Bishop,  "The  Treatment  of 
Damping  Forces  in  Vibration  Theory", 

J.  Royal  Aero.  Society,  Vol.  59,  pp 
738-742,  1955. 

6.  M.  Caputo,  "Vibrations  of  an 
Infinite  Plate  With  a  Frequency 
Independent  Q" ,  J.  Acoust.  Soc.  Am., 
Vol.  60,  No.  3  pp  634-639,  1976. 


7.  R.L.  Bagley  and  P.J.  Torvlk, 

"A  Generalized  Derivative  Model  for 
an  Elastomer  Damper",  Shock  and 
Vibration  Bulletin  49,  1979. 

NOMENCLATURE 

A  cross-seotional  area  of 

specimen 

A*  Free-Burface  area  of  specimen 

E  Young's  modulus  of  specimen 

material 

f  Frequency  (Hz) 

F  Force 

h  Height  of  specimen 

i  /“I 

k  Stiffness  of  specimen 

m  Mass 

Ri,R3  Residues 
S  Load 

S  Fourier  transform  of  load 

t  Time 

T  Time  between  successive  zero 

crossings 

X  Displacement 

Jt  Fourier  transform  of  displacement 
Xo,Xi  Amplitudes  at  successive  maxima 
a™  Shift  factor 

Non-dimensional  factor 
n  Loss  factor 

u  Frequency  (rad/sec) 

u  Real  part  of  complex  frequency 

uf  Imaginary  part  of  complex  fre- 

^  quency 

Resonant  frequency 
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THE  EFFECTS  OF  FREQUEMCY,  AMPLITUDE,  AND  LOAD  ON 
THE  DYNAMIC  PROPERTIES  OF  ELASTOMERS 


John  E.  cola.  III 

cainhrldga  Acouaclcal  Aasoclatea,  Inc. 
1033  Nassachuaetts  Avenue 
Cambridge,  Masaachusetta  0213B 


The  dynamic-mechanical  propartiea  of  elaatomera  are  known  ro 
depend  upon  the  nature  of  the  loading  of  the  material.  While  many 
aspects  of  the  dependence  of  the  dynamic  properties  on  frequency  and 
temperature  are  Well  known  and  cuatomarily  accounted  for,  theie 
properties  are  also  known  to  vary  significantly  with  other  aspects 
of  the  loading  such  as  strain  amplitude  and  static  load.  Furthermore, 
not  all  of  these  aspects  of  the  loading  act  independently.  To  e  fair 
degree  of  approximation  the  effects  of  frequency  and  strain  amplitude 
arc  separable.  The  effects  of  hydrostatic  loading  are  weakly  coupled 
with  frequency.  The  implications  of  these  results  on  designs  using 
elastomers  is  discussed. 


INTRODUCTION 

Many  types  of  natural  and  synthetic  rubber 
compounds,  generally  referred  to  as  elastomers, 
find  wide  use  in  anti-vibration  mounts.  These 
materials  have  a  microscopic  structure  con¬ 
sisting  of  small  molecular  units  arranged  into 
lo.ng-chain  molecules .  The  basic  structure  of 
an  elastomer  is  often  altered  by  the  addition 
of  "fillers"  such  as  carbon  black  partlclss 
which  are  known  to  strengthen  the  material  by 
Inhibiting  relative  molecular  movement  (1) . 

When  an  external  load  is  applied,  such  as  in  a 
stress- relaxation  test,  these  polymer  chains 
undergo  various  types  of  mechanical  dsformation. 
The  deformation  processes  of  these  polymer 
chains  each  require  time  to  take  place;  con¬ 
sequently  a  time-dependent  response  of  the 
material  to  an  applied  load  is  obseived.  In 
fact,  the  response  of  a  particular  elastomer 
material  is  known  to  depend  on  several  aspects 
of  the  loading,  as  well  an  on  the  temperature 
□f  the  material. 

The  behavior  of  the  mechanical  properties 
of  elastomers  under  conditions  of  dynamic 
loading  (i.e.,  when  the  applied  load  varies 
with  time)  is  of  particular  Interest  for  the 
design  of  anti-vibration  mounts.  These  dynamic 
properties  may  be  determined  as  a  function  of 
frequency  in  a  vibration  test  by  applying  a 


periodic  load  and  measuring  the  resulting  defor¬ 
mation.  In  such  a  test,  the  material  may  be 
loaded  dynamically  in  either  shear,  tension,  o.v 
compression.  The  dynamic  properties  correspond¬ 
ing  to  small  applied  loads  may  also  be  deter¬ 
mined  from  acoustic  measurements  of  sound  speed 
and  attenuation  [21.  For  either  type  of  test 
there  is  found  to  be  a  phas"  difference  between 
tlie  response  of  the  elastomer  and  the  applied 
dynamic  load.  This  viscoelastic  behavior  is 
described  by  considering  the  modulus  of  the 
material  to  be  a  complex  quantity.  For  example, 
the  dyn^unic  Young's  modulus  may  be  written 

E*  ■  e'  +iE  , 

where  the  single  and  double  primed  components 
describe  the  relationship  of  the  applied  stress, 
respectively,  to  the  in-phase  and  the  out-of¬ 
phase  strain.  The  ratio  of  the  imaginary  to 
real  parts  of  the  dynamic  modulus  (e.g.,  E  /E  ) 
is  referred  to  as  the  loss  or  damping  factor 
(Hg  or  tanig) .  The  reciprocal  of  the  dynamic 

modulus  is  defined  ns  the  compliance.  For 
instance,  the  shear  compliance  is  related  to 
the  shear  modulus  (.g")  as  follow: 

»  »  I  •' 

J  =  1/G  =  J  -  iJ  , 

and  therefore 


* 
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( 1/G  )  COU  iS  . 


il/C.  )«ih  A 


A  .  «  tan  (C,  /C.  )  . 
0 


The  UeiuiiidoMcu  of  tiie  dynamic  proportioa 
of  viHco'^lantic  matofiala  on  temprraturu  and 
froquonoy  (or  time)  1h  well  knowrj  under  cond- 
itiunu  of  no  static  defoinnabion  and  small  strain 
ompliLuduii  [j].  Thu  umpirical  relationship 
between  temperature  and  frequency  effects  may  be 
obtained  from  experimental  data  using  the  method 
of  reduced  variables  (4] .  In  tills  manner  data 
giving  tlic  dependence  of  a  dynamic  property  on 
tomperature  may  be  "transformed*'  to  give  the 
depcnUcnci.*  on  frequency,  and  vice  versa,  Since 
the  temperature-frequency  "equivalence"  of  the 
dynamic  proi>ertios  of  simple  elastomers  is 
discussed  in  detail  in  standard  texts  (see  for 
example  [4]*  [29]  and  (30]),  ic  will  not  be 
uiaboratod  upon  here.  Only  the  frequency 
dopeiiUcnco  will  be  reviewed.  It  should  be  noted 
however#  tliat  in  terms  of  temperature  depend¬ 
ence#  a  designer  of  anti-vibration  mounts  is 
often  interested  in  the  "rubbery"  temperature 
region  of  the  material  (i.e.#  well  above  the 
"glass  transition"  temperature) .  In  this  region 
the  dynamic  properties  typically  vary  slowly 
with  both  temperature  and  frequency. 

Under  conditions  of  small  strain^  the 
dynamic  properties  of  elastomers  are  found  to 
be  independent  of  strain  amplitude*  This  is  the 
regime  of  linear  viscoelasticity  within  which 
the  dependence  of  the  dynamic  properties  on 
frequency  is  related  to  thy  dependence  on  time 
vid  an  integral  transform  (either  Fourier  or 
Laplace)  .  That  is#  tlie  behavior  of  the  dynamic 
property  obtained  at  long  time  from  a  relaxation 
test  corresponds  with  the  behavior  during  a 
dynamic  test  at  low  frequency.  Within  the 
confines  of  linear  viscoelastic  behavior,  either 
a  relaxation  test  or  a  dynamic  test  provides  the 
same  information  on  the  variation  of  the  dynamic 
property  with  cither  frequency  or  time  (51 » 
Furthermore#  the  properties  obtained  from  either 
a  dynamic  tension  or  shear  tost  are  simply  re¬ 
lated.  In  particular#  many  elaatomeric  mater¬ 
ials  are  nnarly  incompressible  having  a 
Poisson's  ratio  of  0.5.  For  such  materials  (3] 

E  =  3G  , 


In  addition  to  frequency  and  temperature 
variations,  elastomer  compounds  used  in  anti¬ 
vibration  mounts  may  be  subject  to  large  strain 
ampLitudos  and  to  significant  static  loads.  It 


is  thuruforu  of  iriturtsst  to  uxploxy  t)iu  varia¬ 
tion  of  till!  dynandu  propurfciyfi  of  fln  elasLomer 
with  three  of  the  paramtituru  tliat,  are  imixjrtant 
to  the  dusiqn  of  aii  anti-vibration  mount# 
namely#  fruquuncy#  dynamic  strain  ampilMido# 
and  static  load.  It  has  boon  suggested  that 
the  effects  of  frequency#  strain  amplitude#  and 
static  load  on  thu  dynamic  properticB  uf  ulast- 
omers  are  separablu  [G],  in  particular#  that 
tile  dynamic  Young's  modulus  may  be  written i 


E  \ 

C5  r  t  . 


where  is  a  function  uf  frequency  (f)  only# 

A  is  a  function  of  dynamic  strain  amplitude 

(Cd)/  is  a  function  of  static  load  (o)  ,  and 
E*  is  tile  dynamif,  modulus  measured  under  cond¬ 
itions  of  small  strain  amplitude  (e^  <  ID 

at  a  given  frequency  and  at  zero  static  load. 

If  this  separation  were  possible#  the  tasic  of 
the  designer  in  choosing  the  material  proper¬ 
ties  for  an  acceptable  anti-vibration  mount 
would  bo  greatly  simpUfied.  Based  upon  the 
data  that  exist,  however,  it  does  not  appear 
that  a  complete  separation  of  effects  is 
reasonable.  In  the  following  sections  the 
variation  of  the  dynamic  properties  with  each 
of  diese  effects  and  their  interaction  Is 
discussed.  This  discussion  is  in  the  form  of 
a  survey  of  related  literature  rather  than  of 
a  detailed  study. 

VARIATION  OF  DYNAMIC  PROPERTIES  INDEPENDENTLY 
WITH  FREQUENCY#  STRAIN  AMPLITUDE,  AND  STATIC 
LOAD 

Variation  with  Frequency 

The  dependence  of  the  dynamic  modulus  on 
frequency  is  reasonably  well  l^nown  for  a 
variety  of  elastomer  compounds  under  conditions 
of  no  static  load.  As  an  example#  the  shear 
modulus  and  damping  factor  at  small  strain 
amplitudes  for  a  filled  natural  rubber  is  shown 
in  Fig.  1  (3).  For  a  specified  temperature  the 
shear  modulus  is  seen  to  exhibit  a  monotone 
increase  with  frequency  above  a  certain  "crit¬ 
ical  frequency#"  which  is  characteristic  of  the 
particular  elastomer.  The  damping  factor 
increases  rapidly  and  is  found  to  peak  in  the 
region  of  maximum  increase  in  shear  modulus. 

The  fact  that  the  dynamic  modulus  is  an 
increasing  function  of  frequency  is  a  direct 
consequence  of  the  temporal  behavior  of  visco¬ 
elastic  materials  observed  during  either  a 
creep  test  or  a  stress-relaxation  test.  From 
either  test  of  a  viscoelastic  material,  the 
modulus  is  found  to  be  a  monotone  decreasing 
function  of  time.  This  behavior  reflects  the 
molecular  relaxation  processes,  each  being 
characterized  by  its  own  relaxation  time.  The 
frequency  dependence  of  the  dynamic  properties 
is  formally  given  by  an  integral  transform  of 
this  observed  time  dependence  (5]«  The  behavior 


at  low  fiTuquoiicy  tliurufuni  corruupondu  with  tho 
long-time  bobavlor#  tho  long  period  providinq 
sufficionl  time  fut  substantial  rulaxation  to 
occur,  similarly,  tliu  high- frequency  and  thu 
Bhort'timo  behavior  oorro'uond  with  each  other. 

Tho  offect  o£  varying  frequency  at  higher 
values  of  strain  amplitudu  for  a  filled  natural 
rubber  is  shown  in  Fig.  2.  The  differoncu  from 
one  frequency  to  another  of  both  shear  modulus 
and  loss  factor  is  seen  to  be  about  the  sane 
for  all  values  of  strain  amplitude.  More  will 
be  said  about  the  implications  of  tliJa  obser¬ 
vation  later. 

Variation  wjth  Strain  Amplitude 

The  dependence  of  the  dynamic  modulus  of 
elastomers  on  strain  amplitude  has  been  exam¬ 
ined  by  several  investigators  17-15].  Several 
types  of  tests  have  been  used  to  explore  this 
dependence  with  tho  same  basic  results.  The 
dynamic  shear  modulus  and  the  phase  angle 
(i.G.,  6^)  measured  by  Payne  [11,12]  at  a 

Cj 

frequency  of  0.1  Hertz  for  a  carbon-black 
filled  butyl  rubber  la  shown  In  Fig.  3,  The 
parameter  of  each  curve  Is  the  amount  of  filler 
present.  For  compounds  with  little  filler 
content  there  is  little  change  of  cither 
modulus  or  phase  angle  with  strain.  For  larger 
filler  content^  howover,  the  dynamic  modulus 
decreases  dramatically  with  increasing  strain 
amplitude.  Correspondingly,  the  phase  angle  is 
found  to  peak  in  the  region  wliere  tho  modulus 
is  decreasing  most  rapidly. 

While  for  a  particular  elastomer  and  temp¬ 
erature  the  sensitivity  to  strain  amplitude  is 
a  function  of  the  amount  of  filler  present,  tho 
detailed  variation  of  thu  dynamic  properties  of 
a  particular  filior  varies  with  the  type  and 
composition  of  the  elastomer  and  with  the 
average  size^  ?hape  and  chemical  properties  of 
the  dispersed  filler  particles  [16,17,18], 

Two  conclusions  are  drawn  from  these  and 
similar  data.  First,  there  is  little  depend¬ 
ence  of  the  modulus  and  loss  factor  on  strain 
for  small  values  of  strain  anpLitude  (i.e., 
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less  than  10  ) .  This  is  the  region  of  linear 

viscoelastic  behavior.  Secondly,  the  sensitiv¬ 
ity  of  the  dynamic  properties  of  elastomer  com¬ 
pounds  to  strain  amplitude  increases  with  the 
filler  content.  The  dynamic  properties  of  some 
unfilled  elastomers  that  exhibit  Little  depend¬ 
ence  on  strain  amplitude  at  room  temperatures 
have  been  observed  to  exhibit  some  strain 
dependence  at  lower  temperatures  [19]. 

One  mechanism  has  been  discussed  to  des¬ 
cribe  the  sensitivity  of  the  dynamic  propertius 
of  filled  elastomers  to  strain  amplitude.  Tho 
fillers  that  produce  this  sensitivity  are  forms 
of  carbon  black  [11],  certain  silicas  (llj  and 
salts  [10]  existing  as  particles  or  chains  of 
particles  embedded  in  the  elastomer  matrix* 
There  are  interaction  forces  of  either  chemical 
or  surface-active  origin  which  bond  the 


partieb'H  ^lJ  Lltu  ulautormjr  matrix  under  uquil- 
Ibriom  conditions.  Paynu  (121  refers  to  this 
situation  as  a  '’wetting"  ot  tiiy  particles  by 
the  matrix.  Since  for  the  materials  under 
discussion  the  ulautic  moduli  of  the  filler 
materials  are  much  greater  than  the  equil¬ 
ibrium  (or  zero  frequency)  modulus  of  tho 
elastomer  matrix,  the  effect  of  filling  is  to 
enhance  the  modulus  by  increasing  tho  roniat- 
ance  to  deformation.  When  such  a  filled  olas- 
tomur  is  Htralnud  in  a  periodic  manner  at  low 
amplitude,  the  enhanced  equilibrium  modulus  is 
observed  (see  Fig.  3).  At  larger  values  of 
strain  amplitude*,  a  process  of  "dewutting"  is 
thought  to  occur.  Owing  to  the  large  strain 
amplitudes,  the  filler  particles  "suparato" 
aomuwliat  fromtiio  clastomor  matrix.  Tills 
X^rocess  results  in  a  loss  in  the  magnitude  of 
the  dynamic  nv^dulus  and  an  increased  loss 
factor.  A  siriiple  theoretical  model  of  this 
effect  has  been  x^rojx^sed  by  FreUdetithal  [17]. 
This  mechanism  however,  does  not  account  for 
tho  observed  strain  dependence  of  unfilled 
elastomers  at  low  temperature  [191. 

Variation  with  Compressive  Static  Loading 

There  has  been  a  considerable  interest  in 
evaluating  the  effect  of  static  load  on  tJie 
dynamic  properties  of  polymeric  compounds.  A 
variety  of  loading  conditions  and  experimental 
methods  have  been  emtiloyod  [2,15,20-251; 
however,  tho  concern  of  this  discussion  is 
those  studies  using  compressive  static  loadings 
(i.e.,  hydrostatic  or  uniaxial). 

The  effect  of  hydrostatic  pressure  on  the 
bulk  compressibility  (B*)  of  rubber-sulfur 
vuicanizate  over  a  frequency  range  of  50  to 
1000  liz  has  been  investigated  by  McKinney,  ct 
al .  [25].  Tho  rool  and  imaginary  parts  of  the 
bulk  compressibility  at  1000  Hz  as  a  function 
of  temperature  are  shown  in  Pig.  4  for  gauge 

7 

pressures  from  0  to  y.8l  x  10  Pascals.  For  a 
given  temperature,  the  real  part  of  the  compli¬ 
ance  is  a  monotone  decreasing  function  of  pres¬ 
sure.  The  imaginary  part  of  the  compressibil¬ 
ity  shows  even  greater  sensitivity  to  pressure 
in  the  temperature  range  of  -10°  to  10°  C.  For 
low  temperatures  there  is  a  monotone  decrease 
of  b"  with  increasing  pressure.  At  higher  tem¬ 
peratures,  this  is  no  longer  the  case.  The 
data  of  Fig,  4  can  be  used  to  calculate  the 
bulk  modulus  and  loss  factor  as  functions  of 
pressure  for  several  temperatures.  The  modulus 
’  2 

(i.e.,  (1/B  ) cos  6g)  is  found  to  increase 

slightly  with  pressure  while  the  behavior  of 
the  loss  factor  depends  strongly  on  temperature. 
The  results  of  an  acoustic  transmission  test  on 
"rubber-liko"  resins  under  hydrostatic  pressure 
arc  discussed  by  Boiko  [2],  in  the  ranges  of 
frequency  and  pressure  from  10  to  100  kHz  and 

0  to  1,5  X  10*^  Pascals,  both  the  real  and 
imaginary  parts  of  the  elastic  modulus  are 
observed  to  increase  with  pressure. 


\ 
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T)iu  dynamic  Young's  modulus  obtained  uaing 
a  vibration  tost  by  do  Mcy  and  van  Amerongen 
[il)]  £or  cylindrical  samples  of  an  unfilled 
auturul  rubber  compound  under  uniaxial  comprea- 
alun  isi  shown  in  Fig«  5.  The  modulus  is  shown 
au  a  func-'bion  of  static  comprussive  strain  for 
dlft'urunt  values  of  the  shape  factor 

whuru  b  is  the  cylinder  dieuneter  and  h  the 
o'*  O 

height*  Thu  modulus  is  obtained  for  frequen¬ 
cies  of  30-35  llortz  and  a  dynamic  strain  ampli- 
-  3 

tudo  of  5  X  10  .  These  data  show  the  modulua 

increasing  with  static  load* 

These  data  provide  an  indication  of  the 
dependence  of  the  dynamic  properties  of  elasto¬ 
mers  on  compressive  static  load*  A  mechanism 
for  explaining  such  a  dependence  for  niatcrials 
subjected  to  volume  compression  has  been  dis-- 
cussed  by  Ferry  [4].  This  mechanism  uses  the 
concept  of  the  "free  volume"  of  a  material 
that  is  present  in  the  forn  of  voids  on  either 
a  molocular  or  macromolecular  scale*  When  a 
maturlal  is  loaded  compressively,  there  is  a 
tendency  to  decrease  its  free  volume ^  thereby 
inhibiting  molocular  motions.  Such  a  process 
results  in  a  docreasu  in  the  compressibility  of 
the  material  (and  hence  an  increase  in  the 
modulus) .  Tho  effect  of  decreasing  the  free 
volume  of  a  material  is  more  directly  observed 
under  hydrostatic  loading.  As  suggested  in  {2), 
it  would  be  expected  that  this  tnechaniam  would 
only  manifest  itself  for  very  large  uniaxial 
loadings  whicli  decrease  the  macroscopic  volume 
(and  honcG  docrease  Poisson's  ratio)  of  the 
ma tcrial. 

rNTERDEPKNDENCE  OF  THE  EFFECTS  ON  THE  DYNAMIC 
PHOPERTIES  OF  FREQUENCY  STRAIN  AMPLITUDE  AND 
STATIC  LOAD 

Depondonce  of  the  Effects  of  Frequency  and 
Strain  Amplitude 

The  discussion  thus  far  has  shown  that  the 
dynamic  properties  of  elastomer  compounds  are 
observed  to  vary  significantly  as  changes  are 
made  to  either  one  of  the  three  factors? 
frequency,  dynamic  strain  amplitude,  and  static 
loading.  In  addition,  tiechanisms  thought  to 
give  rise  to  these  variatinns  have  been  briefly 
described.  A  complete  de  "ription  of  the 
dcpcndoncQ  of  the  dynamic  properties  of  any 
elastomer  material  on  these  factors  requires 
that  all  three  be  allowed  to  vary  independently. 
Such  an  experimental  program  for  any  material 
is  not  easy  to  fulfill*  There  do  exist  however, 
results  of  experimental  programs  in  which  two 
of  the  three  factors  have  been  varied*  By 
"piecing"  these  results  together,  some  insight 
into  the  dependence  on  all  three  factors  can  be 
obtained . 

The  relationship  between  the  effects  of 
frequency  (or  time)  and  dynamic  strain  ampli¬ 
tude  on  the  dynamic  properties  has  been  dis¬ 
cussed  for  a  variety  of  elastomer  compounds  by 
Freudcntfial  [16],  Smith  [8],  Landel  and 


Stedry  (9),  and  WarnaXa  and  Miller  [1^].  The 
conclusions  drawn  in  [8],  [9],  and  [16)  is  that 
to  a  fair  degree  of  approximation  the  effects 
of  dynamic  strain  amplitude  and  frequency  (or 
time)  are  separable  (i.e.,  act  independently). 
This  conclusion  has  also  been  drawn  by  Vashchuk 
and  Rosin  [6] . 

The  independence  of  these  two  effects  is 
consistent  with  the  "dowetting"  mechanism  used 
to  describe  the  strain  amplitude  dependence  of 
filled  elastomers.  It  would  be  expected  that 
to  a  first  approximation  this  mechanism  would 
occur  at  any  frequency.  The  primary  cause  of 
the  "dewetting"  is  th»*  relative  motion  between 
filler  particles  and  olastomur  matrix?  hence, 
frequency  effects  would  not  bo  expected  to  be 
dominant. 

Since  the  effects  of  frequency  and  dynamic 
strain  amplitude  are  approximately  separable, 
the  dependence  of  any  dynamic  property  (H*)  on 
frequency  tf) ,  strain  amplitude  (c^) ,  and  static 

static  load  (o)  may  be  expressed 

H  =  H,tf,o)  H  {e,,o)  . 

d  f  c,  d 

a 

It  remains  to  examine  the  dependence  of  the 
dynamic  propc^rties  on  static  load  and  frequency 
effects  and  on  static  load  and  strain  anplltude 
effects. 

Relationship  of  the  Effects  of  Frequency  and 
Static  Load 

The  dependence  of  frequency  and  hydrostatic 
pressure  effects  has  been  discussed  by  Ferry  [4) 
and  Marvin  and  McKinney  [26)  in  terms  of  the 
free^volume  concept.  This  concept  can  be  used 
to  explain  the  dependence  of  ti^e  relaxation 
times,  which  characterize  the  material  behavior, 
on  the  pressure.  When  there  is  a  relatively 
largo  free  volume  in  the  material  (for 
example,  at  high  temperatures) ,  reorientation 
of  molecular  chains  owing  to  deformation  can  be 
achieved  relatively  easily  with  correspondingly 
short  relaxation  tin«s.  The  effect  of  a  hydro¬ 
static  load  Is  to  decrease  the  free  volume  of 
the  material.  This  means  that  the  molecular 
reorientation  takes  longer  to  achieve  owing  to 
an  increase  "viscosity"  or  resistance  to 
molecular  motion.  Hence,  relaxation  times  arc 
increased  with  hydrostatic  pressure.  In 
general,  the  effect  of  any  static  load  that 
alters  the  free  volume  of  the  material  also 
changes  the  relaxation  times. 

Experimental  investigations  into  tho 
effects  of  hydrostatic  pressure  on  dy?iamic 
properties  have  been  made  among  others  by 
McKinney,  et  al.  [25]  and  Bartenev  and 
Kuznetsova  [20].  The  effect  of  increased 
hydrostatic  pressure  is  to  reduce  the  free 
volume  of  an  elastomer  in  the  same  way  as  that 
produced  by  a  reduction  in  temperature.  Based 
on  such  reasoning  the  method  of  reduced  vari¬ 
ables  is  extended  by  McKinney  et  al.  to  include 
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tiiu  effoccs  of  pressure  as  well  as  frequency 
and  temporatura [25] .  A  reasonable  collapse  of 
the  data  of  FI9.  4  is  obtained  in  [25]  with 
this  sKtention*  Those  results  have  been  used 
to  obtain  tho  variation  of  the  bulk  compros** 
sibility  with  frequency  at  0^  C  for  several 
pressures  shown  in  Fig.  6.  The  frequency 
dupcndonco  is  not  significantly  altered  for 
hydrostatic  pressure  less  than  approximately 
7 

lO  Pascals  (1500  Psi) .  There  do  not  appear  to 
bo  low  froquancy  studies  of  the  effect  of 
frequuncy  .and  uniaxial  compressive  stress  on 
the  dynamic  properties  of  elastomers* 


D^jendenoe  on  tho  Effocta  of 
Amplitude  and  Static  Load 


vnamic  Strain 


This  depondencti  docs  not  appear  to  have 
been  the  source  of  significant  study  to  date* 

In  factf  one  can  only  offer  speculation  based 
on  the  preceding  discussions.  If  the  "de~ 
wetting**  process  described  in  [16]  is  the 
dominant  mechanism  of  the  strain  dependence  of 
filled  elastomers,  it  would  be  reasonable  to 
assume  that  this  strain  dependence  would  depend 
upon  the  static  loading.  The  effect  of  hydro¬ 
static  pressure,  for  instance,  would  be 
expected  to  delay  the  process  to  larger  strain 
amplitudes  by  retarding  the  filler-matrix  de- 
wetting.  Such  reasoning,  however,  must  remain 
purely  speculative  awaiting  experimental 
evaluation. 


INFLliENCE  OF  THE  DVNAMIC  PROPERTIES  OF  ELASTO¬ 
MERS  ON  THE  PERFORMANCE  OF  ANTI-VIBRATION 
MOUNTS 


The  frequency  variation  of  the  storage 
modulus  of  elastomers  indicated  in  Fig.  1, 
results  in  a  stiffening  of  an  emti-vibration 
mount  with  frequency.  In  the  region  of 
increase  in  modulus,  the  transmlssibility  of  an 
anti-vibration  mount  increases.  Several  calcu¬ 
lations  have  been  made  by  Snowdon  [3]  that 
display  this  effect  for  models  of  simple  mounts. 
When  the  storage  modulus  is  constant  for  all 
frequencies  of  interest,  the  transmlssibility 
decreases  at  a  rate  of  12  dB  per  octave  above 
the  natural  frequency  of  the  "mount".  This 
rate  is  reduced  when  the  storage  modulus  of  the 
elastomer  increases  in  the  frequency  range  of 
interest.  As  expected  the  maximum  value  of 
transmlssibility  decreases  as  the  damping 
factor  of  the  respective  material  increases. 

For  a  more  general  approach  to  estimating 
the  effects  of  the  stiffness  and  damping  of  a 

mount  on  the  mount  effectiveness  (E.,)  ,  refer- 

M 

ence  is  made  to  the  result  of  Sykes  [27] t 


where  y^  is  the  mobility  (i.e.,  reciprocal 
impedance)  of  the  mount,  and  are  the 

respective  mobilities  of  the  foundation  and 


machine.  An  increase  in  mount  stiffness  there¬ 
fore  in  general  reduces  the  mount  effectiveness. 

The  strain  dependent  behavior  of  filled 
elastomers  might  be  expected  to  be  important 
near  a  resonance  of  an  anti-vibration  mount. 
Since  the  storage  modulus  (i.e.*  stiffness) 
decreases  and  the  damping  factor  increases  with 
increasing  strain  amplitude^  the  resonant  res¬ 
ponse  is  diminished.  Another  effect  of  the 
stiffness  is  to  decrease  the  "natural" 
frequency  of  the  vibrating  system.  It  is 
difficult  to  quantify  the  effects  of  strain 
sensitivity  further  since  the  differential 
equation  that  governs  the  forced  motion  of  a 
simple  vibratory  system  with  strain  dependent 
stiffness  is  nonlinear.  Many  aspects  of  the 
general  nature  of  tho  response  of  simple 
systenm  with  non-linear  "springs"  is  discussed 
by  Stoker  [26].  As  expected  the  maximum 
response  of  a  single-degree-of-freedom  vibra¬ 
tion  system  with  a  soft  spring  (i.e.,  one 
whose  stiffneBS  decreases  with  extension]  and 
with  constant  damping  is  shifted  to  lower 
frequencies.  In  addition  the  response  displays 
a  "jump"  in  traversing  the  frequency  range  (see 
[26]  for  a  more  detailed  discussion) . 

For  elastomers  in  static  compression,  the 
existing  data  at  low  frequencies  (see  Figs.  5 
and  6)  indicate  a  slight  stiffening  with 
increasing  static  loading.  No  single  trend  is 
indicated  for  the  damping  factor.  The 
increased  stiffening  tends  to  increase  the 
transmlssibility  of  a  mount. 

The  separability  of  frequency  and  strain 
amplitude  effects  on  tho  dynamic  properties  of 
elastomers  permits  these  two  effects  to  be 
estimated  independently.  The  effects  on  the 
dynamic  properties  of  frequency  aiid  hydrostatic 
pressure  however,  are  not  separable.  With  the 
exception  of  large  static  pressures  (e.g. ,  a 

greater  than  10*^  Pascals)  ,  there  does  not 
appear  to  be  a  significant  coupling  of  these 
effects  (see  Fig.  6).  There  is  little  infor¬ 
mation  available  to  establish  similar  guide¬ 
lines  in  the  case  of  uniaxial  compression.  In 
addition,  the  dependence  of  the  effects  of 
dynamic  strain  amplitude  and  static  load 
appears  to  require  further  investigation. 

SUMMARY  OF  CONCLUSIONS 

In  summary  the  major  conclusions  of  this 
study  are  the  following: 

1.  The  dynamic  properties  of  elastomers 
can  vary  with  frequency  (and  temper¬ 
ature)  as  well  as  with  compressive 
static  load. 

2.  The  dynamic  properties  of  certain 
filled  elastomers  exhibit  a  strong 
dependence  on  strain  amplitude. 

3.  The  effects  of  frequency  and  strain 
amplitude  act  independently. 
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4 .  There  appears  to  be  a  weak  dependence 
ot  the  effect*;  of  frequency  and  hydro¬ 
static  (compresRional)  loads. 

5.  There  is  little  infomvation  available 
concerninq  the  combined  affects  of 
strain  amplitude  and  static  compres¬ 
sion  load. 

6.  The  stiffness  of  elastomers  tends  to 
increase  with  frequency  (decrease  with 
temperature) ,  decrease  with  dynamic 
strain  amplitude  (fur  strain-sensitive 
filled  elastomers) .  and  increase  with 
)iydrostatic  load. 
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f  ;  Fig.  3  -  Strain  amplitude  dependence  of  carbon  black  filled  butyl  rubber 

f  I  at  0.1  Hz  and  different  filler  content  in  parts  of  filler  per 

I  I  100  parts  of  rubber  by  weight  14,  12). 


114 


i  T("C) 

t 

i 

I 


Pia.  4  -  Storaae  and  loss  comDllances  of  natural  rubber  (12%  sulfur)  versus 


Elastic  storage  modulus  of  cylindrical  samples  of  an  unfilled  natural 
rubber  compound  for  several  shape  factors  (f  »  30-35  Hrj  dynamic 
strain  amplitude  =  O.OOSi  T  =  25'C) 115]. 
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1.  INTRODUCTION 
Backtiound 

Liquid  springi  can  be  designed  for  near  optimal  per- 
formince.  However,  there  is  limited  documentation  by 
manufacturers  relating  Isolator  mathematical  models  to 
hudware  design  parameteti.  Hence,  the  liquid  spring  design 
methods  have  yet  to  reach  the  state  of  the  art  whereby 
optimum  elastic  and  damping  qualities  can  be  specified  and 
subsequently  transformed  into  predictable  hardware  per¬ 
formance.  Furthermore,  in  practice  it  is  found  that  pneu¬ 
matic  or  liquid-filled  isolators  require  continuous  niainte. 
nance,  and  the  conceived  optimum  performance  is  subject 
to  degradation  between  servicing  operations. 

If  open-paramuter  mathematical  models  of  isolators 
with  common  design  features  were  available,  the  model 
parameters  could  be  optimized  directly  for  the  expected 
environmental  and  isolation  system  physical  properties. 

To  this  end,  a  feasibility  study  was  undertaken  to  determine 
if  a  reasonably  accurate  model  of  an  off-the-shelf  liquid- 
spring  isolator  could  be  found,  using  data  from  a  few  simple 
and  inexpensive  tests.  A  liquid  spring  was  selected  for  its 
design  versatility  and  potential  use  in  high-performance 
shuck  isolation  systems.  General  acceptance  of  a  system 
identification  approach  ultimately  will  depend  on  the 
simplicity  and  cost  of  testing  and  the  ability  to  represent 
instiled  operating  conditions  by  the  mathematical  formula¬ 
tion. 


hirpose 

The  purpose  of  this  report  is  to  present  the  results  of  a 
study  to  determine  the  feasibility  of  establishing  mathemati¬ 
cal  models  of  high-performance  liquid-spring  shock  isolators 
from  performance  test  data. 


Approach 

Several  general  nonlinear  formulations  were  attempted 
when  modeling  the  isolator.  The  isolator's  model  was 
included  in  an  overall  model  of  the  test  configurs  ion.  Terms 
representing  the  test  configuration  could  be  changed  as 
required  to  model  cny  suitable  configuration.  For  example, 
the  manufacturer's  test  entailed  droppin:;  a  weight  from 


various  heights  onto  a  plate  supported  by  the  isolator. 
However,  for  this  study,  a  hydraulic  shaketable  was  used 
whereby  the  isolator  formed  the  spring  and  damping  ele- 
menta  of  a  simple  horizontal  oscillator.  Generally,  the  test 
configuration  must  be  able  to  provide  the  tame  range  of 
motion  variables  (displacement,  velocity,  and  acceleration) 
to  the  isolator  as  expected  under  ictual  field  conditions. 

For  the  horizontal  oscillator  configuration,  three  tests 
were  performed,  using  approximated  displacement  box  func¬ 
tions.  Two  of  these  testa  were  similar  and  provided  con¬ 
fidence  in  repeatability  and  consistency.  The  third  test,  which 
was  performed  at  an  elevated  fluid  temperature,  provided 
information  regarding  the  variability  of  the  optimized 
coefficients. 


2.  EQUIPMENT  AND  TEST  CONFIGURATION 
Selection  of  the  Isolator 

Isolator  performance  can  be  defined  in  terms  of 
dissipated  energy-lhat  Is,  force-displacement  relationships. 
For  example,  equipment  fragility  dictates  that  to  Insure 
functional  survival,  imposed  accelerations  must  be  limited, 
thus  controlling  the  maximum  force  transmitted  to  the 
equipment  through  the  isolator.  Either  overall  or  internal 
displacements  can  impair  functional  survival,  so  both  types  of 
displacement  must  be  constrained.  The  dotted  horizontal  and 
vertical  lines  in  Fig.  1  indicate  the  performance  of  an  ideal 
isolator:  one  that  dissipates  as  much  energy  as  possible. 


Fig.  1  —  Force-displacement  relationship  for 
high  performance  isolators 
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The  fluid  comprenibUlty  end  viKoilty,  end  the  me* 
chenicil  and  fluid  friction  determine  the  reaponae  of  liquid* 
apring  laolators.  Compreaslon  of  tho  allicone  fluid  with  a 
variable  diameter  piaton  rod  providea  the  spring  effect 
(Fig.  2a);  fluid  flow  around  the  piaton  providea  the  major 
source  of  damping  (Fig.  2b),  The  apring  effect,  aa  illustrated, 
acta  only  for  rod  motion  from  left  to  right.  The  actual  liquid 
apring  used  was  double-acting,  giving  a  spring  effect  in  both 
directions. 


b.  DAMPING  EFFECT 

Fig.  2  —  Characteristics  of  a  liquid-spring 
shock  isolator 


A  liquid-spring  shock  isolator  was  used  in  s  simple  test 
to  provide  data  for  optimizing  the  coefficients  of  the  mathe¬ 
matical  model;  The  isolator  met  performance  specifications 
requiring  a  spring  rate  of  70  051  N/m  (400  Ib/ln.),  an 
effective  linear  viscous  damping  ratio  of  0.3,  and  a  0.30S-m 
(12*in.)  stroke.  Static  tests  by  the  manufacturer  indicated 
a  spring  rate  of  56  165  N/m  (315  Ib/in.)  for  small  displace¬ 
ments  and  96  619  N/m  (546  Ib/in.)  at  full  stroke  (Fig.  3), 
Section  3  further  discusses  the  hardening  property  of  this 
static  spring  rate. 


DISfLlCEWENT  icml 

Fig.  3  —  Static  spring-rate  curve  for 
the  test  isolator 


The  manufacturer's  testa  Indicated  an  equivalent 
viscous  damping  coefficient  of  0.28  to  0.43,  varying  with 
velocity.  Thus,  damping  was  expected  to  be  nonlinear. 

The  manufacturer  auggeated  that  the  dynamic  spring 
rate  and  damping  coefficient  would  exhibit  loftening  (see 
Section  3),  even  though  static  testa  showed  hardening.  This 
statement  simply  implies,  however,  that  the  dynamic  prop¬ 
erties  were  generally  different  from  thixm  the  manufacturer 
had  equipment  to  measure. 


Test  (^nfiguration 

The  least-squares  system-idenllficalion  technique 
requires  measured  input  motion  (base  displacement), 
measured  output  response  (mass  displacement),  and  an  open- 
parameter  differential  equation  as  a  trial  mathematical  model 
of  the  isolator. 

The  test  configuration,  shown  in  Fig.  4,  provides  the 
maximum  relative  displacement  and  velocity  using  available 
test  fixtures.  One  end  of  the  liquid  spring  was  attached  to  a 
rigid  base  mounted  on  the  CERL  Biaxial  Shuck  Test  Machine 
(BSTM)  test  platform  and  the  other  end  was  attached  to  a 
2722-kg  (6000-lb)  mass.  Rollers  supported  the  mass  and 
allowed  it  to  move  only  in  the  horizontal  plane.  Rolling 
friction  was  not  significant.  Base  displacement  was  applied 
to  the  isolator  through  the  rigid  base  mounted  on  the  test 
platform. 


Fig,  4  —  Test  carriage  on  liquid-spring  mounting  frame 


Six  uniaxial  electrohydraulic  actuators,  with  a  total 
capoclty  of  2  001  700  N  (450,000  lb)  provided  the 
horizontal  motion.  The  actuators  drive  the  3.638.m  square 
(12-rt  square)  all-welded  aluminum  test  platform.  A 
pressurized  hydraulic  fluid  provided  the  excitation  energy, 
and  a  0.0208  m^/s  (330.gpm)  senovalve  on  each  actuator 
controlled  it. 

Optical-electronic  equipment  provided  the  excitation 
and  mass  response  displacement  data,  Differentiating  the 
displacement  data  yielded  the  velocity  and  acceleration. 
All  data  were  recorded  on  analog  tape,  then  digitized  and 
.'iltered  for  reduction. 
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But  Excitation  Motloni 

A  wrlea  u(  preliminary  ainuaoldal  teati  to  determine 
aHequate  mass  responae  allowed  a  gradual  Increaae  In  relative 
reaponae  amplitude,  caused  by  a  rapid  riae  in  iaolator  fluid 
temperature  and  a  decrease  In  fluid  viscosity,  These  results 
caused  the  steady-state  testing  to  be  abandoned. 

Three  transient  tests,  labeled  runs  A,  B,  and  C,  were 
then  performed.  Figure  6  shows  the  platform  displacement 
for  these  runs,  Run  A  Input  motion  was  an  initial  step  to 
0.140  m  (5.50  in.)  displacement  with  a  rise  time  of  0.20 
sec.  This  displacement  was  held  for  approximately  2.00  sec, 
followed  by  a  return  to  the  original  platform  position  in 
0.12  sec.  Platform  displacement  for  run  B  was  opposite  In 
direction  but  equal  In  size  and  duration  to  run  A.  Run  C  had 
an  initial  rise  to  0.140  m  (5.5  in.)  displacement  In  f>.12  sec, 
followed  by  an  immediate  return  to  the  original  position 
in  0,12  sec. 


3.  FORMULATION  OF  THE  MATHEMATICAL  MODEL 
Physical  and  Mathematical  Properties 

Liquid  springs  behave  liko  automotive  shock  absorbers. 
Figure  6a.  shows  a  simplified,  single-acting  liquid  spring. 
Motion  of  the  rod  to  the  right  will  cause  a  spring  effect  by 
fluid  compression,  and  a  damping  effect  by  flow  of  fluid 
through  or  around  the  orifice  head.  This  isolator  can  (1) 
dissipate  energy  efficiently  by  fluid  damping,  and  (2)  return 
to  original  length  after  distortion.  The  latter  property  causes 
some  loss  of  efficiency  from  energy  dissipation,  but  k  is  a 
practical  necessity.  This  energy  is  conserved  and  la  shown 
as  the  hatched  area  in  Fig.  1. 

Figure  6b  shows  a  free-body  model  of  the  isolator.  F(t) 
represents  the  action  and  reaction  forces  applied  externally 


to  the  isolator.  The  Internal  force  causing  the  compressed 
Isolator  to  return  to  Its  original  position  is  shown  as  a  spring, 
and  is  depicted  mathematically  as  f,(z).  The  internal  force 
cauiing  damping  is  shown  as  a  dnshpot,  and  is  depicted  math¬ 
ematically  as  fgCi).  The  mathematics)  model  for  the  general 
teat  configuration  is: 

F(t)  +  fl(>!)  +  f2(*)“0  (Eq,  1) 

Either  the  spring  or  the  fluid  damping  can  exhibit  hard, 
enlng  or  softening  properties,  as  illustrated  in  Fig.  7  [  1,2], 
Hardening  occurs  when  the  internal  force  Increases  mure 
rapidly  than  the  diaplacement  or  velocity.  Softening  occurs 
when  the  internal  force  increases  less  rapidly  than  the  dis¬ 
placement  or  velocity.  By  requiring  both  f,  (z)  and  f.jli)  to 
•often  as  in  Fig.  1,  one  can  cause  energy  to  be  dissipated 
efficiently.  Optimizing  the  precise  shape  of  the  softening 
curvet  for  each  of  these  functions  and  for  each  Isolation 
system  allows  one  to  maximize  the  energy  dissipation 
efficiency. 

Several  practical  design  features  such  as  displacement 
dead  space,  fluid  preloading,  and  static  friction,  can 
influence  the  shape  of  the  curves  for  fjlz)  and  f2(z). 
Diaplacement  dead  space  results  from  little  or  no  resistance 
to  motion  in  the  vicinity  of  z  =  0,  and  is  not  directly 
associated  with  the  frictional  dead  space  shown  in  Fig.  3. 
Under  dynamic  operating  conditions,  frictional  dead  space 
will  appear  os  a  constant  friction  damping  term  in  fzCz). 

An  air  bubble  or  void  In  the  fluid  chamber  can  cause  a  dead 
space  in  displacement,  ^reloading  a  liquid  spring  cun  slightly 
modify  the  shapes  of  f](z)  and  f2(z)  in  addition  to  modify¬ 
ing  the  spring’s  response  at  small  displacement  velocities. 
However,  preloading  Is  Impossible  if  there  is  a  void  in  the 
fluid  chamber,  and  static  friction  will  create  a  minimum 
applied  force  before  the  relative  motion  of  the  isolator  starts. 
The  mathematical  aspects  of  these  features  will  be  discussed 
below. 


200i~  ease  displacements 


Fig.  5  —  Base  displacements 
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B.  FREE  BODY  DIAGRAM  OF  ISOLATOR 
Fig.  6  —  Slmpliried  diagrams  of  liquid-spring 
shock  Isolator 
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Fig.  7  —  Hardening  and  softening  properties 

General  Formulation  of  the  Model 

Figure  8  shows  a  simplified  model  of  the  test  configura¬ 
tion.  The  coordinate,  x,  is  the  absolute  displacement  of  the 
mass,  m:  absolute  table  displacement,  u,  causes  the  forces 
applied  to  the  mass.  The  relative  displacement  between  the 
mass  and  the  table  is  z  “  x  -  u.  Likewi.se,  the  relative  velocity 
is  i  "  X  -  ii,  where  the  superimposed  dot  means  ditferenllu- 
tion  with  respect  to  time. 


T-  •  Ij  111.  EFFECTIVE  DAMPER 
Fig.  8  —  Simplified  test  configuration 


The  spring  and  damper  effects  represent  the  isolator’s 
behavior.  Spring  forces  that  restore  the  mass  to  equilibrium 
are  represented  by  f](z),  which  is  a  nonlinear  function  of  z. 
Forces  that  dissipate  energy  are  repre.sented  by  fg(z),  which 
Is  a  nonlinear  function  of  z.  The  forces  applied  to  the 
isolator,  which  constitute  the  F(t)  term  in  Kq.  (1),  are  caused 
by  the  table  motion  and  the  inertia  of  the  mass. 


identification  of  Applied  Forces 

For  an  oscillatur  with  linear  elasticity  and  damping,  the 
mathematical  model  is  1 3  ] : 

mz  +  kz  +  cz  = -mu  (Eq.  2) 

where  m  is  the  mass,  and  It  and  c  are  constants,  i.e,,  fi(z)  =  kz 
and  fjiz)  =  cz.  Thus,  -mii  appears  on  the  tight  side  as  a 
forcing  function.  The  same  form  of  the  differential  equation 
is  applicable  when  fjfz)  and  f2(z)  are  nonlinear,  whereby: 

mz  +  f]  (z)  +  f2(z)  = -mii.  (Eq,  3) 

Substituting  X  =  z  -F  u  yields 

mx -F  f](~.)  +  f2(z)  =  0.  (Eq,  4) 

Equation  (4)  Is  the  general  equation  governing  the  test 
configuration  shown  in  Fig.  8.  At  rest  Initial  conditions  were 
assumed. 

in  passing,  it  is  considered  worthwhile  to  derive  the 
form  of  the  governing  equation  which  would  be  applicable 
for  a  more  versatile  test  configuration.  A  drop  test,  for 
example,  may  enable  one  to  achieve  a  broad  range  of  motion 
variables  which  cannot  be  achieved  with  the  horizontal 
oscillator  configuration  discussed  above.  Figure  9  shows  the 
notation  of  such  a  test.  A  mass  of  weight,  w,  is  dropped 
vertically  from  a  height,  h,  onto  a  flat  supported  by  the 
isolator,  which  acts  in  the  vertical  direction,  Summing  forces 
at  the  mass  yields  the  relation 

mz  +  fj  (z)  +  f2(z)  =  0  (Eq.  5) 


whet*  m  *■  w/g.  Not*  that  F(t)  from  Eq.  (1)  li  now  equal  to 
mil,  Initead  of  mic,  u  for  the  horizontal  otcUlator  configura¬ 
tion,  Alio  in  thli  ctae,  Initial  condition*  are: 


z(0)  -  0 
z(0)-v^ 


(Eq.  6) 


Nonlinear  Spring  and  Damping  Effect* 

The  nonlirtear  term*  f](z)  and  t^{i)  can  be  exprecaed  to 
any  deaired  degree  of  accuracy  by  expanding  orthogonal 
function*.  For  example,  for  a  lufticlently  large  number  of 
term*,  N,  the  following  expansion  can  represent  either  a 
hardening  or  softening  spring: 

fi(z)-  Ek„*"  (Eq.7) 

where  n  ii  an  integer,  and  l(„  is  a  constant.  Accumulating 
more  than  a  few  terms  for  either  f^(z)  or  f2(z),  however, 
would  result  In  awkward  and  time-consuming  calculations. 
Although  In  theory,  short  power-series  expansion*  can 
model  either  softening  or  hardening,  in  practice,  for  soften¬ 
ing,  unstable  solutions  result  when  large  motions  are  modeled 

The  hyperbolic  tangent  provide*  an  appropriate  repre¬ 
sentation  for  softening  [  4  ] :  , 

f j(z)  -  kjZ  +  k2  t*nh(oa).  (Eq.  8) 

A  similar  expression  can  represent  damping,  except  that  the 
equation  includes  a  term  tor  coulomb  friction: 

fj(z)  •  CjZ  +  Cj  tanh(0z)  *  c,  sgn(4).  (Eq.  9) 

In  Eqs.  (6)  and  (9)  a  and  p  are  constants,  while  sgn(z)  >  ±1, 
according  to  the  algebraic  sign  of  z. 


Discussion*  with  the  manufacturer  indicated  that 
response  results  might  reflect  the  effects  of  displacement 
dead  space  and  preloading,  Theee  conditions  affect  the  form 
of  either  fi(z)  or  in  the  neighborhood  of  z  -  0,  Figure 
lOs  shows  the  effMt  of  dead  space— no  resistive  force— for 
z  *  tfi.  Figure  10b  shows  the  effect  of  preloading— an  instan¬ 
taneous  positive  or  negative  force— for  fi(z)  ••  ty  at  z  0.  It 
Is  conceivable  (but  not  likely)  that  these  two  condition* 
could  exist  simultaneously,  a*  shown  In  Figure  10c,  Dead 
space  I*  usually  caused  by  a  fluid  void  or  air  bubble,  while 
preloading  I*  effected  when  the  fluid  is  injected  under 
pressure.  Hence,  the  two  conditions  might  exist  if  an  ait 
bubble  wu  trapped  under  pressure  within  the  cuing.  The 
computer  model  wu  adjusted  to  account  for  this  effect. 


Final  Model  and  Supporting  Rationale 

All  the  mathematical  forms  mentioned  in  the  previous 
subsection  were  tried.  The  leut-aquares  method  of  system 
identification  wu  used  to  find  optimum  values  of  kj ,  k2 ,  c^ , 
C2  and  C3.  Theu  constants,  which  constitute  the  unknowns 
in  a  Mt  of  simultaneous  linear  algebraic  equations,  are 
optimized  using  the  techniquu  described  In  Appendix  A. 

The  constants  a,  0, 7,  {,  and  e,  which  appear  ^thln  the 
nonlinear  expreulons  of  z  and  z,  were  independent  vsIum 
obtained  from  the  experimental  data,  and  were  thus 
optimized  by  trial  and  error,  Because  the  leut-squarm 
method  yields  an  overall  variance  and  a  covariance  ma- 
trbc  (see  Appendbt  A),  the  Qreek  constant*  could  be 
optimized  quickly  in  several  Iterations  by  selecting  value* 
which  would  minimize  the  variance  while  permitting  good 
conditioning  of  the  covariance  matrbr.  Good  conditioning 
of  the  covariance  matrix,  in  turn,  implies  that  the  form  of 
the  mathematical  model  wu  appropriate,  since  the  non¬ 
linear  terms  would  be  relatively  Independent  of  each 
other. 

Analysis  of  the  leut-squares  results  yielded  the  follow- 
ing  observations  about  the  form  of  the  mathematical  model 
of  the  isolator: 

1.  Softening  effects  for  both  fi(z)  and  f2(z)  were  clear, 
so  hyperbolic  tangents  were  used  at  in  Eqs.  (8)  and  (9). 

2.  There  appeared  to  be  no  constant  friction  force. 
Inclusion  of  coulomb  friction  for  all  velocities  invariably 
increased  the  variance  and  decreased  the  conditioning  of  the 
covariance  matrix.  This  result  dou  not  imply  that  friction 
wu  not  present,  but  rather  that  it  wu  most  likely  not 
Independent  of  velocity.  If  friction  depended  on  velocity,  it 
would  be  accounted  for  in  the  hyperbolic  tangent  term  of 
fglz).  It  wu  finally  decided  to  set  C3  ■*  0  to  allow  the  tanh 
(Pi)  term  to  account  for  frictional  effects  other  than  static 
friction. 

3.  The  combination  of  displacement  dead  space,  and 
preloading  (u  shown  in  Fig.  10c)  applied  to  both  the  linear 
and  the  hyperbolic  tangent  terms  for  f^(z),  but  only  to  the 
hyperbolic  tangent  term  for  f2(z).  In  other  words,  linear 
damping  appeared  active  in  the  dead  space,  while  the  remain¬ 
ing  terms  provided  no  resistance  to  motion.  Furthermore, 
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Fig.  10  —  De«d  iiitct  tnd  prelotd  •ff«cU  on 
•pr'ng  rit« 


th»  valu«  of  t  awockted  with  pitloading  via  found  to  b« 
negligible— a  remit  verified  u  likely  by  the  manufectuntir-for 
two  reeeoni.  First,  the  initial  preloadlng  fluid  pressure  pro¬ 
vided  by  the  manufacturer  was  relatively  low.  Second, 


because  the  isolator  had  been  operating  for  extended  periods 
at  high  fluid  temperatures,  it  bad  leaked  some  fluid.  In  either 
case,  a  void  in  the  fluid  chamber  could  be  expected. 

The  observations  led  to  a  definition  of  the  beet  mathe¬ 
matical  model  for  the  isolator  In  the  form  of  Eq,  (1)  u 

F(t)  '*'k]S  +  k2  tanh(oa)  '*’C)S  +  C]  tanh(^)~0.  (Eq.  10) 
Equation  (10)  shows  that 

f  j  (s)  -  k j  s  +  k,  tanh(oa!)  (Eq.  1 1) 

f j(i)  “  Cj  i  +  c j  tanh(pi).  (Eq.  12) 

The  results  of  applying  Eq.  (10)  to  the  physical  model 
for  the  test  configuration  (replacing  F(t)  with  mx)  are 
presented  in  the  following  section,  The  actual  table  dis¬ 
placement  wu  used  u  the  base  motion  excitation  for  both 
models.  Appendicaa  A  and  B  dlseuaa  techniques  tor  treating 
the  special  effects  of  dead  space  and  static  friction. 


4.  RESULTS 

Average  Parameter  Values 

The  coefficient  parameters  ki,  kg,  C] ,  and  Cg  (with 
Cg  >  0)  In  Eq.  (10)  were  calculated  and  optimized  by  the 
leaat-aquares  method.  Nonlinear  parameters  (those  denoted 
by  lowr^aae  Greek  letters)  could  not  be  optimized  in  this 
manner.  Although  it  would  have  been  desirable  to  optbnize 
the  nonlinear  parameters  automatically,  more  programming 
time  would  have  been  needed,  so  tbaee  parameters  were 
sdjusted  by  trial  and  error,  using  the  overall  variance  and  the 
covariance  matrix  conditioning  u  Indicators  of  improvement 
(tee  Appendix  A).  Solutions  were  always  highly  stable  ( 6  ] 
in  that  small  changes  in  constant  parameters  yielded  small 
changes  In  response. 

Table  1  gives  the  optimized  constants  for  all  three  tests; 
averages  are  in  the  far  right  column  of  the  table.  The  con¬ 
stants  for  tests  A  and  B  appear  to  agree  fairly  closely, 
although  kg  and  cg  for  run  C  are  somewhat  high.  Table  1 
allows  comparison  of  the  experimental  response  variablH 
of  relative  displacement  and  velocity  and  absolute  mass 
acceleration,  with  the  corresponding  theoretical  values  of 
the  same  variables  calculated  using  the  average  constants. 
Such  a  comparison  should  demonstrate  the  stability  of  the 
theoretical  solution  of  the  mathematical  model. 

The  figures  in  Section  2  show  the  table  motions,  u(t), 
for  the  three  tests  selected  for  analysis.  Changes  in  the 
viscous  properties  for  run  C  are  explainable,  given  the 
sensitivity  of  liquid  springs  to  changes  In  fluid  temperature 
(6).  Test  C  was  run  after  about  ten  previous  tests  in  close 
succession,  which  raised  the  temperature  of  the  fluid  enough 
to  render  the  isolator  cuing  warm  to  the  touch. 


Comparison  of  Model  Solutions  With 
Experimental  Data 

A  comparison  of  some  preliminary  model  predictions 
with  experimental  data  demoustrstM  that  the  leoat-squaru 


T(bl«  1 


Optlmiicd  ConiUnU 


Conatant 

Run  A 

Run  B 

RunC 

Avarofa 

kj  N/m 

76  900 

68000 

68  100 

70900 

kgN 

543 

686 

1630 

962 

Cj  N/m/i 

6  440 

7  620 

4  010 

6  020 

CgN 

1600 

1300 

4  060 

2  310 

CjN 

0 

0 

0 

0 

a  1/m 

78.7 

78.7 

78,7 

78.7 

0»/m 

78.7 

78.7 

78.7 

78.7 

yN 

0 

0 

0 

0 

S  cm 

1.96 

1.96 

1.96 

1.96 

e  cm/i 

1.62 

1.52 

1.62 

1.62 

technique  can  generate  optimum  conitanta  (or  the  mathe- 
maticai  modei.  Figures  lia,  b,  and  c  show  the  comparison  of 
the  variables  (relative  displacement  and  velocity  and  absolute 
mass  acceleration)  (or  test  A,  using  the  optimum  constants 
generated  for  test  A. 

Agreement  is  sufficiently  accurate  in  Figs.  11a,  b,  and  c 
to  conclude  that  the  mathematical  modei  depicts  the 
behavior  of  the  isolator  (or  test  A.  The  large  oscillations  in 
the  acceleration  trace  of  the  real  data  in  Fig.  11c  ate  attribut¬ 
able  to  experimental  noise,  since  the  measured  displacement 
trace  is  differentiated  twice  to  obtain  acceleration.  The 
pulse  at  point  A  in  Fig.  11c  is  the  sudden  actuation  of  the 
tanh(/3z)  term  (nonlinear  damping)  in  Eq.  (10)  when  motion 
is  somewhat  mild  and  the  relative  displacement  has  exceeded 
the  dead  band.  Only  linear  viscous  forces  have  been  observed 
to  be  active  In  the  dead  band,  where  |zl  <  d.  The  model 
would  be  more  accurate  if  this  pulse  (point  A)  had  occurred 
slightly  earlier,  to  match  the  real  data  at  about  point  B  in  the 
figure.  Although  no  time  was  spent  matching  the  slow 
motion  of  the  Isolator  near  the  dead  band  with  any  greater 
accuracy,  it  should  not  be  difficult  to  adjust  the  model 
(or  better  agreement.  For  high-performance  shock  isolation, 
accurate  prediction  of  terminal  motion  around  the  dead  band 
is  unnecessary. 

In  Table  1,  the  average  values  of  the  constants  (the  fat 
right  column  of  values)  are  somewhat  different  than  the 
optimum  values  found  for  test  A.  In  particular,  It2  hi  76 
percent  higher,  and  C2  it  46  percent  higher.  As  previously 
discussed,  the  rather  large  changes  in  these  constants  are 
attributable  to  the  weighting  effect  of  those  values  optimal 
for  test  C  for  which  the  fluid  temperature  was  elevated. 

Figs.  12i,  b,  and  c  show  the  effect  of  using  the  average 
constants,  using  test  A  again  (or  the  comparison.  The  effect 
is  slightly  less  agreement  than  in  the  optimal  plots  for  test  A 
(Figs.  11a,  b,  and  c).  Thus,  the  theoretical  solutioni  are 
stable. 


The  significant  conclualon  from  Figs.  11  and  12  is  that 
the  conitant  parametera  do  not  have  to  be  apeclfied  precisely 
(n  order  to  obtain  reasonably  accurate  predictions  of 
response-properties.  This  Is  a  highly  desirable  result,  since 
minor  deelgn-tolerance  diffcrencss  between  nominally  identi¬ 
cal  isolaton  in  practical  applications  will  cause  the  constants 
(or  optimal  modeli  to  be  sll^Uy  different,  'nierefore, 
average  veluee  (or  these  constants  should  predict  tetpunse 
piopertiee  that  reasonably  approximate  actual  retponat  prop- 
ertiaa. 

Figures  13a,  b,  and  c  compare  the  response  variables  (or 
test  B,  using  the  average  constants  from  Table  1.  Figures  14a, 
b,  and  c  show  the  same  type  of  results  for  test  C,  again  using 
tha  average  constants  Instead  of  the  optimal  constants  (or 
that  test. 

Finally,  Fip.  16  and  16  show  tha  nonlinear  spring  and 
damping  curves  calculated  from  Eqs.  (11)  and  (12)  for(i(z) 
and  (2(1),  uiing  the  averaged  conitanta  from  Table  1.  These 
flguree  will  be  dlMUased  in  detail  separately  to  inten>rat 
the  nonlinear  properties  and  their  effects  on  the  form  of 
Eq.  (10). 

The  dynamic  apting  rate  shown  in  Fig.  16  wu  found  to 
be  almost  linear  (i.e.,  it  had  a  alight  softening  property)  (or 
values  of  Is  I  greater  than  the  dead  bond.  The  softening 
term  kg  tanh(cia)  was  retained  (even  though  the  spring  rate 
was  neatly  linaat)  because  Its  presence  yielded  r  smaller 
error  variance  than  when  (a)  the  linear  term,  kjZ,  alone  was 
uied,  and  (b)  the  superposition  of  a  constant  term  (for 
example,  kg,  shown  in  Fig.  16)  and  a  linear  teim  waa  used, 
such  as  kg  sgn(z)  +  kj  z.  The  value  of  kg  was  taken  as  the 
extended  intercept  of  the  elastic  tine  to  the  force  axis,  and 
is  analogous  to  a  force  which  might  be  caused  by  preloading. 
However,  It  is  not  likely  that  preloiding  could  exist  if  a 
bubble  were  present  in  the  fluid,  ss  evidenced  by  the  exist¬ 
ence  of  the  dead  band.  Instead,  it  it  theorized  that  the  kg 
tanh(az)  term  served  to  shift  the  linear  curve  kjz  (shown  by 
line  OA  in  Fig.  15)  upward  and  almost  parallel  to  it  by  a 
force  approximately  equal  to  kg.  In  this  case,  large  changes  in 
ot  caused  very  little  change  In  error  variance,  because  the 
btflucnce  of  a  was  almost  eliminated  by  the  existence  of  the 
dead  band.  The  value  of  a  •  78.7  m"*  (2.0  In."^ )  waa 
selected  (torn  trial  and  error  mote  for  convenience  than  ai  an 
optimal  value,  since  it  could  have  ranged  from  39.3  <  a  < 
167.4  (1  <  a  <  4  in  English  units)  without  significantly 
changing  the  error  variance. 

To  some  extent,  the  above  comments  are  applicable  in 
a  similar  manner  to  the  vlacoua  damping  curve  shown  in 
Fig.  16.  For  example,  this  curve  ia  nearly  linear  (or  |z  |  > 

26  cm/a  (10  in./aec).  The  value  of  0*=  76.7  s/m  (2.0  sec/in.) 
is  anaJogoui  to  a,  but  in  this  case,  the  error  variance  waa 
somewhat  more  sensitive  to  changes  in  p  because  of  the 
requirement  to  fit  the  data  in  the  velocity  range  below  |z  I  > 
26  cm/s  (10  in./sec).  Again  the  hyperbolic  tangent  term 
yielded  a  smaller  error  variance  than  the  superposition  of 
a  constant  (Cg  in  the  figure)  and  a  linear  term,  such  as  Cg 
sgn(z)  +  c^z.  Here  cg  tgn(z)  is  identified  as  coulomb  friction. 
It  is  recalled  that  the  inclusion  of  a  coulomb  friction  term 
with  the  linear  and  hyperbolic  terms,  as  given  in  Eq.  (9), 
yielded  sn  increase  in  error  variance,  'f  hh  was  probably  be¬ 
cause  the  coulomb  friction  effect  was  largely  accounted 
for  in  the  hyperbolic  tangent  term,  except  in  the  range 
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below  Izl  61  cm/i  (lOin./aec).  Hence  the  two  terms  may 
not  have  been  sufficiently  independent.  Nevertheless,  the 
hyperbolic  tangent  term  yielded  the  smalleet  error  variance, 
and  wu  therefore  retained. 

These  results  were  obtained  from  only  three  tests,  one 
of  which  wu  held  with  elevated  fluid  temperature.  For  the 
purposes  of  this  work,  establishing  mathematical  models  for 
high-performance  isolators  from  experimental  data  is 
considered  feuible. 


6.  CONCLUSIONS 

The  lack  of  reasonably  accurate  open-parameter  mathe- 
matica!  models  of  typical  classes  of  isolators  makes  it 


difficult  to  predict  isolator  performance.  System- 
identification  methods  can  produce  mathematical  models 
from  experimental  test  data  on  individual  isolators.  The 
leut-squares  method  of  system  identification  was  used  to 
obtain  a  mathematical  model  of  a  liquid  spring  isolator, 
which  wu  selected  becauu  it  provides  near-optimum 
performance  for  shock  isolation. 

Becauw  preloadlng  and  dead-hand  properties  affected 
peak  response  values,  some  time  was  devoted  to  modeling 
these  effects  accurately  enough  to  duplicate  large  motions. 
The  only  significant  forces  opposing  motion  in  the  dead  band 
were  linear  viscosity  and  static  friction. 

Equation  10  gives  the  open  parameter  mathematical 
model  developed  for  the  isolator.  Table  1  gives  the  optimum 


viluM  of  the  puimeten  for  each  of  the  three  teeta,  together 
with  avenge  vatues. 

Agreement  of  the  actual  and  computed  reaponaei  (ualitg 
the  optimized  conatants  fur  each  teat  separately)  ranged  from 
very  good  to  excellent.  The  two  tiniUat  teats  yielded  similar  ' 
parameters,  with  the  largest  single  parameter  difference  being 
approximately  26  percent.  Using  the  optimized  parametere 
from  one  test  to  compute  the  response  of  the  other  caused 
the  agreement  to  deteriorate  allghtly.  The  test  held  at 
elevated  fluid  temperature  caused  large  changes  In  the 
optimized  constants,  although  average  constants  from  all 
three  tuns  still  yielded  good  agreement  with  the  test  results. 


The  major  conclusion  of  the  study  was  that  a  reason- 
ably  accurate  mathematical  model  of  an  Isolator  can  be 
found  from  a  few  simple  tests,  using  system  Idantificatloii 
methods.  Design  features  which  affect  maintenance  (such  as 
fluid  leakage)  can  also  be  modeled.  Substantial  changes  in 
opthnUed  constants  yielded  small  changes  In  computed  re¬ 
sponse,  indicating  some  degree  of  Insensitivity  to  production 
hardware  tolerances  u  wsU  u  mathematical  stabiUty  of  the 
model.  The  practical  application  of  system  Identification 
methods  in  the  design  of  shock  IsolaUon  systerru  appears 
plausible.  This  approach  could  replace  the  tn-placs  testing  of 
entire  isolation  systems  with  sbnpllfied  tests  of  abigle  Isola¬ 
tors,  and  therefore  should  be  significantly  mote  economical. 


APPENDIX  A 

LEAST-SQUARES  SOLUTION  FOR  COEFFICIENT  PARAMETERS 


In  Eq,  (10),  the  Arabic  pnrameten  (k| ,  k2,  Cj,  and  Cj) 
may  be  treated  as  the  unknown  quantities  to  be  optimized 
using  the  least-squares  method  of  system  identificstion. 
Although  other  methods  migiit  prove  more  profitsble,  the 
least-squares  method  was  basic  and  could  be  applied  di¬ 
rectly. 

The  constants  denoted  by  lower-csse  Greek  letters 
{a  and  d)  appear  in  nonlinear  factors  that  form  the  known 
coefficient!  (from  experimental-response  data)  of  the  un¬ 
known  constants  to  be  optimized.  The  Greek  constants 
modify  the  nonlinear  form  of  the  known  values  in  the 
matrix  of  equations  to  be  solved,  and  therefore  they 
modify  the  form  of  the  mathematical  model.  Thua  the 
Greek  constants  had  to  be  adjusted  by  trial  and  error  In 
this  work.  The  Arabic  constants  are  the  unknowns  to  be 
calculated. 

The  derivation  for  optimizing  the  Arabic  constants 
by  the  least-squares  method  begins  by  rewriting  Eq.  (10)  as 

mitj  +  Z|,k.  “  0, 

(Eq.  Al) 

i=l,2,..,I;i=l,  2,.,.J 

where  standard  summation  notation  is  used.  Subscript  i 
denotes  the  ib’  time  step  of  the  digitized  experimental 
data,  while  subscript  j  indicates  the  term  in  the  equation 
containing  the  j'*'  unknown  constant.  Total  time  steps  I  ire 
considered,  with  J  total  unknown  constants  to  be  optimized. 
The  unknown  constant  is  kj.  In  any  test  configuration 
such  as  that  described  In  Section  2,  m  denotes  the  mass  to  be 
isolated,  and  ii|  is  the  acceleration  of  the  mass  with  respect 
to  coordinates  fixed  in  space  ( that  is,  absolute  acceleration, 
as  opposed  to  acceleration  relative  to  the  table  motion).  The 
values  of  X|  (1  ■=  1,  2,...l)  come  from  measured  displacement 
data  that  have  been  differentiated  twice,  and  that  therefore 
contain  some  experimental  noise.  The  zy  values  come  from 
the  nonlinear  products  of  relative  displacement,  z,  and 
relative  velocity,  z.  They  also  include  the  lower-case 
Greek  constants  as  modifying  factors,  so  to  know  the  Zj^ 
values,  one  must  know  the  Greek  constants  farmed  from 
experimental  data. 


For  limpiicity  and  clarity,  let 

y,  “  m'x,  (Eq.  A2) 

and 

£i  “  -z^kj  (Eq.  A3) 

In  the  leaat-squaroi  method,  minimizing  the  Squared  diffac- 
ence,  or  error,  between  and  for  all  1  yields  the  optimum 
values  of  the  k|.  Therefore,  let 

2S-  (y,-£,)*  (Eq.A4) 

where  S  is  a  constant.  Setting  the  partial  derivative  of  Eq. 

(A4)  with  respect  to  each  kj  equal  to  zero  minimizes  S  with 
respect  to  each  kj  and  produces  a  system  of  J  simultaneous 
linear  algebraic  equations  of  the  form 

Substituting  Eq.  (A3)  into  Eq.  (AS)  gives 

“  0  (E<l.  A6) 

For  rnatrbc  computational  purposes,  Eq.  (A6)  is  rewritten  as 

where  Is  the  transpose  of  Zy.  In  tnatrk  notation,  Eq.  (A?) 
U 

lz'rj[zHkf--[zTlly|  (Eq.AS) 

where  [  z]  is  a  J  X  I  rectangular  matrix  and  [z'^  ]  is  iti  trans¬ 
pose.  Then)  k)is  a  J  X  1  column  matrix  of  the  unknown 
constants,  and  {y|  is  an  I  X  1  column  matrix. 

Now  denoting 

[A]-tzTl[al  (Eq.A9) 
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M  •  J  X  J  mittiji  of  known  viluM  from  MpwbnmUI  d*U, 
ind 

|bl-|*'^Hy|  (NAIO) 

M  •  J  X  1  column  matitx  of  known  ftluM  from  th*  data, 
tha  final  form  of  tha  matrix  aquation  to  ba  lolrad  la 

lAllkl-jbf  (Eq.AlJ) 

Equation  (All)  U  a  wall-known  ptobiam  In  matrix 
aliabra,  A  aultabla  aubroutlna  for  aolrlni  Equation  All 
for  tha  column  of  coaatanta|k|ean  ba  found  In  proframminf 
lltaratura  and  naad  not  ba  diaeuaaad  hara.  Uaini  auch  a  aub¬ 
routlna,  ona  can  find  tha  optimum  Arabic  conatanta  for  a 
(i’fen  mathamatical  modal  of  an  laolator. 

Ilia  overall  vartanea  and  tha  covariance  matrix  are 
hichly  uaeful  tor  analyxlng  (oodneaa  of  flt  of  a  modal  to  data. 
Tha  overall  variance,  la  obtained  by  avera|tnK  tha  mean 
equate  error  corrected  for  blaa.  The  error,  C),  at  eMh  time 
atep  waa  uaed  in  Eq.  (A4)  and  may  be  written  in  matrix 
form  u 

(Eq.A12) 

where  all  three  terma  ate  I  X  1  column  matrlcea.  Averaginf 
the  equated  errora  tor  all  I  provldea  a  blaaed  eatlmate  of  the 
variance,  b^; 

<r*  •  j  <€>{«!  (Eq.  A13) 

ere  <r>  la  the  tranapoae  of  e  ,  or  a  1  X  I  tow  matrix. 
Heducing  1  by  the  number  of  unknown  conatanta,  J,  to  be 
eetimated  rendera  the  variance  unbiaaed  (o^); 

(Eq.A14) 

If  N  la  much  larger  than  J,  the  biaaing  influence  will  be 
negligible. 


Tha  covariance  matrix,  [  V  ] ,  is  J  X  J  and  Indicataa  tha 
accuracy  and  Independence  of  the  individual  aatimatota 
(tha  unknown  conatanta  to  ba  optbnlaad).  This  matrix  la 
calculated  from  the  relation; 

(AHVl-o»(Il  (Eq.A16) 

where  all  matricaa  art  J  X  J,  and  |1]  ia  unit  diagonal.  Kara 
(A],o>,  and[I]  anknowaquantitiaa,and(V]  iatha 
unknown  matrix  to  ba  ealculatad.  [  V]  can  aohrad  using 
the  aama  aubroutlna  aa used  (or  obtainingjk  |in  Eq.  (All). 

The  numerical  value  of  and  the  conditioning  of  the 
{ V)  matrix  wan  contlnuouily  monitored  through  the  trial- 
and-arror  process  of  varying  the  form  of  tha  mathamatical 
model  and  the  lowar-caaa  Greek  conatanta.  Aa  the  model’s 
/it  improves,  the  value  of  decreases,  and  the  principal 
diagonal  alamanta  of  [  V]  itow  significantly  latger  than 
the  off-diagonal  alemanta.  Thaae  changae  Indicate  good 
conditioning  and  imply  that  tha  individual  terms  of  the 
aquation  are  independent. 

Accounting  for  displacements,  dead-hand,  and  static- 
friction  affects  taquirea  minor  condition  atatemanta  in  the 
computer  program.  Usually  relative  motion  waa  assumed 
(or  forced)  to  be  aero  whenever  Ixl  <  S  and  \il<e,  but 
eliminating  many  of  the  points  where  the  relative  motion 
was  zero  produced  a  batter-fitting  curve.  For  axampla,  In 
Fig.  14a,  relative  motion  aaaentialiy  ceased  between  1.60  sac 
and  2.12  aac.  If  this  portion  of  the  teat  were  Include''  in  the 
leaat-aquaree  solution,  a  good  fit  in  this  region  would  be 
obtained  at  tha  expense  of  leas  accurate  fits  of  the  more 
aigniftcant  portions  of  the  curves.  Since  getting  a  good  tit  of 
the  data  for  no  relative  motion  wu  trivial,  the  majority 
of  these  points  were  eliminated. 

Preloading  wu  accounted  for  originally  by  adding  the 
term  7sgn(z)  to  Eq.  (10).  In  this  case,  t  wu  a  constant 
coefficient,  so  the  leut-squarea  anaiyaia  ought  to  optimize 
it  automatically.  The  relatively  imall  Influence  of  thia  term 
in  the  [  A]  matrix  (for  thii  particular  iaolator)  cauaed  poor 
conditioning  of  the  correaponding  diagonal  element  in  the 
[V]  matrix.  Therefore,  the  value  of  >  ^  0  wu  verified  by  trial 
and  error  Instead. 
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APPENDIX  B 

TIME  DOMAIN  SOLUTION  OF  THE  DIFFERENTIAL  EQUATION 


Compariaon  of  the  analytical  and  experimental  reeulta 
made  it  neceisaty  to  aupetimpoae  the  aolutlon  of  the 
optimized  differential  equation  on  the  real  data,  u  dons  in 
Chapter  4.  Since  compute/  storage  and  speed  of  aolution 
were  not  serious  problenu,  a  fourth-order  Runge-Kutta 
algorithm  [  7]  wu  used  to  solve  the  equation.  ’This  algorithm 
wu  select^  for  its  simplicity  and  common  usage. 

In  the  leutaquaiee  aolution  for  the  optimized  coeffi¬ 
cients,  the  reaponu  behavior  in  the  dead-hand  and  static 
friction  had  to  be  accounted  for  by  special  programming. 
Both  of  thesa  effects  occur  in  regions  of  small  relative  dis¬ 
placement  and  low  relativa  velocity,  eo  they  should  be  of 
trivial  concern  for  high  performance  shock  isolation  systems 


It  became  apparent,  however,  that  distinct  chtngu  in  the 
peak  valuM  of  the  reeponu  varlablw  might  be  directly  aaio- 
cieted  with  chingu  in  dead-hand  and  static  friction.  The 
solutions  remained  stable,  in  that  small  changes  to  the  dud- 
band  or  atstic  friction  petamstere  yielded  email  changu  in 
peak  valuM  of  the  tesponae  variablw.  Since  anything  that 
affect!  the  peak  reaponu  valuu  should  interest  deaignera  of 
Isolation  syitaras,  the  dead-hand  and  static  friction  modifica- 
tiona  were  retained  u  special  propertiee  in  the  Runge-Kutta 
aolution. 

In  Eq.  10,  both  the  linear  and  hyperbolic  tangent  terma 
(kx,  +  k2  tanhoz)  for  spring  forces  and  the  hyperbolic 
tangent  term  (cg  tanh/Ji;)  for  damping  forcus  were  Inactive  in 
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. . . . . . . 


th«  dtad  butd,  whtr*  |i|  <  i.  Htnc*  linear  rkcoilty  (ei)  wu 
the  only  dynemli.  force  that  oppoied  motion  In  thie  bend, 

Sutlc  friction  effects  were  treated  differently  for 
Initial  and  terminal  motion.  Relative  motion  did  not  begin 
until  the  magnitude  of  the  force  applied  to  the  laolatoi  (In 
this  eaperlment,  F(t)  ••  mil  vvaa  the  applied  force)  exceeded 
a  amall  ataUc  force  of  F(t)  -  91.6  N  (20.6  lb).  For  terminal 
motion,  V  Urm  |u  I  decreased  to  xero,  the  motion  of  the  maaa 
waa  aUctwed  to  continue  until  liti  dropped  below  t  “  0.0162 
m/a  (0.6  In./aec),  The  static  friction  force  in  each  case  waa 
the  same,  and  the  average  value  of  c,  >  6023  N/m/> 

(34.4  Ib/in./eec)  from  Table  1  wu  used, 

Again,  the  only  reason  tor  conaldeting  dead-band  and 
static  friction  effects  wu  becauu  of  their  noticeable 
Influence  on  peak  response  motions.  This  study  made  no 
attempt  to  model  the  motion  near  the  rest  condition  In  the 
dmd  band  with  high  accuracy.  The  intent  wu  to  model 
effective  conditions  for  thou  prupertles  that  would  yUid 
conilstant  teaults  and  better  accuracy  for  the  peak  v^uea. 


1  Summation  Index  for  time 

)  Summation  Index  for  unknown  parameters 

k  Constants,  subscripted,  for  spring  coefficients;  alto 
uud  for  general  coefficients 

m  Mau 

n  Summation  Index  for  series  expansion  terms 
t  Time 

u  Table  displacement  1  absolute) 

X  Man  displacement  (absolute) 
y  Substitution  variable 
t  Relative  displacement 
A  Substitution  matrix 
F  Applied  futcu 

1  Maximum  number  of  digitized  time  points;  alto  used 
for  unit  diagonal  matrix 

J  Maximum  number  of  unknown  parameters 
N  Maximum  number  of  series  expansion  terms 
S  Constant 

T  Transpose  matrbt  symbol 
V  Covariance  matrbt 
Z  Known  variable  matrbt 


The  average  constants  from  Table  1  repeated  below 
reflected  the  modifications  made  to  the  solution 
progtemming  to  account  for  displacement  dead-hand,  static 
friction,  and  preloading  effects. 


70900  N/m 
(406  ibs/in.) 


lz|>5 


0  for|z|<S 


952  N 
°  (214  lbs) 

-  0 


for  lz|  >  6 
for  |z|  <  6 


6023  N/m/s 
“  (34.4  Ibs/ln./cec) 


for  all  i  and  z 


f" 

1-  0 


2313  N 
(520  lbs) 


for  I  z  I  >  6 


for  Izl  < 6 


-r  “  0.0  N  (preloadir.g)  (0.0  lb) 


S  0.0196  m  (0.77  in.)  (dlsplacetnent  dead  space) 

z  “  i  “  0  for  c^z  <91.6  N  (20.6  lb)  (initial  motion) 
or  z  <  0.0152  m/s  (0.6  in./sec)  (terminal 
motion)  (static  friction) 


SlTifflOLS 
a  Constant 

b  Substitution  column  vector 

c  (Oonatants,  subscripted,  for  damping  coefficients 

d  Differential  symbol 

f  Nonlinear  function,  subscripted,  for  spring  and  danipirg 

effecta 


a  \ 

(3  / 

y  >  Known  constants  used  in  nonlinear  factors 
S  \ 

e  1 

(  Substitution  variable 
o  Standard  deviation  (o^  >  variance) 

£  Summation  symbol 
d  Partial  derivative  symbol 
( )  Rectangular  matrix 
I  }  Column  matrbt 
<>  Row  matrix 
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A  GENERALIZED  DERIVATIVE  HODEL  FOR  AN  ELASTOMER  DAMPER 


Ronald  L.  Baglay  and  Patar  Ji  Torvlk 
Air  Forca  Inacltuca  of  Tachnology 
Wrlght-Pacteraon  AFB|  Ohio 


A  ganeraliiad  derlvaclva  (fractional  ordar)  la  usad  to  conatruct  a  dynamic 
straaa-acrain  conaCituCiva  relation  for  the  elaatomar  3M-A67,  The  daalra- 
bla  feacurea  of  thla  conatlcutlva  relation  are  damonatratad  and  the  eonati- 
tutivu  relation  ia  uaad  to  detarmina  vibration  time  hlatorlaa  of  a  alngle 
degree  of  freedom  oacillator  having  an  elattomer  damperi 


NOMENCLATURE 


introduction 


Di  Energy  diaaipated  in  a  unit  volume  of  mater¬ 
ial  undergoing  unlformi  alnuaoldal  attain 

D*!  The  operator  notation  for  a  generalixed 
derivative  of  fractional  order  a 

F(u)t  The  Fourier  tranaform  of  the  applied 
force 

Q  |G,i  Parameters  in  the  generalized  deriva- 
°  ^  ttve  constitutive  relation 

ki  stiffness 

k  ,k  r  Resulting  stiffnesses  from  the  genera- 
^  ^  lized  derivative  constitutive  relation 

i-i  The  operator  notation  for  a  Laplace  trans¬ 
form 


Ui  The  maximum  strain,  energy  stored  in  a  unit 
volume  of  material  undergoing  uniform,  sin¬ 
usoidal  strain 

x(t),X(s):  A  displacement  tlirie  history  and  its 
Laplace  ePansform 

Xj(t),Xj(s)!  The  displacement  time  history  for 
impulsive  loading  and  Its  Laplace 
transfni m 

X(ui):  The  Fourier  transform  of  a  displacement 
time  history 

z  I  A  parameter  of  the  generalized  derivative 
^  constitutive  relation 

c(t)i  a  strain  history 

o(t)i  a  stress  history 


The  damping  and  stiffness  properties  en¬ 
countered  in  elastomers  undergoing  steady-state, 
sinuBoidal  motion  are  generally  described  by  a 
complex  modulus  with  real  and  imaginary  parts 
that  are  functions  of  frequency  and  tempera¬ 
ture  [l]<  For  a  given  temperature  a  typical 
elastomer  exhibits  distinctly  different  damping 
and  stiffness  properties  the  frequency  of 
sinusoidal  motion  is  varle'd.  Fig.  1  [Z],  At 
low  frequencies  (the  rubbery  region),  an  elas¬ 
tomer  has  relatively  low  and  frequency  indepen¬ 
dent  stiffness,  and  has  relatively  small  damp¬ 
ing  that  increases  with  frequency.  At  high 
frequencies  (the  glassy  region),  an  elastomer 
has  relatively  high  stiffness  that  is  again 
frequency  Independent  and  has  relatively  small 
damping  that  decreases  as  frequency  increases. 
At  intermediate  frequencies  (the  transition 
region),  the  elastomer  has  stiffness  that  in¬ 
creases  with  frequency  and  has  relatively  high 
damping. 


rubbery  transition 
region  region 


glassy 

region 


damping 
\  c 


Increasing  Frequency  * 


Fig.  1.  Typical  Elastomer  Properties 
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XhQ  typical  currunt  practice  la  to  Lncor-' 
porate  tl)a  propartlca  of  an  elditom«‘t‘ic  mAterl- 
al  into  the  ('^uaLiou  of  inuLion  in  the  cumplnx 
Ireqoincy  domain 

in(lu)^X(u)  t  kXCu)  r.  F(ai)  (1) 

by  substituting  for  k  the  complex  number  that 
representa  the  maturial  properties  at  ambient 
temperature  and  at  the  irequency  of  greatest 
interest)  typically ■  a  resonant  frequency. 

m(  lii))^XCu))  +  (ik^sgM(u)  f  k^)X(i*i)  F(ui)  (2) 

sgiiCio}  ♦  I ,  tij  >  0  (3) 

SKti(t.i)  -  -1  ,  .u  <  0  (4) 

This  method  of  constructing  the  equation  of  mo° 
tlon  is  known  ao  the  "complex  modulus  method." 
Notice  that  the  resulting  equation  of  motion 
has  exactly  the  same  form  as  the  equation  for  a 
single  degree-of ‘‘freedom  (DOF)  oscillator  with 
"structural  damping"  [3]* 

Unfortunately  I  this  approach  contains  sev» 
oral  inadequac Icst  from  a  mathematical  point  of 
view.  The  first  of  these  is  that  the  equation 
of  motion  has  a  non-cau&al  response  to  impul*- 
sive  loading)  which  erodes  the  credibility  of 
any  solution  for  a  broad  band  input  [4].  The 
second  problem  area  arises  if  one  attempts  to 
express  In  the  time  domain  the  equation  of  mo¬ 
tion  having  Eq.  (2)  as  its  transform  [.*>]. 

mK(t)  +  [iw  sgn(u)  f  k^]x(c)  »  f(t)  (5) 

The  inverse  Fourier  tranafor.n  of  the  Fourier 
transform  of  thf  above  equation  will,  in  gener¬ 
al,  not  return  the  original  equation*  The 
equation  mixes  time  and  frequency  parameters; 
hence,  any  solution  obtaltied  with  Integral 
transforms  using  frequency  as  a  pnraraotcr  has 
no  precise  tii  ithumatical  meaning* 

In  spile  of  these  mathematical  weaknesses 
the  complex  modulus  method  yieldt  acceptable 
results  In  some  cases*  The  method  predicts 
steady-state,  sinusoidal  responses  chat  are  in 
many  cases  in  good  agreement  with  experimental 
observations*  In  addition  some  transient  re¬ 
sponses  can  be  closely  approximated  [6], 

It  cannot  be  denied  that  the  complex  modu¬ 
lus  method  is  a  valuable  engineering  tool;  how¬ 
ever,  a  mathumacical  model  ior  elastomeric  ma¬ 
terials  with  frequency  dependent  stiffness  and 
damping  properties  that  is  free  of  mathematical 
contradictions  is  desired.  It  is  the  objective 
of  the  authors  to  present  such  an  entity;  the 
generalized  -derivative  model  of  an  elastomer 
damper* 

GENERAMZED  DERIVATIVES  AS  CONSTITUTIVE  RELA¬ 
TIONS 

The  generalized  (or  fiactlonal)  derivative 
is  a  linear  operator  that  will  be  used  to  model 


lirear.  frequency  dependent  damping  and  stiff¬ 
ness*  The  generalized  derivative  of  real  order 
*,  O  <  z  <  1,  ol  the  function  c(t)  Is  defined 
to  be  [yj 

^  L  iilnl  d,.  (6) 

dt*  r(i-i;  dt.  '  T* 

rd-s)  r.  I  «“*x“*dx  (7) 

o 

The  utility  of  this  dcrinlclon  becomes  more 
apparent  when  onn  examines  the  Laplace  trans¬ 
form  of  till;  genera  1  Lzec!  derivative* 

/,(I)*c(t))  =  s'^UciL))  (fl) 

=  s/.{-:(t>)  -  c(o)  (9) 

Notice  that  the  Laplace  transform  of  a  genera¬ 
lized  derivative  of  order  z  yields  a  coeffi¬ 
cient  s*  instead  of  the  s  that  re-iults  when  the 
Laplace  transform  of  the  first  derivative  is 
taken. 

Generalized  derivatives  have  been  used  by 
Caputo  to  model  frequency  dependent  damping  ob¬ 
served  in  geological  strata*  Caputo  was  suc¬ 
cessful  in  obtaining  approximate  solutions  to 
the  eqiiations  of  motion  for  an  Infinite,  visco¬ 
elastic  layer  with  uniform,  prescribed  motion 
on  one  surface  [b].  Caputo  has  also  solved  a 
modified  one-dimcnslona I ,  viscoelastic  wave 
equation  for  unbounded  regions  where  dissipa¬ 
tion  was  modeled  with  generalized  derivatives 
[9]*  In  addition,  Caputo  investigated  the  na¬ 
ture  of  hysteresivS  resulting  from  a  sawtooth 
strain  history  in  a  material  where  the  damping 
and  stiffness  were  modeled  with  a  generalized 
derivative  [lO]. 

Caputo  chose  to  use  a  slightly  different 
definition  for  the  generalized  derivative. 

^  =_i_  I'  d,  (10) 

dt*  r(l-z)  'o  dT  (t-t)' 

This  definition,  Eq*  (lO),  and  the  definition 
stated  earlier,  Eq*  (6),  are  equivalent  If 
c(o)  =  0.  The  following  investigations  deal 
with  mechanical  systems  excited  from  a  state  of 
rest.  Hence,  the  assumption  chat  c(o}  =  0  will 
be  made  in  all  cases* 

Caputo  suggested  a  general  constitutive 
relation  for  one  dimensional  deformation,  of 
the  form 

o(t)  =  uc(t)  ■>-  — !! —  f  — ! -  dT.cii) 

r(l-x)  i  dr"  (c-t)* 

G  <  X  <  L  n  =  1,2,3 . 

Here  o(t)  la  the  stress,  t(t}  is  the  strain  and 
u  and  n  are  parameters  describing  the  material* 
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and 


For  n  equal  2  and  greater  thla  conatltutlve  re¬ 
lation  modela  material  properties  that  are 
strongly  frequency  dependent)  and  high¬ 

er.  Such  a  strong  frequency  dependence  la  not 
characteristic  of  the  elastomer  of  Interest 
here,  thus  a  constitutive  relation  correspond¬ 
ing  to  a  much  weaker  frequency  dependence  la 
adopted,  using  a  superposition  of  generalised 
derivatives  of  the  type  presented  In  Eq.  (6). 


c(t) 


C  eft) 
o 


-I- 


j  -  i. 

j=i  r(i-sj)  it.  I  t'J 

0  <  Sj  <  1 


dT  • 


(12) 


or 


a(t)  «  G  c(t) 
0 


r  *  1 

t  J  G  ,D  Mcft)) 

J=1  ^ 


(13) 


Thla  constitutive  relntlon  will  be  used  to  mod¬ 
el  the  behavior  of  an  elaatomer  undergoing 
shear  strain  in  the  rubbery  region  and  Into  Che 
transition  region,  and  will  hereafter  be  re¬ 
ferred  Co  IS  the  RT  model. 


Before  Introducing  Che  RT  model  Into  Che 
equation  of  motion  of  a  single  degree  of  free¬ 
dom  oscillator  with  elastomeric  damping,  the 
hysteresis  behavior  of  the  RT  model  will  be  ex¬ 
amined.  To  accomplish  this,  a  sinusoidal 
strain  history,  eft),  starting  at  t  -  0,  will 
be  assumed  and  oft),  the  resulting  stress  his¬ 
tory,  is  calculated.  First  It  must  be  shown 
chat  the  RT  model  produces  a  hysteresis  loop, 
and  second  it  must  be  demonstrated  chat  the 
stress  required  to  attain  this  hysteresis  loop, 
starting  from  rest.  Is  physically  realisable. 
The  first  requirement  on  oft)  Is  assumed  to  be 
met  If  oft)  becomes  sinusoidal  In  the  limit  as 
c  becomes  very  large.  The  second  requirement 
on  oft)  will  be  assumed  to  be  satisfied  If  It 
can  be  shown  Chat  the  stress  history  lii  a 
bounded,  continuous  function  of  time. 

We  begin  by  letrlng 


cos  u  (C-t)  u  cob  u  c  cos  u  t  e  sin  u  t  sin  u  t 
0  0  0  0  0 


(17) 


Then 


llm  .*1,  .  “o“*  V  I  V  . 

D  Jfc^.ln  w  t)  -  - - —  -rj-  d 

rfl-e.)  i  t  ■' 


u  eln  111  t  eln  u  t 


(18) 


rfl-Sj) 


f  “o 

J  “77 


dt 


Incegrels  in  Eq.  (18)  ere  In  feet  the 
coilne  end  sine  transformetlone  of 


The  two 
Fourier 

Evaluetlng  these  Integrele  end  eupplylng  some 
trigonometric  menlpulatlon  yields 


n  *4  *  4  *1" 

™  D  ^fc.sln  iii_t)  =  '^c„Bln(u_t  +  -^).(19) 


t*»  0  o  0  0  0 

Thus,  In  the  limit  es  t  becomes  large,  we 


have 


^^"'oft)  aCc  slnuit 
c**“  00  0 


J  t  s,l 

+  I  G,u„  7c  slnfu  t  +  -i- 

1  1  J  °  0  “  ‘ 

JmI  ■' 


(20) 


)  . 


Since  the  superposition  of  any  number  of  ouc  of 
phase  Bine  waves  can  be  expressed  as  a  single 
sine  wave,  tha  existence  of  a  hysteresis  loop 
Is  established,  and  chat  loop  Is  elliptical. 

For  positive  Cj  and  zj,  Che  stress  does  lead  the 
strain,  as  one  would  expect. 


To  demonstrate  that  oft)  is  a  continuous 
function,  Laplace  transforms  are  used,  Tsklng 
the.  Laplace  transform  of  Eq.  (IS)  produces 


4(0(0) 


I 


(21) 


G(t)  5S  t  >  0  ; 

c(c)  «  0  ,  t  <  0 


(H) 


J 


l 

1=1 


a(t)  =  G  c  sin  u>  t 
00  0 

G.c  .  ,t  sin  u  (t-r) 
■I  °  ° 

r(l-z  )  dt  I 

J  0 


dt 


(15) 


Using  a  theorem  (scsted  In  full  In  Appendix  A) 
that  deals  with  existence  of  the  Inverse  Laplace 
transformp  one  can  show  that  the  inverse  trans¬ 
form,  o(t),  exists  and  that  o(t)  is  a  continu¬ 
ous  function  for  all  time  and  that  o(t)  »  0, 
t  £  Of  Since  we  have  already  indicated  that 
o(t)  is  sinusoidal  for  t  large,  and  we  now  know 
that  oCt)  is  continuous  and  a(t)  !£  0,  c  <  0,  it 
may  be  concluded  that  o(t)  is  bounded  for  all 
time* 


and  note  that 


r(l“Zj)  dt  0 


sin  w 

o 

. i‘ 

T 


(t-T) 

J 


dt 


(i) 

0 


W^(t-T) 

r*J 


dt 


(16) 


Several  parameters  useful  in  the  evaluatioi 
of  the  damping,  or  energy  dissipation,  may  be 
computedf  The  total  energy  dissipated  by  a 
unit  volume  of  material  undergoing  a  homogene¬ 
ous  strain  given  by  Eq#  (14)  is 
c(T) 

D  =  I  ode  =  I  oedt  (22) 

0  o 
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(21) 


I; 

P 

I 

! 


i- 


r  ( 

S',  i 

I'  ' 

f  I 

I  I 


Subsc tcution  of  Eq,  (14)  and  (20)  yields 


D  »c 


’  J=  l 


G.u 
1  0 


■'sin 


The  maximum  energy  scored  at  any  point  In 
Che  cycle  Is 

CSC 

I  max 

U  j  o^(s)dt  (24) 

c=0 


where  o^(c)  la  the  porclcn  of  the  total  stress 
given  by  Eq>  (20)  which  Is  In  phase  with  the 
atraln<  For  t  »  c  sin  u  t, 

°  2 
J  ».  «,«  c 

I  Q,ui^  -*00!  *-^)-q-  (25) 

j=l 


U  =  (0„ 


Finally)  Che  loss  faccor*  n.  can  be  com*^ 
puCed  by  dividing  tha  energy  diislp.ition  per 
unit  volume  by  the  peak  energy  stored  per  unit 
voluinei  and  introducing  the  customary  factor  of 


2Tr. 


F,(t)  s  k^x(t)  + 
a  0 


J 

l 

j"i 


h,D  •’(x(t)). 


(29) 


Using  this  damper  to  dampen  the  motion  of  sin¬ 
gle  DOF  oscillator  with  external  force  f(t) 
produces  tha  equation  of  motion 


Fig.  3.  A  Single  DOF  Oscillator  Using 
an  Elastomer  Damper 

J  «, 

mx(t)  +  J  k  D  ■'  (x(c))  <■  kx(t)  =  f(t) 

J  =  1  J 

for  the  system  shown  In  Fig.  3  where 


(30) 


k  *  K 
o 


(31) 


"  =  2^0  =  ^  ^  2  >  • 


J  =  ' 


J  o 


J  '‘l  “l"  -1 

+  I  O.u  ■’cos  "tJ— )  . 

J  =  1  •>  °  ^ 


(25) 


Wo  note  that  the  onergy  dissipated)  the 
energy  stored)  and  the  loss  factor  all  display 
a  frequency  dependence*  For  a  material  which 
can  be  modeled  by  a  single  term,  l*e*, 

o(c)  =  Gs  ^  E(t)  )  (27) 

dt  * 

the  loss  factor  is  seen  tn  be 

n  *  tan  ir  z^/2  ,  (28) 


which  is  independent  of  frequency)  as  was  noted 
by  Caputo  [ll]* 


THE  RT  MODEL  AND  DAMPING 


The  RT  model  will  now  be  used  to  construct 
the  force-displacement  relation  of  a  spring 
mass  system  containing  an  elastomer  damper, 
where  the  elastomer  experiences  a  one'>dimenslci>' 
al  shear  strain)  Fig*  2*  The  force-displace¬ 
ment  relation  for  the  elastomer  damper  takes 
the  form 


5“nW\W —  x(c) 
^  nn  rn  t  r 


Fig.  2*  A  Damper  Employing  an  Elastomer 
Undergoing  Pure  Shear  Strain 


The  solution  to  the  equation  of  motion  for 
the  damped  oscillator  is  dependent  on  the  par¬ 
ticular  choices  of  J  and  2j*  For  the  purpose 
of  demonstrating  that  a  solution  to  the  equa¬ 
tion  of  motion  enn  be  obtained)  and  in  order  to 
investigate  the  properties  of  such  a  solution) 
we  will  consider  a  particular  case  J  »  1)  and 
ij  =  or 

mx(i;)  t  k^  •  D^{x(t))  +  kx(t)  =  f(t)  (32) 

We  apply  the  method  of  Laplace  transforms  to 
determine  the  response  x,(t),  to  an  Impulsive 
loading)  f(t)  =  6(t).  Taking 

x(0")  =  x(0")  =  0  (33) 

we  find 

X^(s)  s  (ms^  +  +  k)  ^  (3^t) 

where  [l2] 

.  iw.t  ^  1(1). t 

Xj(t)  s  L  ^(.X^Cs))  -  ce  +  cc 

(35) 


Since  is  complex  with  a  negative  real  part) 
the  first  two  terms  in  the  solution  are  expo¬ 
nentially  decaying  sinusoids*  For  t  large  the 
integral  in  the  solution  takes  the  form  [13] 


if 


dr 


(mr 


k)' 


The  solution  technique  for  the  more  general 
case,  Eq.  (30))  Is  demonstrated  In  Appendix  A. 


f  I 
=  \ 
-  1 


i 
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I 
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-rt,  r 
e  K,/r 


(rar^  ♦  k)^  +  k^^r 


dr 


-rt,  y— 
e  kj/r 


06) 


dr  . 


We  have  now  demonstrated  chat  Che  RT  model 
leads  to  predictions  which  are  correct  in  si  -~ 
eral  respects<  The  response  Is  causal,  a  sinu¬ 
soidal  Input  leads  to  a  sinusoidal  response, 
and  the  stiffness  (or  modulus)  and  damping  7re 
frequency  dependent.  It  remains  to  be  demon¬ 
strated  that  the  frequency  dependence  Is  char¬ 
acteristic  of  materials  of  interest. 


[■ 


,  111  r(3/2) 

k'  k^  t^^^ 


(37) 


-3/2 

Since  the  integreL  decays  as  t  for  Larg«f  t 
and  the  other  ^er^)s  in  the  solution  decay  expo¬ 
nentially!  the  Integral  dominates  the  impulse 
response  tor  Large  t  [l^J* 


t  M  ,  Xj<t) 


-3/2 


(38) 


Although  not  readily  apparanc 
tinuousi  real  function  where 
c  0*. 


I  nAt) 

Xj(t)  = 


la  a  eon- 
0  for 


It  has  already  been  shown  that  sinusoidal 
strain  in  the  RT  model  produces  sinusoidal 
atreas.  It  remains  co  be  shown  that  a  sinu¬ 
soidal  force  acting  on  the  system  in  Fig*  3 
produces  sinusoidal  displacements  after  trans¬ 
ients  have  died  ouc«  To  obtain  the  displace¬ 
ment  time  history  of  the  elastomer  damped  os- 
cllLatr^r  for  sinusoidal  Loading  applied  at 
t  s  Op  one  can  convolve  the  forcing  function 
with  the  Impulse  response  given  by  Eq*  (35). 

x(c)  =  I  f(t-t)Xj(T)dt  (39) 

0 


X  (c)  =  f  f  sin  (I3  (t-T)x^(T)dT  (AO) 
s  J  0  0  1 


Performing  the  Integration  in  Eq.  (AO)  and  re¬ 
taining  only  those  terms  In  the  solution^  x^(t)t 
which  do  not  go  co  zeto  as  t  becomes  large 
yields 

iu  C 
ce  f 


— Iw  t 
-ce  f 


t  M  »  X  (t)  a  Re( 


(u,  -  (J^) 
l  0 


}  ♦  R«(7=r 


(i3,  +  w  ) 
I  o 


-(i)  t 

e  °  f 


Re{- 


k^r» 


dr 


[Cmr^  4-  k)^  +  k^^r](r  +  iw^) 


(Al) 

) 


For  c  large,  i.e.,  after  the  transients 
have  died  ouCi  a  sinusoidal  load  is  seen  to  pro¬ 
duce  a  sinusoidal  response  in  the  structure. 
This  prediction  is,  of  course,  essential  if  the 
RT  model  is  to  be  used  to  describe  real  materi¬ 
als  since  sinusoidal  loadings  in  experiments 
conducted  to  determine  the  material  properties 
lead  to  an  observed  sinusoidal  response. 


These  properties  of  x^(c)  arc  proven  in 
Appendix  A* 


THE  RT  MODEL  FOR  3H-A67 


The  data  given  in  Fig.  4  are  the  observed 
properties  [15J  of  3M-A67  [l6]*  The  material 
properties  are  those  for  23*9°C,  however,  not 
all  of  the  data  given  was  measured  at  23.9^0* 
Experimental  measurements  of  the  itroperCles  of 
3N-4b7  were  performed  at  numerous  frequencies 
between  320  Kx  and  6100  Hs  and  at  temperatures 
ranging  from  -31.6°C  to  93a3°C.  It  was  then 
assumed  that  3M-A67  was  a  "thermo-rheologically 
simple"  material  and  the  "temperature-frequency 
equivalence"  principle  was  Invoked  to  reduce 
the  data  to  the  single  temperature  of  23*9^C» 
The  resulting  range  of  equivalent  frequencies 
was  from  10°  H*  to  10®  Hz  [l7]» 


The  data  from  the  first  three  dreades, 

10°  Hz  CO  10^  Hz,  were  used  to  construct  a 
three  parameter  model  for  3M-A67  in  the  upper 
part  of  the  rubbery  region  and  the  lower  part 
of  Che  transition  region*  Let 

^  1 

o(t)  =  2(G„  +  C,D  )c(c)  (Il2) 

0  i 

The  values  of  the  parameters,  G^,  Cj,  and  , 
were  determined  by  choosing  Initial  values  tn 
match  asymptotes  and  slopes  and  then  making 
Iterative  changes  to  parameters  until  an  accep¬ 
table  fit  was  obtained.  The  final  values  for 
the  material  parameters  describing  3M-467  were 
found  to  be 


=  5.5  X  lo"*  Newtons/, 

G,  =  d.l  X  10^  Neutor3-( sec . ) ‘^^/ 

Xj  =  .56  (d5) 

For  a  sinusoid  strain  history 

c(t)  =  c  (46) 

o 

Che  stress  time  history  ac  large  time  takes  the 
form 

o(c)  =  G  c  (A7) 

o 

where 

* 

G  -  t  G^(tai)  (A8J 

The  frequency  dependent  shear  modulus,  G,  is  the 
real  part  of  the  frequency  dependent  complex 
modulus,  or 

G  =  Re{(5.5  X  lO  )  +  (A.l  x  lO  )(l(j)*^°} 
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Fig.  4.  Haceriat  Properties  of  3M^t>7  at  23.9°C 
(USAF  Materials  Lab  Ttist  -  December  77) 
With  Generalized  Derivative  Model 
Superimposed 


The  loss  factor,  n,  is  calculated  by  dividing 
the  real  part  of  the  modulus  into  the  imaginary 
part  of  the  modulust  or 

*1 

Im(C.(lu»)  > 

n  « - rr*  <5o) 

Rc(G^  G^(lto)  M 

The  same  result  is  found  using  Eq*  (26).  The 
predicted  frequency  dependent  modulus,  and  fre¬ 
quency  dependent  damping,  (solid  lines)  are 
compared  to  the  initial  data  in  Fig.  4*  The 
agreement  is  seen  to  be  acceptable,  both  qual¬ 
itatively  and  quantitatively. 

The  generalized  derivative  model  for  3M-467  * 
uses  frequency  independent  parameters,  Go,  Gi, 
and  zp  determined  from  data  taken  In  the  time 
domain,  to  correctly  model  the  frequency  depen¬ 
dence  of  the  shear  modulus,  G[t  and  loss  fac¬ 
tor,  n,  over  three  decades  of  frequency.  Since 
the  frequency  dependence  of  G  and  n  is  correct¬ 
ly  modeled,  the  generalized  derivative  model 
can  be  employed  to  determine  the  response  of 
3M-467  under  broad-band  loading  and  response* 

If  the  properties  of  3M-467  were  modeled 
by  a  single  frequency  independent  complex  num¬ 
ber  as  is  the  case  for  "strcctural  damping"  or 
the  "complex  modulus  method,"  the  observed  fre¬ 
quency  dependence  of  the  shear  modulus,  G,  and 
loss  factor,  n,  would  not  be  well  modeled. 

While  the  loss  factor  of  3M-467  is  seen  to  be 
quite  insensitive  to  frequency,  as  in  the  com¬ 
plex  modulus  method,  the  significant  frequency 
dependence  or  the  modulus  is  not  well  modeled* 

A  standard  linear  viscoelastic  model 


o(t)  =  2G'ECt)  +  2G"Ht)  (51) 

Is  even  less  successful  In  approximating  Che 
properties  of  3M-467.  The  linear  viscoelastic 
model  predicts  a  frequency  independent  modulus, 

G  --  C  (52) 

rather  than  the  observed  frequency  dependent 
modulus,  and  predicts  a  loss  factor  proportional 
to  frequency, 


rather  chan  the  (essentially)  frequency  Inde¬ 
pendent  loss  factor  whlcti  was  observed, 

CONCLUSIONS 

The  generalized  derivative  is  a  linear 
Operator  that  has  been  shown  to  be  capable  of 
modelling  the  frequency  dependent  stiffness  and 
damping  properties  in  the  rubbery  region  and 
into  the  transition  region  of  3M-467*  In  addi¬ 
tion,  the  generalized  derivative  was  found  tu 
lead  to  an  appropriate  stress-strain  law  or 
constitutive  relation  in  that  the  stress  time 
history  is  well  behaved  (continuous  and 
bounded)  for  sinusoidal  strain.  In  addition  Che 
stress  time  response  to  an  Induced  sinusoidal 
strain  was  found  to  become  sinusoidal  for  large 
t imes • 

When  the  model  is  used  to  portray  an  elas¬ 
tomer  damper  in  a  single  DOF  oscillator,  fi  sin¬ 
usoidal  loading  was  shown  to  produce  (at  14irge 
time)  a  sinusoidal  time  history.  Moreover,'  the 
impulse  response  of  the  elastomer  damper  was 
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shown  CO  be  causal  i  as  Is  necessary  If  respon¬ 
ses  CO  arbitrary  Loadings  are  to  be  computedi 
In  this  respect,  Che  generalized  derivative 
leads  to  models  of  elastomer  responses  which  are 
superior  to  "structural  damping"  models  for 
which  Impulse  response  Is  non-causal.  The  es¬ 
sential  mathematical  feature  of  the  generalized 
derivative  model  Is  that  It  Is  a  time  domain 
model  which  properly  predicts  a  frequency  de¬ 
pendence,  rather  than  a  model  which  mixes  time 
and  the  frequency  parameter,  as  do  the  "struc¬ 
tural  damping  model"  or  the  "complex  modulus 
method . " 

In  summary,  the  generalized  derivative 
model  describes  the  linear,  frequency  dependent 
stiffness  and  damping  of  3H-467,  When  used  Co 
model  the  motion  of  a  single  DOF  oscillator 
with  elastomeric  damping,  the  mathematical  In¬ 
adequacies  of  the  "structural  damping"  model  or 
the  "complex  modulus  method"  are  avoided. 


APPENDIX  A 

In  this  section,  we  present  the  method 
used  CO  obtain  the  response,  Xj(t),  to  an  im¬ 
pulse  loading.  The  Laplace  transform  of  Eq. 
(30)  for  Impulsive  loading  Is 


ms^X,(s)  +  J  k.s  -^X, 
J=1  •’ 


(s)  r  kXj(6)  =  1  .(A-l) 


Cion  to  lie  on  the  negative  real  axis  of  Che  s 
plane.  Thus,  the  functions,  s  J,  ate  analytic 
In  the  half  plane  defined  by  x  >  0  and  Xj(s)  is 
analytic  for  x  >  0.  Since  Xi(s)  Is  also  real 
for  real  and  positive  s,  one  can  conclude  that 
X,(s)  satisfies  Che  conditions  stipulated  In 
the  above  theorem.  As  a  result,  the  Impulse 
response  xj(t)  Is  a  continuous  function  at  ex- 
ponentlal  order  and  Xj(t)  --  0  for  t  £  0.  Con¬ 
sequently,  Xj(t)  Is  causal. 

Contour  Integration  Is  employed  to  evalu¬ 
ate  the  Inverse  Laplace  transform 


The  inversion  Integral  Is  evaluated  by 
using  the  "residue  theorem"  [19]  and  the  Inte¬ 
gration  contour  given  In  Fig.  5. 


d(a)  =  I  k.s 


(Zj  ate  assumed  rational) 

Then  the  Laplace  transform  of  the  impulse  res¬ 
ponse  Is 

X^(.s)  =  (ms^  +  dCs)  ♦  k)"^  (A-3) 

At  this  point  ue  wish  to  establish  the  exlsterce 
and  the  properties  of  the  Inverse  Laplace  trans¬ 
form  of  X|(s).  To  this  end  we  quote  a  theorem 
on  the  inverse  Laplace  transform  [18]. 

"Let  F  be  [a  Laplace  transfort.  and] 
any  function  of  tho  complex  variable 
s  that  if  analytic  and  order  s"*'  for 
all  s  (s  =  X  +  ly)  over  a  half  plane 
X  2^  o,  where  k  >  1;  also  let  F(x)  be 
real  when  x  >  o.  Then  for  all  real  t 
the  [inverse  transform  is]  a  real¬ 
valued  function,  f.,..  Furthermore 
f(t)  is  a  continuous  function  of  ex¬ 
ponential  order  and  £(t)  =  0  when 
t  <  0." 

X-^fs)  is  a  Laplace  transform  chat  is  a 
function  of  the  complex  variable  s  (s  =  x  +  iy). 
The  term  dfs)  in  Xjts)  contains  functions  x  J, 

0  <  Zj  <  1 ,  that  are  analytic  everywhere  except 
along  branch  cuts,  which  are  chosen  by  conven- 


Flg.  5.  Integration  Contour  to  Evaluate 
the  Inverse  Transform  of  the 
Impulse  Response 


g(s)ds  =  2x1  I  B 


are  the  residues  of  Che  poles  of  g(s)  en¬ 
closed  by  Chu  closed  contour,  c.  The  contour  c 
is  comprised  of  six  segments. 

(i  gl3)ds  ..  I  f  g(s)ds  CA-6) 

c  k=l  L 


The  integral  along  contour  1  becomes  the  Inver¬ 
sion  integral  as  and  can  be  expressed  as 

=  R-  ih:  1 

1  (A-7) 

=  -  Rx!  m  J,  1  ^  ®n 


g(s)  =  =  (ms^  +  d(s)  +  (A-8) 

To  determine  thi2  inver.se,  we  must  evaluate  ^he 
integrals  along  contour.s  *2  through  6  and  the 
residues  B  » 
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The  residues  ere  generated  by  two  poles  of 
the  transform  at  s  »  and  b  b,_T5i  «  the  lo¬ 
cations  of  these  poles.  Iw^  and  Iwp  ere  solu¬ 
tions  of  the  equation 

♦  ■)<•)  +  k  =  0  .  (A-9> 


/  t  *exp[p(coB9  *  islnd)tlp^  1 

[  g(i)d»  s  I  — - - — r« - 

^  [p  m  +  d(Be  )  ♦  k] 


I  a  pa'  =  p(cobA  *  litnS) 


whera  d(a)  la  avaluatad  by  using  the  principal 
branch  p{  s‘J<  The  realduaa  oi  tha  poles  are 
avaluatad  using  the  limiting  procass 

B,  •  *■^1'  (i-lu,  )(s^m  +  d(s)  +  k)  (A-IO) 

1  B+Iw^  1 

lu,  t 

e  c  a  I 
similarly 

Bj  =  (s-UjXs^m  t  d<s)  ♦  k)"^*®"  (A-11) 

—  Iw,  t 
seel  • 


Contribution  from  the  segment  of  the  con¬ 
tour  labeled  "2"  may  be  shown  to  go  to  zero  in 
the  limit  as 

[  g(s)ds  =  f  r.18  Ids 

\  I  (R^e  ^  ni  +  d(He  )  +  k)  (A-12' 


s  e  Re^  s  R(cos6  4-  isind) 


cxprR(cose  +  lsin9)tlRc^'  ide 
CR^e^^®ni  c  d(Re^®)]  f  k 

*  19 

<  f  erpTRlcosS  *  tstn9)tlRe  1 
■"  '  ♦  d<Re^®)  +  k] 


4  R  m  -  (|d(Re'")|  ♦  k) 


for  R  >  R  where 

R*^m  -  (|d(R*e^®) |  +  k)  =  0 

R 

<  - -  (ir-o) 

R  m  -  ( jd'^Re  )  |  4-  k) 


f  axprp(cos«  ♦  lsjln»)t1pji  .1  .. 

I,  [p^‘“m  *  d(pa‘®)  +  k] 

“*  16 
f  axprpCcosS  *  lsln9)t  loe  , 

-  1  r  2  126  16.  .  T 

' ,  Lb  «  m  <■  d(pe  )  +  kj 

-a 

.  ^OC086C 

-  ]  ■  7TT  1*7,  TT  ■’  (A-1 

'  k  -  <  |d(pe  )  1  -f  p  m) 


for  p  <  p  where 
k  -  C|d(p  #^^)(  ♦  p  ^m)  a  0 


k  -  (  |d(pe^®) 1  +  o^m) 


h  -  ( |d(pe^*) I  +  p^m) 


a  0  (A-20) 


llm  f  e;(prp(co8t  -f  IsinB^tlpe  1 

p*0  I  r  2  i2e  le,  ,  T 

'  j_p  e  m  +  d^pe  )  ■♦•  k J 


d6  s  0  4-  10 


Hence,  the  contribution  of  the  integiration  on 
contour  4  is  sero. 

The  evaluation  of  tho  contribution  from 
segments  labeled  3  s>nd  5  nre  given  below.  On^ 
contour  3,  s  »  and  on  contour  5»  s  «  re'**’’* 


I  g(s)ds  +  j  g(s)df 


2  _>/  Ittv  . 

mr  +  dire  )  +  k 


llm  _ (n-o) 

®’“  R^m  -  {|d(Re^*)|  *  k) 


0  (A-15) 


Urn  [  expFRCcpsO  +  lslne)r.lB^ _ 

R-^**  J  r»2  126  le,  '  ,  T 

^  [Rem  +  J(R€  /  +  kj 


de  =  0  +  iO 


2  ./  -i’Tv  . 

nr  +  d(re  )  +  K 


It  should  be  noted  that 


d(re  )  ^  dCre"  ) 


Simlldrly>  the  integral  along  contour  6  can  be 
shown  to  be  zero* 

The  contribution  from  the  contour  labeled 
4  can  be  shown  to  be  zerOj  In  the  limit  as  P'4-0* 


but  rather*  that 

dLre^")  =  dlre'^’')  (A-24) 

and  the  sum  of  the  two  Integrals  will  not  vanish 
Combining  the  contribution  from  the 


lU 


Re£.  10.  p.  634-^39. 
Kef.  9.  p.  59-55* 


residues  with  that  from  the  last  pair  ot  con¬ 
tours  »  the  Impulse  response  cnii  be  expressed  as 


Xj(t) 


o 


_ _ 

2  ./  -In  ^  , 

mr  *  d(re  )  t  k 


2  ,/  l»\  , 

mr  -*•  dCre  )  +  k 


dr 


IWj^t  ^  Iw^t 
s  .  4-  ce 


(A-25) 


This  integral  may  be  evaluated  for  any 
operator  d(s)  of  the  form  given  earlier*  From 
thlS)  convolution  may  be  used  to  determine  the 
response  ot  the  single  degree  of  freedom  system 
to  any  broad-band  excitation  for  which  a 
Laplace  transform  may  be  evaluated. 
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The  response  of  many  practical  systems  to  shock  excitation  resulting 
from  a  drop  on  a  hard  surface  can  not  be  predicted  adequately  by  sim¬ 
ple  linear  elasticity  and  damping  models,  A  more  realistic  model 
consisting  of  a  mass  between  two  preloaded  non-linear  (cubic  elasti¬ 
city)  springs  and  restrained  by  a  Coulomb  and  viscous  damper  1s 
proposed.  An  approximate  quasI-harmonlc  solution  of  the  non-linear 
differential  equation  of  motion  of  the  model  whereby  both  amplitude 
and  phase  are  time  dependent,  enables  a  study  of  ths  motion  during 
the  first  half  cycle  (pulse)  after  collision.  Formulae  are  developed 
for  calculating  peak  acceleration,  rise  time,  pulse  duration  and  max¬ 
imum  deflection.  These  are  compared  with  corresponding  formulae  of 
special  cases  for  which  exact  solutions  are  known.  Acceleration  versus 
time  pulses  are  classified  In  accordance  to  pulse  shape,  e.g.  sawtooth, 
halfsine  and  trapezoidal,  as  a  function  of  system  damping.  Although 
the  model  1s  Intended  r;ainly  for  quantitative  design  In  packaging 
engineering  problems  1t  Is  suitable  for  studying  general  shock  Isolation 
problems  as  well. 


INTRODUCTION 

The  response  of  many  practical  systems  to 
shock  excitation  resulting  from  a  drop  on  a  rel¬ 
atively  hard  surface  (substrate)  cannot  be  pre¬ 
dicted  adequately  by  simple  linear  elasticity 
and  damping  models.  MlndUn  (1]  Investigated 
extensively  the  response  of  undamped  spring  mass 
systems  with  different  elasticity  functions  to 
shocks  resulting  from  free  fall  drops.  He  also 
Investigated  the  response  of  a  Kelvin  model 
(viscously  damped  linear  spring  mass  system)  to 
drop  shocks.  Comparing  the  shock  acceleration 
time  pulses  of  an  undamped  linear  mass  spring 
system  to  the  pulse  of  a  Kelvin  model,  Hindi  In 
found  that  the  addition  of  viscous  damping 
changes  the  undamped  sinusoid  of  the  simple  lin¬ 
ear  spring  mass  system  Into  a  damped  sinusoid 
with  shorter  pulse  duration  time  and  Increased 
Initial  phase.  Mustin  [2]  describes  a  procedure 
for  calculating  the  peak  acceleration  and  maxi¬ 
mum  strain  of  a  cushioned  Item  resulting  from  a 
free  fall  drop  for  different  cushion  elasticity 
functions  In  terms  of  a  "Cushion  Factor"  due  to 
Jansen  (31.  This  cushion  factor  Is  a  ratio  of 
the  peak  stress  developed  In  the  cushion  to  the 
energy  stored  per  unit  volume  of  the  cushion. 
Practical  application  of  this  procedure  requires 
the  ability  to  measure  the  Instantaneous  energy 
stored  1n  the  cushion  which  is  not  an  easy  task. 


It  Is  well  known  that  damage  sensitivity  (fra¬ 
gility)  of  many  products  Is  a  function  of  peak 
acceleration,  duration  and  shape  of  the  first 
(first  half  cycle)  acceleration  time  pulse  from 
the  Instant  of  contact  with  the  substrate  (A ,5). 
The  Influence  of  preloading  [6]  the  system  1s. 
however,  less  recognized.  The  popularity  of 
linear  ealsticity  and  viscous  damping  models  Is 
due  to  the  simplicity  of  the  mathematics 
required  for  solving  the  equations  of  motion  of 
such  models.  Unfortunately,  many  practical  pro¬ 
ducts  exhibit  non-linear  elasticity  as  well  as 
combined  viscous  and  dry  friction  (Coulomb) 
damping  characteristics.  The  application  of 
linear  models  In  such  cases  may  lead  to  signi¬ 
ficant  discrepancies  between  the  model  and 
reality.  In  this  article  we  shall  endeavor  to 
analyze  a  preloaded  single  degree  of  freedom 
system  with  non-linear  elasticity  and  combined 
Coulomb  and  viscous  damping,  In  particular,  we 
shall  develop  formulae  for  calculating  peak 
acceleration,  pulse  duration,  and  maximum 
deflection  of  such  systems  resulting  from  a  free 
fall  and  impact  with  a  hard  substrate.  The  sys¬ 
tem  to  be  considered  Is  schematically  Illus¬ 
trated  in  Fig.  1.  The  mechanical  model  consists 
of  a  mass  M  contained  In  an  Infinitely  rigid 
frame  and  restrained  by  two  massless  non-linear 
("hardening")  springs,  a  dashpot  and  a  dry  fric¬ 
tion  damper.  Shock  excitation  Is  achieved  by 
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( 


Rigid  Substrate 


F1g.  1  -  Mechanical  model  of  a  preloaded  single  degree  of  freedom  system 
with  cubic  elasticity  and  combined  Coulomb  and  viscous  damping. 


letting  the  rigid  frame  free  fall  through  a 
distance  h  whereby  It  hits  the  substrata  In  a 
perfectly  flat  drop. 

The  main  practical  applications  of  the 
model  are  intended  for  packaging  engineering 
design  problems.  However,  the  model  Is  general 
enough  for  other  applications  as  well.  In  pack¬ 
aging  problems  the  model  may  represent  a  cush¬ 
ioned  Item  In  a  rigid  container  or  a  dropped 
pallet-load  of  shipping  containers.  The  lower 
spring  would  represent  the  lower  cushion  or  the 
most  heavily  loaded  containers  In  the  bottom  of 
the  stack,  the  mass  represents  the  dead  weight 
of  the  stack  of  containers  on  top  of  the  bottom 
containers  or  the  cushioned  Item,  while  the 
upper  spring  represents  strapping  forces  and 
elasticity  of  the  upper  containers  in  the  stack 
or  an  upper  cushion  on  top  of  the  cushioned 
Item.  The  dashpot  and  friction  damper  repre¬ 
sent  the  combined  energy  dissipation  capabili¬ 
ties  of  the  system.  For  the  force  deflection 
characteristics  of  the  springs  we  choose  cubic 
elastIcUy  of  the  form; 

F  -  KqX  +  rx3,  (1) 

where  Ko  represents  the  Initial  spring  rate, 

^  when  X  =  0  and  r  is  the  hardening  soring 
dX 

coefficient.  It  can  be  shown  that  no  general¬ 
ity  Is  lost  by  such  a  choice  since  by  proper 
choice  of  Kq  and  r  It  is  possible  to  obtain  an 
adequate  fit  to  most  practical  force  deflection 
curves.  It  can  also  be  shown  that  the  combined 


Initial  spring  rate  and  hardening  coefficients 
of  the  system  are  equal  to  the  sums  of  the 
respective  values  of  the  two  springs; 

Kq  “  K;  +  K2  and  r  *  ri  +  r2  provided  that 

both  springs  a  '  never  unstretsed.  Thus,  the 
influence  of  lading  is  imbedded  1n  the  para¬ 
meters  Kq  ■  nd  the  systum  may  be  analyzed 
as  a  single  ■  .-e  of  freedom  system. 


EQUAl  lOll  OF  MOTION 

Suppose  that  now  the  rigid  frame  1s 
dropped  from  a  height  h,  free  falls  and  hits 
the  (substrate)  In  a  perfectly  flat  drop.  We 
want  to  examine  the  response  of  the  system  from 
the  instant  of  contact  with  the  substrate 
onwards.  As  long  as  the  frame  remains  in  con¬ 
tact  with  the  substrate,  i.e.  there  ls  no 
rebound,  we  have  tha  following  equation  of 
motion  for  the  relative  motion  of  the  mass  M 
with  respect  to  the  frame: 

MX  +  K.pX  +  rX^  +  CX  1-  Ff  sgn(;()  =  0  .  (2) 

The  conventional  single  and  double  dot  notation 
will  be  used  for  the  first  and  second  time 
derl.atives  of  the  relative  displacement  of  the 
mass  M  with  respect  to  the  frame.  The  other 
symbols  are  described  in  the  notation  list. 
There  is  no  exact  analytical  solution  for 
equation  (2);  however,  an  approximate  solution 
can  be  obtained  by  using  the  "Linearization 
Principle"  due  to  N.  Kryloff  and  N.  Bogoliuboff 
[7]  whereby  a  quasi-harmonic  solution  of  the 
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form  X  =>  Aco5(uQt  +  ti)  satisfies  equation  (2) 
tu  within  accuracy  of  r^.  Thus,  for  small  val¬ 
ues  of  r,  the  approximate  solution  is  very  near 
the  exact  solution,  while  the  results  for  relj- 
tlvely  large  values  of  r2  are  well  within  the 
accuracy  required  for  engineering  problems. 

The  quasi -harmonic  motion  Is  periodic,  but 
unlike  In  true  harmonic  motion,  both  the  ampli¬ 
tude  A  and  phase  o  are  functions  of  time  rather 
than  constants.  The  Kryloff-Bogolluboff  method 
of  linearization  consists  essentially  of  trans¬ 
forming  a  non-linear  equation  of  the  form: 

MX  r  K^X  +  rf{X,X)  =  0  (3) 

Into  an  equivalent  linear  equation  (4): 

MX  +  AX  +  <X  =  0  (4) 

whc  f(X,X)  must  be  an  odd  function  and  the 
par, 1'  iters  \  and  K  are  defined  by  equation  (5) 
and  (6)  as: 

-r-  2n 

^  '  rnrr  ■'  f(Acos*,  -Aw  slntjaln-fd*  (5) 

g  o 

^  2n 

K  =  Ko  +  f  f(Acos*,  -Aii^s1ni,)cos4di 

°  (6) 

Here  t  Is  a  dummy  variable  of  Integration. 

The  quasi -harmonic  solution  then  takes  the 
form: 

X  *  Acos(uj.t  +  '1)  *  AcosH'  (7) 

where ; 


It  can  be  seen  from  equations  (6)  and  (9),  that 
both  the  amplitude  A  and  frequency  of  oscilla¬ 
tion  u  are  functions  of  time.  In  our  case,  we 
have,  from  equation  (2) : 

f(X,X)  =  x^  £  X  +  ^  sgn(X).  (10) 

Inserting  equation  (10)  into  the  Integrals  in 
equations  (5)  and  (6)  and  performing  the  inte¬ 
gration  we  have: 

-r  2n,  ,,  ,  CAu  2 

A  -  ■ '  1  /  (A  cos  4^s1n^  -  — —  sin 

+  ~  sgn(X)sln't)  dt  »  C  • 

0 

2n  CAw^ 

K  =  Kq  +  jjj  ;  (A'^cos^'S  — j^slnpcosf 
+  ^  sgn(X)coS'l>)dt  =  Kq  +  |  rA^  , 


By  Introducing  the  notations  (13)  through  (18) 
we  can  write  equations  (7),  (8),  (9),  (11)  and 
(12)  In  a  dimensionless  form  to  enhance  the 


analysis  of  the  system. 

A  =  A/Xf, 

(13) 

u  '  rX^2/Kg 

(14) 

D  =  C/2Mu. 

0 

(15) 

u  =  F^/K^Xb 

(16) 

n  = 

(17) 

c  =  X/Xi, 

(18) 

Here  X|j  Is  the  maximal  permissible  relative 
displacement  of  the  mass  M  with  respect  to  the 
frame,  say  bottoming  deflection  of  a  cushion  or 
a  container  deflection  causing  unacceptable 
damage  to  the  product  Inside.  Equations  (7), 
(8),  (9),  (11)  and  (12)  are  then  respectively: 

e  =  ACOSiJi 

(19) 

i  ■  -  -,1“  *  1“-) 

(20) 

,  3^,2) 

(21) 

X  =  w^M(2D  .  ^) 

(22) 

K=  K^(l  +|va2) 

(23) 

The  parameter  a  may  be  considered  as  the  energy 
dissipation  coefficient  of  the  system  while  K 
Is  the  equivalent  spring  constant  In  the  lin¬ 
earized  system.  The  dimensionless  frequency 
ratio  n  Is  readily  derived  from  equation  (21): 


Equation  (20)  may  be  rewritten: 
r  Hf  -  L.  r  dA 

^  ‘  Ot.  *  ^  •  (25) 


Performing  the  Integration  we  have: 

t  =  -  +r)  +  C  ■  (26) 

0  ' 


Denoting  the  undamped  amplitude  ratio  (when 
t  =  0)  by  4^,  we  find  the  constant  of 
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Inttgrition 


After  some  algebraic  manipulations,  equations 
(Z6)  and  (27)  lead  to: 

t  .  -  2^(1  -  e-l^o^)  .  (28) 

Equation  (28)  Indicates  an  exponential  reduc¬ 
tion  of  the  undamped  amplitude  A  as  a  function 
of  time  t,  viscous  damping  ratio  D  and  natural 
Initial  frequency  ug  of  an  equivalent  simple 
spring  mass  system  with  spring  ratio  Kp.  The 
damped  amplitude  A  1s  further  reduced  by  the 
Coulomb  friction  parameter  a.  Note  that  when 
a  *  0,  equation  (28)  Is  reduced  to  the  familiar 
expression  for  the  logarithmic  decrement  of  a 
Kelvin  model  (viscously  damped  linear  spring). 
To  find  the  Initial  undamped  amplitude  ratio 
An.  we  take  the  first  time  derivative  of  equa¬ 
tion  (7)  to  obtain  the  velocity  )t: 


J,  =  ^  cos:(<  -  Agl  sin*  . 


At  the  Instant  of  collision  with  the  substrate, 
after  the  free  fall  from  a  height  h,  we  have: 

t«)(«0,  *=0  =  I,A'Aj,,  \/2gh  ' 

Inserting  these  Initial  values  1n  equation  (29) 
and  making  uso  of  equation  (21),  we  obtain: 


familiar  expression 
Ap  •  Ej.  or  Aj,  ■  /EWh/Kp.’ 


SOLUTION  OF  THE  LINEARUED  SVSTEM 

The  displacement,  velocity  and  accelera¬ 
tion  solutions  of  the  linearized  system  repre¬ 
sented  by  equation  (41  with  the  Initial  condi¬ 
tions,  t  •  0,  X  ‘  0,  X  »  ^gh  considering  X 
and  K  as  constants,  are  well  known  from  elemen¬ 
tary  shock  and  vibration  theory,  namely: 


X  .lt£aiL-^sin(Vl  ■  6"  lat)  (34) 
X  =  cos(^l  -  8^  mt  1  6)  (35) 

\/r7 

X  =  cos(  \/r^S^'uit  +  V)(36) 

VI  -  B 


Here  6  Is  the  combined  viscous  and  C)u1omb  dam¬ 
ping  ratio  (equation  (37))  while  6  and  y  are 
the  phase  angles  of  the  velocity  and  accelera¬ 
tion  (equations  (38)  and  (39)). 


V^*  -AgUg 


'1  +  5^^ 


h  +  |pa2 

4 


(0  +  I?-)  1  (37) 

iiu  n 


This  may  be  transformed  into  a  dimensionless 
form  by  dividing  both  sides  of  (30)  by  Xi,: 


Now  Ej  Is  a  dimensionless  shock  excitation 
parameter  defined  as: 


c  -  /^h  /32) 

5  Vo  ,  ^  ^ 

Solving  tho  quartic  equation  (31)  for  Ag,  we 
obtain  the  expression  for  the  undamped  dimen¬ 
sionless  amplitude  ratio: 


Notice  that  A^  in  equation  (33)  Is  undefined 
at  p  »  0,  however.  It  can  be  seen  from  equation 
(31)  that  1n  the  linear  case  we  have  the 


tgr^- 

28  VI  - 

Using  the  definitions  of  equations  (18),  (24), 
(32)  and  (33),  we  can  rewrite  equations  (34) 
and  (36)  in  the  nondimenslonal  form: 


1n(n\/l 


Vl  -  6*^ 

\/nF 


C0s(riVl  -  8^  aipt  +  y) 
(41) 


Here,  Wp  and  Ap  are  Independent  of  time  and 
given  by  Wg  and  equation  (33)  respec¬ 
tively,  while  n  and  8  are  time  dependent 


,..:^ll|l||||;iiiyiuLy!uiiyifc.^iffirriiiiiiiUikiriiiLiiiii-^^^ 


uantitles  given  by  equations  (24),  (28)  Rnd 
37)  respectively  for  any  time  t.  For  heavily 
damped  systems,  the  motion  Is  iion>osc1l1atory 
and  the  maximum  value  of  e  occurs  at  t  »  0 
decaying  with  time  to  zero.  The  value  of  this 
Initial  relative  accelei'atlon  Is  obtained  by 
setting  t  •  0  In  equation  (41); 

e'o  “  “7==^ COSY  =  2SEjUo\  (42) 
Vl  “ 

=  2£i%^(D  +  • 

In  lightly  damped  systems  the  motion  Is  oscil¬ 
latory  and  the  maximum  values  of  relative 
accelerations  L’m  occur  at  times  greater  than 
zero,  These  times  may  be  found  by  setting 
c  °  0  as  well  as  the  third  time  derivative 
e"  =  0,  respectively.  These  rise  times,  t^i, 
for  maximum  displacement  and  t^j*  maximum 
acceleration,  are  given  by: 


these  values  In  equations  (37)  through  (41)  and 
(43)  through  (46)  enables  straight-forward  cal¬ 
culations.  albeit  of  somewhat  lesser  accuracy. 


COMPARISON  OF  RESULTS  WITH  EXACT  SOLUTIONS  FOR 
SPECIAL  CASES 

Hindi  In  [!1!]  obtained  exact  solutions  for 
the  following  special  cases; 

a.  Undamped  linear  spring  (D  ■■  a  =  p  ■  0) 

b.  Kelvin  model  (p  »  a  *  O) 

c.  Linear  spring  with  Coulomb  damping 
(p  *  D  “  0) 

d.  Undamped  spring  with  cubic  elasticity 
(D  =  a  ^  0) 

For  the  assessment  of  the  viability  of  our 
approximate  solution.  In  the  general  case,  when 
D  vt  0,  a  -A  0  and  p  /  0,  we  shall  compare  our 
results  of  maximum  displacement  and  accelera¬ 
tion  for  the  above  four  special  cases,  with 
the  exact  solutions  of  Mindlln. 


(43) 


“o*m2) 


(44) 


These  times,  together  with  their  corresponding 
values  of  A,^,  and  6  ,  must  simultaneously 
satisfy  equations  (24),  (28)  and  (37)  as  well 
as  (43)  OP  (44).  Thus,  we  have  In  each  case 
four  simultaneous  Independent  equations  and 
four  unknowns  t^',  A,^,  and  8^,  which  may  be 
found  by  simultaneous  solving  equations  (24), 
(28),  and  (37)  with  (43)  or  (44)  as  may  be  the 
case. 

For  computerized  calculations,  a  solution 
of  any  desired  accuracy  1s  possible  by  an  Iter¬ 
ative  process  of  successive  approximations  with 
the  initial  value  of 


The  maximum  values  of  the  relative 


displacement,  and  relative  acceleration  are 
then  given  by  equations  (45)  and  (46)  respec¬ 
tively: 


E  =  A  e"®n'l'^m1“o^l 


(45) 


We  have  fl  *  0,  n  *  1.  Equations  (45)  and 
(46)  reduce  to;  =  A^  >=  Eg  and 

e'l^  =  W(3^Aj^  =  “-'o^^s’  Mindlln's  notation: 

dp  =  EjXjj  and  Gp  =  u)p^EjX|j/g,  we  obtain  the 

the  familiar  exact  solution; 


Here,  W  =  Mg,  dp  Is  the  maximum  deflection  of 
an  undamped  linear  spring  mass  system  dropped 
from  a  height  h  and  Gp  Is  the  corresponding 
maximum  acceleration  In  number  of  g's  on  the 
mass  M. 


Case  b.  u  “  g  ■=  0 

8  •  D,  n  =  1-  Equations  (45),  (46)  and 
(42)  reduce  to; 


-  r  .."UtO  ^ml 


..  _  2r  „"UuJnt  o 

Em  -  mp  E^e  0  m2 


m2‘^o 


■®m2'^m2“o^m2 


EDEg^o^ 


An  alternative  method  Is  to  assume  that  during  Here,  the  times  tp,-]  and  t|p2  are  ootalned  from 
the  first  half  cycle  A  =  A  •  A  ,  n  =  hm  =  hp.  equations  (43)  and  (44)  by  setting  8=0  and 
8  =  Bpi  =  Bp,  remain  constant.  Substitution  of  n  =  1.  Using  Mindlln's  notation  once  again: 
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»  i:^X|,/g  when  t  0,  and  ‘  fe'oXt/g  when 
t  ■  0,  while  do,  “  e,„X(,.  Thus. 

^  «  e'^otmi  (52 

“c 

when  t  ■  0:  ^  «  2D  (53 


.  .  nut 


similarly,  equations  (56)  and  (57)  may  be 
approximated  by  (61)  and  (62): 

.  Za  .  2a 


.  »  Es® 


E  e'frc  *''‘=‘5(^) 

S  »  Ic 


when  t  ■  t^g:  ^  ■  e’*^°^rr 

■  “o 


Equation  (S2)  Is  the  familiar  expression  for 
the  logarithmic  decrement  of  the  amplitude  of 
a  viscously  damped  spring  mass  system  while 
(S3)  and  (54)  are  Identical  with  Midniln's 
results. 


Case  c,  u  ■  D  »  0 

n  *  1 ,  Ag  =  Ej,  0  «  .  From  equation 

(20)  for  D  »  0  we  have;  ^  dA/dt  •  - 
which  by  direct  IntegraMon  leads  to; 


A  -  Es  -  22uot  .  (55) 

In  this  case,  equations  (45),  (46)  and  (42) 
reduce  respectively  to; 

c^=  Ese‘^i^oEml)/(Es  *SVml)  (gg) 

“  Ug^Eje'^n^o^mE^^^s  ‘  tP'o^mE^  (57) 


.  (68) 

The  times  t||j|  and  t|^2  equations  (56)  and 

(57)  may  be  obtained  by  simultanoour,  solution 
of  equations  (56)  and  (43)  or  (.57)  and  (44) 
respectively,  A  solution  is  possible  by  an 
Iterative  process  of  successive  approximations. 
However,  for  lightly  damped  system  an  approx¬ 
imation  Is  feasible,  whereby  a  direct  analy¬ 
tical  solution  Is  obtained.  During  the  first 
half  cycle  ®  Ej  (If  a  1s  small), 

and  0  «  ^  «:  1,  permitting  equations  (43) 

and  (44)  to  be  approximated  by  (59)  and  (60) 
respectively: 


w  ^E  e' 

m  0  s  s  (62) 

-  -teg  (-^)  _ 

The  corre.'ponding  exact  expressions  developed 
by  Mindlin  are: 

Em  *  0^*  -  a  (63) 


%  “  “o  ^s  -  “o“ 


The  graphs  iti  Figures  2  and  3  compare  equations 
(61)  with  (63)  and  (62)  with  (64).  It  can  be 
seen  from  the  graphs  that  good  agreement  exists 
between  the  approximate  solution  and  Mindlln's 
exact  solution. 


Case  d.  D  °  a  °  0 

When  0  »  0,  and  n  =  n^,  equations  (45) 
and  (46)  reduce  to: 


»  g  A  B  *~- 

^in  '•^0  n  • 


^'m  “  ’>0  W  ° 


Using  Mindlln's  notation: 


We  may  transform  equations  (65)  and  (66)  Into 
the  form:  ^ 

^  ■  s; <“) 

(69) 


These  can  be  compared  to  MindTIn's  solutions 
for  this  case: 


D  + 


/  -1 

/l;c' 

yi  +  3pEs  -  n 

(79) 


(80) 


The  approximations  in  equations  (68)  through 
(71)  a;'e  Justified  when  the  dimensionless 
parameter  B  is  much  greater  than  unity  (1«  B). 
Comparinq  equations  (68)  with  (70)  and  (69) 
with  (71)  we  find  that  our  approximate  solu¬ 
tion  underestimates  the  maximum  displacement, 
and  acceleration  ratios,  by  a  factor  of 
approximately  0.903  and  0.553  respectively  for 
very  large  values  of  the  parameter  B.  The 
underestimation  Is  only  0.967  and  0.883  when 
B  =  1.  Both  results  approach  identity  with 
further  decrease  in  the  parameter  B.  This  is 
consistent  with  the  basic  limitation  of  the 
Kryloff-Bogol iuboff  solution  of  the  differen¬ 
tial  equation,  whereby  the  accuracy  is  propor- 

tional  to  r  =  (jfypp) • 


Simplified  Formulae  for  Lightly  Damped  Systems 

When  the  damping  ratios  0  and  a  are  small, 
say  smaller  than  0.2  (B^  <<  1).  we  may  approx¬ 
imate  A  »  A.  and  equations  (40)  and  (41)  as 
well  as  (43)  through  (46)  may  be  reduced  into 
simplified  forms  respectively; 

e  »  A^e'®o'lo‘“o‘-  sln(ngU^t)  (72) 


c  =  U)  n  e  ®o''o“o*'  cos(ri  u  t  +  y)  (73) 

0  Q  0  0  0  1  f  f 


^ml  =  (r) 

0  0  0 

W  “  (^) 

0  0  0 

-S  arctg(1/0o) 

=  A,  e  ° 
m  0 

2  2  -6„arctg(l/36„) 

E,  =  n  A  e  0  ° 

rn  0  0  0 


(74) 

(75) 

(76) 

(77) 


Here,  y,  8^,  and  A^  are  given  by: 


tgy  = 


lo  = 


(81) 


Since  most  of  the  mechanical  systems  (including 
packaging  systems),  ere  usually  lightly  damped, 
the  set  of  simplified  equations  (72)  through 
(81)  may  serve  as  a  handy  tool  for  the  designer. 


We  are  Interested  mostly  in  the  first  half 
cycle  of  the  motion,  i.e.  the  relative  dis¬ 
placement  and  acceleration  pulses  of  the  system 
immediately  after  contact  with  the  substrate. 
Note  that  t„,^  and  t,^2  ^re  the  rise  times  of 
these  pulses.  Comparing  equation  (74)  and  (75) 
we  find  that  the  acceleration  pulse  rise  time 
is  shorter  than  the  rise  time  of  the  displace¬ 
ment  pulse.  The  difference  vanishes  for 
undamped  systems  when  S  =  0.  Both  rise  times 
are  decreased  by  Increasing  damping.  To  find 
the  total  duration  time  of  the  displacement 
pulse  and  acceleration  pulse  Tj,  wp  set  in 

equation  (72)  and  (73)  f  '  td>  t  •  tg  respec¬ 
tively.  Since  E  »  0  when  hoWjjTj  »  n  and  c  =  0 
when  +  y  '  ^  we  have  for  lightly  damped 

systems ; 


(82) 

(83) 


As  S  ^  0  and  ^  "d’  aga’n  that  the 

acceleration  pulse  duration  time  is  shorter 
than  the  displacement  pulse.  The  difference  is 
proportional  to  the  v-ombined  damping  ratio  B 
and  vanishes  when  t:  a  system  Is  undamped  ° 
(B(j  =  0).  Notice  also  that  both  and  are 
shorter  for  nnn-linear  systems  than  for  linear 
systems  by  a  factor: 


Thus,  the  pulse  duration  time  1s  reduced  both 
by  Increasing  the  nop-linearlty  of  the  spring 
and  drop  height. 
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(78) 


CONCLUSION 

A  mcchadical  model  simulating  drops  of 
cushioned  Items  In  containers,  consisting  of  a 
mass  contained  in  an  Infinitely  rigid  frame 
and  restrained  by  two  preloaded  massless  non¬ 
linear  springs,  a  dashpot  and  a  dry  friction 
damper,  was  Introduced.  The  differential 
equation  of  motion  of  the  system  from  the 
Instant  of  collision  onto  a  hard  surface  after 
a  free  fall  from  a  height  h  onwards  was  solved 
by  the  "linearization  principle"  due  to 
Kryloff  and  Bogolluboff  [7].  This  method 
affords  an  approximate  quasi-harmonic  solution 
of  the  non-linear  differential  equation  of 
motion  with  accuracy  proportional  to  the 
deviation  of  the  spring  force-deformation 
curve  from  linearity.  The  study  of  the  auasl- 
harmonlc  motion  whereby  both  the  amplitude  and 
phase  are  functions  of  time,  was  facilitated 
by  solving  the  "linearized"  equation  of  motion 
as  If  It  were  an  ordinary  linear  differential 
equation.  Particular  attention  was  directed 
to  the  study  of  the  motion  during  the  first 
half  cycle,  e.g.  displacement  and  acceleration 
versus  time  pulses.  To  assess  the  accuracy  of 
the  solution,  a  comparison  of  results  with 
special  cases  for  which  exact  solutions  are 
known  was  conducted.  It  was  found  that  the 
general  equations  of  our  approximate  solution 
converge  to  the  corresponding  exact  expressions 
found  by  Mindlln  [1],  for  undamped  and  vis¬ 
cously  damped  linear  springs,  while  deviation 
from  the  exact  solutions  for  friction  damped 
linear  springs  and  undamped  springs  with  cubic 
elasticity  Is  well  within  requirements  for 
practical  engineering  problems.  For  expediency 
of  calculations  In  practical  problems,  simpli¬ 
fied  approximate  formulae  were  developed  sepa¬ 
rately  for  lightly,  medium  and  heavily  damped 
systems.  These  provide  a  ready  to  use  tool  for 
conservative  deslo'i.  It  "as  found  that  for 
heavily  damped  systems  maximum  acceleration  Is 
reached  at  the  Instant  of  collision,  falling 
off  to  ze»'o  with  time.  Such  systems  are  char¬ 
acterized  by  sawtooth  acceleration  versus  time 
r’"''3es,  with  the  Initial  maximum  acceleration 
■  rectly  proportional  to  system  damping,  (g), 
shock  excitation  (Ej)  and  u)„2,  i.e.  Inversely 
proportional  to  the  iss.  Pulse  A  In  Figure  4 
Is  a  representative  example.  For  lightly 
damped  systems,  most  coiiimon  In  practice,  maxi¬ 
mum  a(ueler-'ion  Is  reached  during  the  first 
half  cycle  period  while  the  Initial  accelera¬ 
tion  Is  comfcratlvely  small.  Such  systems  are 
characterized  by  half  sine  acceleration  versus 
time  pulses.  Pulse  B  in  Figure  4  Is  a  repre¬ 
sentative  example.  The  graphs  1n  Figures  5 
and  6  comprise  examples  of  equations  (76)  and 
(’7)  respectively  for  representative  values  of 
Ej.  a  and  D.  From  these  we  may  conclude  that 
for  lightly  damped  systems,  increasing  the 
non-linearity  of  the  springs  (y)  increases 
maximum  acceleration  %  and  decreases  maximum 
displacement  Em,  for  a  certain  set  of  values 
of  Eji  a  and  0.  Increasing  shock  excitation 
Eg  Increases  both  cm  and  L'm  while  increasing 
damping  (a,  D)  d.,,reases  both  and  It 


was  shown  by  equations  (82)  and  (63)  that  the 
acceleration  pulse  duration  time  t,  1s  shorter 
than  the  corresponding  displacement  pulse  time 
Trf,  the  difference  is  proportional  to  the  dam¬ 
ping  ratio  6q  and  vanishes  when  Bq  ■  0.  From 
equations  (74)  and  (75)  we  conclude  that  the 
same  is  true  for  acceleration  and  displacement 
pulse  rise  times.  It  car  be  shown  also  (from 
equations  (82),  (74)  and  (83),  (75))  that 
fd  ■  tml  i  tmi  and  '•  1.e.  both 

pulses  are  not  symmetrical  as  rise  times  are 
shorter  than  decay  times.  The  difference  Is 
proportional  to  the  damping  ratio  Bq*  Thus,  we 
have  symmetrical  and  equal  duration  displace¬ 
ment  and  acceleration  pulses  only  when  damping 
Is  absent.  Finally,  it  was  shown  that  both 
pulse  duration  times  are  shorter  in  non-Hnear 
(hardening  spring)  systems  than  In  linear  sys¬ 
tems. 

For  medium  damped  systems,  the  Initial 
aocslerotion  and  maximum  acceleration  during 
the  pulse  period  are  approximately  equal;  thus, 
such  systems  are  characterized  by  trapezolda’ 
acceleration  versus  time  pulse  shapes.  Pulse  C 
In  Figure  4  is  a  representative  example.  To 
find  the  damping  ratio  Bo  when  eq  ■  e^,  we 
recall  that  during  the  first  half  cycle  equa¬ 
tions  (44)  and  (46)  may  be  approximated  by: 


tglho  yi*  '"ot. 

,  (1  r.4Bn.^J 


2 

0  '*'0  '■im 


6o(3  -  46o^) 

2  2,  -B, 

=>  0(5  Wq  Aq® 


-W 


(84) 


(85) 


Introducing  W(;t^2  equation  (84)  ^nto  equa¬ 
tion  (85)  and  equating  equations  (86)  and  (42) 
yields : 


ln(2Bo) 


1  -  6 


T 


arctg  [• 


.[1  -  ^Bq  )Vl  •  Bp' 
6o(3  -  4So' 


(86) 


The  value  of  8^  satisfying  equation  (86)  is 
8(3  =  0.475.  Curve  D  1n  Figure  4  Is  a  represen¬ 
tative  example  of  an  acceleration  pulse  when 
the  system  Is  damped  by  this  trade-off  value  of 

So. 

Increasing  the  preload  of  the  system  by 
increasing  precompresslon  of  the  springs 
decreases  the  values  of  Xjj,  y,  a  and  0,  while 
Kq,  r  and  the  product  KoXt,  are  Increased.  Rig¬ 
orous  mathematical  treatment  of  the  Influence 
of  varying  precompression  Is  outside  the  scope 
of  this  article.  It  can  be  shown,  however, 
that  the  net  effect  of  increasing  precompresslon 
Is  a  "harder"  spring  with  reduced  nonlinearity. 
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:ceTeration  versus  tiine  pulses  for  various  dampii^  ratios, 
ilse  A,  D,  C  by  Equation  (41).  Pulse  B  by  Equation  (73). 


4 


Fig.  6  -  Maximum  relative  acceleration  versus  spring  hardening  ratio  (Equation  77). 


Usually  this  results  in  shorter  pulse  duration 
times  and  Increased  values  for  maximum  accel¬ 
eration  and  displacement  (e,^,  Edi).  Thus, 
Increasing  precompression  is  usually  harmful  in 
shock  Isolation  problems  while  the  Inverse  pro¬ 
blem  of  assuring  activation  of  Inertia  mechan¬ 
isms  may  benefit  by  Increased  p re comp res si on. 
Note  also  that  excessive  precompression,  on  its 
own,  may  have  a  damaging  effect  on  the  product. 


DEFINITION  OF  SYMBOLS* 

A  -  relative  displacement  amplitude,  or  maxi¬ 
mum  spring  deflection 

B  -  Mindlln's  dimensionless  parameter  for 
undamped  cubic  elasticity  systems 

C  -  viscous  damping  coefficient 

0  -  viscous  damping  ratio 

do  -  maximum  deflection  of  an  undamped  linear 
spring  mass  system 

*Unle$s  otherwise  stated,  symbols  in  the  text 
subscripted  by  o  indicate  Initial  undamped  val¬ 
ues  of  the  variables,  at  the  Instant  of  colli¬ 
sion  (t  =  0) . 


d|^  -  maximum  deflection  of  a  viscously  damped 
linear  spring  mass  system 

Ej  -  dimensionless  shock  excitation  parameter 

F  -  combined  spring  force  of  the  system 

Ff  -  friction  (Coulomb)  damping  force 

g  -  acceleration  of  gravity 

Gq  -  maximum  acceleration  in  g's  of  an  undamped 
linear  spring  mass  system 

G|fl  -  maximum  acceleration  in  g's  of  a  viscously 
damped  linear  spring  mass  system 

h  -  drop  height 

K-),  <2  -  initial  spring  constants  of  lower  and 
upper  springs  respectively 

Ko  -  combined  initial  spring  rate  constant  of 
the  system 

K  -  equivalent  spring  constant  of  the  linear¬ 
ized  system 

M  -  mass 

r  -  combined  spring  hardening  coefficient  of 
the  system 
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ri,  To  "  spring  hardening  coefficients  of 

lower  and  upper  springs  respectively 

t  -  time 

t^]  >  displacement  pulse  rise  time 
t|^2  •  acceleration  pulse  rise  time 
W  -  weight 

X  '  relative  displacement  of  mass  M  with 
respect  to  the  frame 

X5  '  maximal  permissible  relative  displace¬ 
ment  of  the  mass  M  with  respect  to  the 
frame 

a  -  Coulomb  friction  parameter  (dimension¬ 
less  friction  damping  ratio] 

0  -  combined  viscous  and  coulomb  damping 
ratio 

0^1  •  combined  viscous  and  Coulomb  damping 
ratio  at  the  Instant  of  maximum  dis¬ 
placement 

6^2  '  combined  viscous  and  Coulomb  damping 
ratio  at  the  Instant  of  maximum  accel¬ 
eration 

y  -  acceleration  phase  angle 

<5  -  velocity  phase  angle 

A  -  dimensionless  relative  displacement 
amplitude  ratio 

A.  -  undamped  relative  displacement  amplitude 
ratio 

A_  -  maximal  relative  displacement  amplitude 
ratio 

e  -  dimensionless  relative  displacement  ratio 

E  -  dimensionless  relative  acceleration 

%  -  maximum  dimensionless  relative  accelera¬ 
tion 

e'  -  Initial  relative  acceleration  at 
collision  (t  =  0) 

0  -  phase  angle 

X  -  energy  dissipating  coefficient  of  the 
linearised  system 

)j  -  dimensionless  spring  hardening  ratio 

Tg  -  acceleration  pulse  duration  time 

Tjj  -  displacement  pulse  duration  time 

1  -  dummy  variable  of  integration 

-  total  phase  angle 

n  -  dimensionless  frequency  ratio 

n-,1  -  dimensionless  frequency  ratio  at  the 
Instant  of  maximum  displacement 

n_y  -  dimensionless  frequency  ratio  at  the 
Instant  of  maximum  acceleration 

w  -  angular  velocity 


uiq  -  natural  angular  velocity  of  an  equivalent 
linear  spring  with  spring  ratio  Kg 

(lOg  -  s/Kpvi) 
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DYNAMICS  ANALYSIS 


STABILITY  ANALYSIS  AND  RESPONSE  CHARACTERISTICS  OP 
TWO-DEGREE  OF  FREEDOM  NONLINEAR  SYSTDIS* 

M.  Subudhl  and  J,  R.  Currarl 
Brookhnvnn  National  Laboratory 
Upton,  Maw  York 


Underatandlng  the  behavior  of  nonlinear  aystema  la  Important  In  laboratory  tear¬ 
ing.  Sine  aweep-up  and  aveap-dovn  teats  are  routinely  done  to  reveal  all  of  the 
stable  roots  In  thla  type  of  ayatem.  There  are,  however,  certain  types  of  soft¬ 
ening-hardening  restoring  force  characteristics  for  which  sine  sweep  testing, 
whether  up  or  down,  will  not  reveal  all  of  the  stable  roots.  In  such  eases.  It 
la  Important  that  the  stable  roots  be  Identified  so  that  proper  testing  procedures 
are  used  and  the  teat  results  are  correctly  evaluated. 

The  stability  of  a  nonlinear  two  degree-of-freedom  aprlng-nass  ayatem  subjected 
to  a  sinusoidal  exciting  force  Is  examined.  The  solution  Is  perturbed  to  arr 
rive  at  a  set  of  coupled  variational  linear  differential  equations  with  peri¬ 
odic  coefficients.  Floquet  theory  Is  used  to  obtain  a  characteristic  equation. 

The  Houth-Hurwltz  stability  criterion  Is  adopted  to  study  the  stable  and  unstable 
regions  of  the  response  curves.  A  computer  program  la  developed  to  carry  out  the 
entire  analysis.  Extensive  information  regarding  stable  xones  of  the  system  re¬ 
sponse  is  described  by  means  of  nondloenslonal  frequency-amplitude  diagrams.  The 
results  are  examined  in  terms  of  inferring  dynamic  response  characteristics  for 
sine  sweep  tests. 


INTRODUCTION 

In  recent  years,  problems  Involving  non¬ 
linear  characteristics  have  received  much  at¬ 
tention.  Many  designs  require  an  understanding 
of  the  effects  of  nonlinear  restoring  elements 
In  multl-degree-of-f reedom  systems.  It  Is  char¬ 
acteristic  of  such  systems  thst  some  of  the 
roots  are  stable  while  others  are  unstable.  In 
addition,  It  may  be  desirable  to  know  the  prox¬ 
imity  of  the  stable  roots  to  the  unstable  re¬ 
gions. 

The  behavior  of  nonlinear  systems  is  espe¬ 
cially  Important  In  laboratory  testing.  Sine 
sweep-up  and  sweep-down  tests  are  routinely  done 
to  reveal  all  of  the  stable  roots  In  this  type 
of  system.  There  are,  however,  certain  types  of 
softening-hardening  restoring  force  characteris¬ 
tics  for  which  sine  sweep  testing,  whether  up  or 
down,  will  not  reveal  all  of  the  stable  roots 
tl,2}T.  In  such  cases.  It  Is  important  that 
the  stable  roots  be  identified  so  thst  proper 
testing  procedures  are  used  and  the  test  results 

*  Work  performsd  under  the  auspices  of  the 
United  States  Nuclear  Regulatory  Commission. 

T  Numbers  In  brackets  designate  references  at 
end  of  paper. 


are  correctly  evaluated.  This  paper  shows  the 
results  for  some  cases  of  softening-hardening 
spring  characteristics  (such  as  the  HTGR  nu¬ 
clear  core)  for  which  It  Is  necessary  to  Iden¬ 
tify  the  stable  regions  In  order  to  correctly 
Interpret  the  results  of  a  testing  program. 

Several  Investigators  [3,d,5,  and  6]  have 
studied  the  stability  of  nonlinear  ayacema  us¬ 
ing  different  anelytlcel  approaches.  Atkinson 
[4]  has  reported  on  an  analog  computer  solution 
of  two  degree-of-freedom  systems.  He  comperes 
these  analog  results  with  whst  he  calls  sus¬ 
pected  stability  regions,  as  Inferred  by  an  ex¬ 
tension  of  the  one  degree-of-freedom  stability 
criterion  of  Klotter  and  Finney  [7],  However, 
the  present  method  Is  found  to  be  very  general 
for  multl-degree-of-freedom  systems. 

The  question  of  stability  may  be  defined  by 
determining  whether  or  not  e  system,  once  dis¬ 
turbed,  returns  to  Its  equilibrium  state.  Given 
on  equilibrium  state  of  a  physical  system,  whose 
stability  we  wish  to  study,  we  consider  s  state 
near  equilibrium  end  ask  whether  la  the  course 
of  time  the  system  will  tend  towards  the  given 
equilibrium  state. 


In  the  atablllty  study,  the  systea  Is  de¬ 
scribed  by  the  two  nonlinear  differential  eque- 
tlond.  The  procedure  follows  the  often  used 
definition  for  Inf Inltrelnuil  stability  as  de¬ 
scribed  by  Stoker  [IJ.  A  perturbed  aol.utlon  la' 
Introduced.  This  results  In  the  perturbed  linear 
"variational"  differential  equations  for  dXl(t). 
Floquet  theory  Is  used  to  solve  the  above  varia¬ 
tional  equations  with  periodic  coefficients. 

This  suggests  that  there  Is  a  solution  to  these 
■.'C.uatlons  of  the  form  e®'-i(i.(t)  which  are  peri¬ 
odic  functions  snd  regular  ^enough  to  be  ex¬ 
panded  In  a  Fourier  scries.  Equating  the  co¬ 
efficients  of  like  Independent  functions  gives 
a  set  of  algebraic  equations  In  the  Fourier  co¬ 
efficients  from  which,  for  a  nontilvlal  solu¬ 
tion,  a  characteristic  polynomial  In  the  expo¬ 
nent  a  is  obtained.  The  Routh-Hurwltz  stabil¬ 
ity  criterion  la  employed  to  find  the  unstable 
roots  of  the  characteristic  equation. 

S> veral  cases  with  nonlinearity  in  either 
or  both  springs  have  been  considered.  Results 
are  compared  with  those  obtained  by  Atkinson  {41 
with  an  uialog  computer.  Some  differences  are 
dlecuesed.  The  special  case  of  the  dynamic  ab¬ 
sorber  La  aleo  Invastlgated  to  compare  with  tha 
(general  ro.sponae  results  obtained  earlier  by 
Roberson  [8)  and  the  Frshm-type  dynamic  absorber 
that  was  aiudlod  graphically  by  Carter  and  Liu 
[9],  The  paper  also  phovs  that  much  more  com¬ 
plex  jump  phenomena  could  occur  In  some  kinds  of 
nonlinear  systems. 

The  results  are  displayed  via  plots  between 
the  nondlmens-lonal  frequency  versus  tlie  ampll- 
tube  of  each  mass.  This  analysis  la  found  to 
be  very  useful  In  solving  stability  problems 
without  any  prior  knowledge  of  the  stability  o£ 
any  problem  in  the  field  of  nonlinear  mechanics. 
In  addition,  a  core  complete  understanding  can 
be  obtained  of  the  response  of  multl-degree-of- 
freedom  nonlinear  systems. 

THE  SYSTEM  UNOER  INVESTIGATION 


••  aondlmenslonal  viscous  damping  coeffi¬ 
cient  - 


(k^mjTTT^ 


0.  ^  nondlmenslonal  nonllna.^.r  spring  con¬ 
stant 

K  -  kj/k^ 

M  » 

F,io,t  •  nondlmenslonal  forcing  amplitude, 
frequency  and  time  variables,  re¬ 
spectively 

Thu  Rltz  average  method  [10]  is  used  to  ob¬ 
tain  an  approximate  solution  to  eouaclon  (1). 

As  the  Initial  approximating  functions  for  the 
steady-state  reaponae  of  the  nonllnuer  system 
shown  In  Figure  1,  the  following  relations  will 
be  used: 

X,  >  A,  sin  lat  -f  A,  cos  ut 
112  (2) 

Xj  “  sin  ut  +  Dj  coe  ut 

Using  the  Rltz  avaniglng  procedure,  the  final 
form  of  the  algebraic  equations  in  teraui  of  the 
unknowns  A^  and  are  given  an 

-U^Aj  -  Cj^uAj  +  Aj(l±S^A^)  +  CjUCj  - 


KG^  (He^C  )  -  F 


VAj  +  CjUAj^  +  A^Clie^A^)  -  CjUGj^ 
KGj  (liP^G^)  -  0 


+ 1  Cl  ■  0 


The  schematic  diagram  for  the  more  general 
system  being  Investigated  is  Illustrated  in 
Figure  1.  The  governing  equation  of  motion  for 
each  mass  is  obtained  in  nondlmenslonal  form 
and  they  are  given  as: 

+  (X^  t  xj)  -  CjX!^  -  K  (Xj  + 

Oj  Xj)  »  F  slnut 


^2  +  r  *3  +  H  -  “2  ^3)  “  ° 


-u^Dj,  “  Gi'-*  f  O2  “ 


2  2  2 
A^  -  Ai  +  A2 


Gi  -  -  Aj^ 

G^  - 

“  3/4  dj. 

The  solution  to  these  equations  were  carried 
out  by  numerical  methods. 


X  ,  1-1,  2  represents  nondlmensional  ab¬ 
solute  motion  of  masses 


For  the  stability  study,  the  damping  terms 
are  neglected  since  these  terms  add  complexl- 
tlea  without  materially  affecting  the  nature  of 
thu  stability  contluslon.  The  exact  solution  is 
perturbed  to  Investigate  the  nature  of  the  solu¬ 
tions  near  equilibrium.  The  variational  equa¬ 
tions  In  terms  of  the  perturbation  5X.  ara  ob¬ 
tained.  These  equations  are: 


],-,ijili.^slllL,ilUllllllihlUl] Mlll].lli.,.inillLili-iil]iiilllllLmilk,..JllllU:llllUi..  jL lUiJIltllllllilllllliHIliityilllllMt,  IlllUgllll lll]||||,iilllllll[l,iii iIIIIIIIImI liillUlull lUilllllLinMiliilffli, II 


4X2  ♦  5  (litajX*)  4X3  -  0 


<*) 


4^  -  (KlOBjCj)  / 

*3  “  *4  “  M  I 


If  All.  MolutloM  of  4X.  ara  bouadad,  than  X. 
ara  aatd  to  ho  atablo.  othonrlaa  thay  ara  tm- 
atabla. 


J  (2Bj^A2+2K620j[)  /  (4u^) 


P  SlnAt 


Vl  (0 


H  U) 


R(y) 


- LINEAR 

- HAROCNINO 

- SOFTENING 

R(y)«  RiiSTORING  FORCE 
■  ky  ±  Sy* 

y  ■  SPRING  EXTENSION 


Ti&<  1  -  Schaaatlc  aodtl  of  nachanleal  aya- 
taa  and  ganorallaad  apring  frtca 
varaua  apring  extanalon  charactar- 
latlcA 


Tha  abova  ara  known  aa  couplad  Hill 'a  aqua- 
tlona.  Iha  taraa  Xi  ara  tha  actual  aolutlona. 
Slnca  wo  do  not  bava  any  auch  aolutlonoi  wa  uaa 
thu  approxlstata  aolutlona  indicated  by  aolvlng 
equation  (3).  How  aubotltutlng  (2)  Into  <4), 
we  arrive  at  two  couplad  linear  aquatlona  with 
Mathlau-typa  coafflclanta  aa  given  balowi 

m 

SXj^  +  <434*^^  Coat)  SX3  -  (Sj+tj  Coat)  SX^ 

-  0 

(5) 


4X3  +  (434€3  Coat)  4X3  -  (4^+«^  Coat)  dX^ 
-  0 


.  d*4X 
where  4X.  ■  ■ — a  ’ 
dt^ 

T  "  2u)t 

63  -  (l+ia:2B^A^±2KB2cJ)  /  (%*) 


;  (ZKBjGJ)  /  <4w^) 


£3  -  ;  I  (aBjoJ)  /  (4u^) 


Froa  Floquet  theory,  the  Mathlau  aquation 
alwaya  poaaaaaaa  a  fundaaantal  act  of  aolutlona 
In  which  ona  aolutlon  la  an  avan  and  tha  other 
la  an  odd  function  of  t.  Since  tha  abova  equa- 
tloua  have  periodic  aolutlona  and  they  are 
ragular  for  all  valuaa  of  t,  the  aolutlona  of 
(5)  can  be  axpraaaad  In  Fourier  aerlea  auch  aa: 


4Xj^(T)  - 


{i 


(a^j^  coanT  +  aln  nt) 


(6) 


Inaertlon  of  theee  aerlea  aolutlona  In  (5) 
leada  to  a  aat  of  recut -ence  reletlona  for  0^1 
and  bg^  by  equating  the  cocfflclenta  of  Identical 
terua  t!*'  Coant  and  e'*'^  Slnnt.  Theaa  relatione 
ara  linear  honogonaoua  algebraic  equatlona.  For 
nontrivial  aolutlona,  the  coefficient  dater^- 
nent  nuat  vaulah.  Thla  raaulta  In  a  character- 
latlc  equation  In  a,  which  nuat  have  either  aero 
or  negative  real  parte  to  atable  aolutlon. 

DISCUSSION 

In  tha  field  of  atablllty,  Klotter  and 
Finney  [7]  have  eotabllahed  a  cooprehanalve 
atablllty  crltarlon  for  a  alngle  degree-of- 
fraedoo  ayaten.  Ibla  atataa  that  the  maximum 
amplitude  of  tha  raaponae  nuat  Increaae  with  the 
Incraaaa  of  the  exciting  force  for  a  atable  aye- 
tea  end  decreaae  for  one  which  la  unatable. 
Atklnaon  [4]  uaad  tha  above  principle  for  a 
two  degrae-of-fraadoB  ayatea  for  auapacted 
atable  raglona;  but  ha  need  the  one  dagree-of- 
fraadOB  atablllty  criterion  In  hla  Invaatlgatlon. 
Iha  praaant  analyela  conflraa  moat  of  the  atable 
reglona  auapacted  by  him. 

Figure  2  and  3  ahow  tha  raaulta  for  a  caae 
with  the  auxiliary  apring  being  nonlinear.  The 
poaltlve  (4)  and  negative  (-)  algna  on  the  plota 
Indicate  tha  In-phaaa  and  out-of-phaaa  reaponaaa 
of  the  two  masaaa  raapactlvely.  For  the  aoften- 
Ing  caae,  the  raaulta  agree  with  the  auapacted 
reglona  of  Atklnaon  except  for  the  positive  loop 
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At  low  fraqumclaa.  According  to  Atklnaon,  both 
aldaa  of  the  loop  are  atahle  while  In  the  praeent 
InveatlgatloD,  it  la  found  that  the  Inner  branch 
of  the  loop  la  imatable.  However,  froa  thfc 
plota  of  Atklaaon  It  la  clear  that  no  coaputer 
aolutlon  waa  obtained  for  thle  unatabla  branch. 
Double  abaorber  af facta  have  baan  noticed,  but 
one  of  thea  la  found  to  be  unatabla.  In  fact, 
all  of  thaaa  caaaa  of  double  abaorber  action 
have  ahown  only  one  of  thea  to  be  atable. 


fMguEHCY  <0 

Flgi  2  -  Reaponsa  of  main  maae  with  aux¬ 
iliary  aprlng  nonlinear 


0.0  0.S  1.0  I.B  2.0  2.5 


FREQUENCY  U 

Fig.  3  -  Reaponae  of  auxiliary  aaaa  with 
auxiliary  aprlng  nonlinear 

The  dynaole  abaorber  reaulta  are  compared 
with  the  prevloua  work  of  Roberaon  [8]  and 
Carter  and  Liu  [9]  aa  ahown  In  Figure  4. 

Koberaon  haa  defined  the  "forbidden  region"  aa 
the  reglona  where  the  auxiliary  aprlng  extenalon 


00  0.5  1.0  1.5  20  2.5 


FREQUENCY  U 

Fig.  4  -  Reaponae  of  ualn  uaaa  of  dynamic 
abaorbera 

or  conpreaalon  exceeda  the  critical  deflection 
of  the  aprlng  at  which  the  elope  of  the  lood- 
deflectlon  curve  becoaea  zero.  It  la  lapllud 
that  thla  la  an  uneteble  region.  The  preaent 
Invcatigatlon  haa  determined  that  the  forbidden 
region  for  a  Roberaon-type  ayatera  la  0.7<:u»1.4 
and  u<0.2.  For  the  syaten  considered  by  Carter 
and  Liu,  the  present  results  detemlne  the  for¬ 
bidden  region  to  be  0. 3<ai>1.5.  Thus  It  Is  found 
that  tha  dynamic  absorber  with  Che  hardening 
main  spring  together  with  the  softening  absor¬ 
ber  aprlng  has  a  better  suppression  band,  as 
claimed  by  Carter  and  Liu. 

Moreover,  Roberson  has  defined  the  forbidden 
region  at  such  amplitudes  where  the  slope  of 
the  softening  spring  character  Utica  goes  to 
zero.  Arnold  [10]  has  extended  this  to  the 
point  of  zero  restoring  force.  Therefore,  for 
a  case  with  a.  ■■  -O.OS,  this  critical  amplitude 
la  4.47  for  Arnold  and  2.S8  for  Roberson.  How- 
'vver,  the  present  analysis  determines  that  the 
forbidden  region  can  allow  thla  critical  ampli¬ 
tude  up  to  3.36.  Comparing  this  with  the  above 
two  cases.  It  is  found  that  Roberson  Is  more 
conservative  and  the  corresponding  forbidden 
rei  Ion  Is  closer  than  Arnold.  Atklnaan  haa  also 
notlcad  slmller  kinds  of  renultg  In  his  analog 
computer  snalynls. 

Figure  5  shows  a  block  of  the  UTGR  core 
which  can  translate  and  rotate.  The  equations 
for  this  system  are  equivalent  to  the  In-line 
arrangcEmt  showu  In  Figure  1.  This  type  of 
systei:  shows  that  much  more  l  omplex  jump  phenosi- 
ena  could  occur.  Unlea.i  their  characterlsClca 
are  understood,  the  physical  testing  of  such  sys- 
temu  ma;  not  reveal  all  of  the  stable  roots  that 
are  poswlble.  For  the  case  of  rocking  with  two 
degrees  of  freedom,  as  in  the  response  of  the 
HTGR  nuclear  core,  a  softening-hardening  charac- 
terlirtlc  shows  a  first  mode  response  which  Is  an 
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Fig,  5  -  First  node  response  ol  a  two  degree- 
of-freedom  system  with  softening- 
hardening  main  spring  characteris¬ 
tic 

"S"  curve,  of  the  five  roots  that  are  possible, 
three  are  stable  and  two  are  unstable.  How¬ 
ever,  the  upper  stable  root  can  never  be  at¬ 
tained  In  any  simple  sine  wave  test,  either  by 
sweeping  up  or  down.  On  the  other  hand,  the 
upper  root  is  attainable  with  the  sine  test  In 
conjunction  with  the  proper  transient  excita¬ 
tion,  as  night  be  Induced  by  seismic  distur¬ 
bances. 

For  the  hardening  absorber  spring,  sine 
sweep  tests  snow  a  Jump  down  at  high  frequencies 
and  a  Jump  up  at  low  frequencies.  This  Is  In 
accordance  with  oidlnary  one  degrue-of-freedon 
thinking.  By  slnply  changing  mass  ratio ; 
or  forcing  function  amplitude,  only  Jump  down 
characteristics  can  be  revealed  as  shown  In 
Figure  6,  whether  sweep  up  or  dovn  teotlng  is 
done, 
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Fig.  6  -  Response  of  aaln  sums  of  a  two 
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In  this  paper,  an  approach  is  presented  for  modal  Identification  of 
aerospace  structures  from  flight  measurements.  This  approach  is  the 
result  of  combining  the  "time  domain"  modal  identification  technique 
and  the  multiple  channel  random  decrement  technique.  Also,  a  new 
technique  is  presented  to  determine  relative  levels  of  excitation  for 
identified  modes.  These  techniques  are  applied  to  flight  data  taken 
from  the  B-1  bomber.  Results  are  extremely  encouraging. 


INTRODUCTION 

The  solution  of  a  variety  of  flight 
vehicle  dynamic  response  problems  including 
flutter,  pugo,  control/structure  interactions, 
and  paymad  dynamic  loads  requires  an 
accurate  knowledge  of  the  dynamic  character- 
"cs  of  vehicles  under  actual  flight  condl- 
t.iu.is.  Analytical  models  which  are  verified 
by  ground  tests  and  later  by  flight  tests  are 
used  to  treat  these  problems.  However,  the 
degree  to  which  flight  data  can  be  used  to 
determine  the  actual  flight  responses  and, 
hence,  verify  the  quality  of  modeling  techni¬ 
ques  has  been  limited,  heretofore,  by  the 
inability  to  extract  good  quality  modal 
information  from  the  flight  data.  Although 
natural  frequencies  can  be  obtained  by 
spectral  analysis,  good  quality  mode  shapes 
are  not  normally  available  because  their 
determination  using  ordinary  methods 
requires  comparison  of  responses  with 
carefully-controlled  and  measured  input 
forces --a  luxury  not  available  in  flight.  More 
importantly,  damping  cannot  be  readily 
determined  for  assessing  stability  margins 
except  in  transient  loading  cases,  and  then 
only  for  a  limited  number  of  modes. 

The  work  reported  in  this  paper 
discusses  the  application  of  a  potentially 
powerful  new  technique  to  the  analysis  of 
random  flight  data.  The  method,  called  the 
"randomdec -time -domain"  technique,  over¬ 
comes  the  above  difficulties  to  provide 
frequencies,  damping,  and  with  a  sufficient 
number  of  sensors,  mode  shapes  for  vehicles 


♦This  work  is  part  of  a  research  project 
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under  random  flight  loads.  Furthermore,  it 
determines  automatically  the  number  of  modes 
in  the  data  through  the  use  of  a  modal 
confidence  factor. 

The  "randomdec'time-domain"  technique 
is  based  upon  the  combination  of  two  recently 
developed  techniques.  The  first  is  the  random 
decrement  method  developed  by  Cole,  [1] ,  for 
obtaining  equivalent  free  rem)onses  from 
random  forced  responses.  This  method  was 
initially  developed  for  single -channel,  single- 
mode  data  and  later  extended  by  Ibrahim,  [2] , 
to  retain  phase  relations  for  multiple -channel 
correlation.  The  second  technique,  used  in 
combination  with  the  multiple-channel  random- 
decrement  analysis  for  obtaining  free 
responses,  is  a  time-domain  dynamic  data 
analysis  method  developed  by  Ibrahim,  [3-6] . 

The  other  important  feature  in  this  paper 
is  the  development  of  an  algorithm  to  determine 
the  relative  modal  contribution  constant  lor 
modes  identified  by  the  time -domain  technique. 
Since  the  time -domain  technique  identifies 
modal  vectors  as  eigenvectors,  this  informa¬ 
tion  does  not  indicate  how  strongly  modes  are 
excited  relative  to  each  other.  The  algorithm 
developed  in  this  paper  fits  the  identified  modes 
to  the  measured  free -decay  response.  The 
response  is  assumed  to  be  a  linear  combination 
of  these  modes.  A  set  of  constants  results 
from  this  fitting  procedure.  Each  constant  is 
associated  with  one  mode,  thus,  indicates  the 
level  of  excitation  of  this  specific  mode. 

The  procedure  (random -decrement 
analysis,  time  domain  identification  and 
determination  of  the  relative  model  contribution 
constants)  is  applied  to  two  channels  of  flight 
data  from  the  prototype  B-1  bomber.  Although 
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the  method  Is  applied  here  to  single-channel, 
the  procedure  wUl  be  the  same  for  multiple 
channels. 


THEORY  (Relative  Modal  Contribution 
Constant) 


a  (s'^S)"*(s'’^r) 


Starting  with  the  random  response 
vector  ^  (t)  and  using  the  random  decrement 
technique  [2] ,  the  free -decay  response  vector 
for  n  stations  x  (t)  can  be  determined. 
From  this  free -decay  response,  using  time 
domain  Identification  [3-4] ,  the  modal 
parameters  are  Identified.  These  parameters 
are  characteristic  roots  =  a^  +  Ibj  and 

modal  vectors  where  {  Is  an  Index  for 

Identified  modes  ij  =  1,  2  ---  m),  Modal 
vectors  occur  In  complex  conjugate  pairs  with 
itn  amplitude  vector  m  and  phase  angle 
vector  Oy  ‘ 

The  free -decay  responses  can  be 
expressed  as  linear  summation  of  these  modes 
as: 


X  (t)  =  [R  Q] 


(n  X  1)  (n  X  2m)  (2m  X  1) 


(t) 


where  x,  Is  response  of  the  1th  station  at 
time  t,  * 


Rjj  =  pjj  co8(bjt  +  Ojj), 

Qjj  =Pjj  sin(bjt  +  Ojj), 
c,  d  are  constants. 


and  the  relative  modal  contribution  constant 
for  the  j^  mode  will  be: 


'(RMCC)j’ 


v' 


2  j2 


max  (c^i  +  d^,) 
l^<m  J  ^ 


and  the  physical  amplitudes  of  the  jth  mode  at 
all  its  n  stations  will  be  equal  to '"(KMCC)J" 


X£j. 


EXPE  RIMENTAL  RESULTS 


Figures  1-a  and  1-b  show  the  free-docay 
rak^poiises  of  the  horizontal  and  vertical  tall 
accelerometers.  These  free-iiecay  signals 
were  obtained  by  applying  the  random  decre¬ 
ment  technique  [1,2] ,  to  the  random  responii^LS 
recorded  during  a  test  flight  of  a  prototype  of 
the  B-1  bomber.  Sampling  frequency  was  300 
cps.  The  free-decay  signal  for  the  horizontal 
table  was  about  0.8&  seconds  (256  time 
samples).  For  the  vertical  tall  slgnaL  the 
record  length  was  about  1.7  seconds  (512  time 
samples).  Each  set  of  data  was  used  as  input 
to  the  time  domain  Identification  program.  A 
math  model  of  10  modes  was  used  for  the 
horizontal  tail.  For  the  vertical  tail  15  modes 
math  model  was  used.  In  each  case  the  number 
of  modes  In  the  math  model  was  intentionally 
larger  than  the  number  of  modes  excited  In 
each  signal.  This  is  to  allow  exits  for  noise. 
The  concept  of  modal  confidence  factor,  MCF, 
[6] ,  which  indicates  the  purity  of  the  mode,  was 
used  to  separate  good  modes  from  noise  modes. 


Equation  (1)  is  n  equations  in  2m 
unknowns.  Repeating  equation  (1)  a  number  of 
times  at  different  time  intervals  tj,  X21  —  If 

such  that  (n  X  jC  )  is  greater  than  2m. 


"«!  Si" 

52 

^2  92 

53 

if 

(nf  X  1)  (nf  X  2m)  (2m  x  1) 


Equation  (2)  can  be  written  as: 


The  procedure  for  the  analysis  is  shown 
in  the  block  diagram  of  Figure  2. 

Table  1.  summarizes  results  obtained. 
Four  modes  were  identified  for  the  horizontal 
tail,  and  eight  modes  for  the  vertical  tail.  The 
relative  modal  contribution  constants  "RMCC" 
were  calculated  using  the  algorithm  previously 
discussed.  Under  the  column  designated  notes, 
frequencies  and  damping  factors  identified,  by 
other  researchers  who  preferred  not  to  be 
referred  to.  using  frequency  domain  and  special 
flutter  testing  techniques  are  listed. 

Evidences  of  having  more  than  one  made  in  the 
horizontal  tall  response  are,  blips  on  figure  1, 
unequal  time  periods,  and  a  beating  like 
phenomena.  From  the  relative  modal  contribu¬ 
tion  factors  listed  in  table  1,  it  is  evident  that 
the  time  domain  identification  technique  can 
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Identify  modes  that  have  vary  low  response 
leveli  beca'jse  this  technique  does  not  depend 
on  manual  uljservation  ana  judgment  during 
identUlcatloK  process. 


VEr  'FICATION  OF  RESULTS 

Figures  3  and  4  show  comparison 
between  the  test  response  and  response  made 
up  by  linear  combination  of  Identified  modes 
using  the  calculated  relative  modal  contribu¬ 
tion  constants.  The  fitted  response  was 
calculated  using  equation  (1).  Agreement  is 
extremely  good. 


6.  S.  R.  Ibrahim,  "Modal  Confidence  Factor 
in  Vibration  Testing,"  MAA  Journal  of 
Spacecrafts  and  Rockets.  Vol. 
September-October  197n,  pp.  313-316. 


CONCLUSIONS 


The  combination  of  time  domain  identi¬ 
fication,  random  decrement  technique  and  the 
concept  of  relative  modal  contribution  constant 
p.resent  a  very  powerful  tool  that  can  be  very 
effective  in  moefal  analysis  of  structures  from 
flight  measurement.  The  relative  modal 
contribution  constant  gives  information  on  the 
level  of  excitation  of  each  individual  mode. 
F<jrther  worV  need:,  to  be  done  on  transient 
and  random  flight  measurements  with  varying 
mean,  amplitude  and  structural  properties. 
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Figure  1-B  -  Vertical  tall  free  decay  response. 


Fig.  2  -  Analysii  procedure. 
TABLE  1 


Identified  Parameters 


Structural 

Component 

Frequency 

Hz 

Damping 

Factor 

"RMCC" 

"MCF" 

Notes 

Horizontal  tall 

4.31 

0.068 

6.4 

99.5 

6,67,  0.102 

6.21 

100.0 

10.89 

0.223 

12.0 

98.3 

11.47 

0.031 

1.5 

00.7 

Vertical  taU 

4.05 

0.062 

3.0 

90.6 

3.0,  0.044 

6.12 

0.102 

4.4 

00.8 

7.77 

0.100 

62.2 

90.7 

8.22 

0.112 

100.0 

00.8 

8.4,  0.058 

10.70 

0.030 

16.0 

100.0 

12.07 

0.032 

6.2 

00.7 

11.65,  0.094 

14.46 

0.015 

1.6 

00.5 

22.60 

0.147 

4.0 

99.4 
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ABSTRACT 

An  analytical  method  is  developed  whereby  a  simple  estimate  can 
be  obtained  of  the  maximum  dynamic  response  of  light  equipment 
attached  to  a  structure  subjected  to  ground  motion.  The  natural  fre¬ 
quency  of  the  equipment,  modeled  as  an  undamped  single-degree-of- 
freedom  system,  Is  considered  to  be  close  or  equal  to  one  of  the  natural 
frequencies  of  the  undamped  A-degree-of-freedom  structure.  This  esti¬ 
mate  provides  a  convenient,  rational  basis  for  the  structural  design  of 
the  equipment  and  its  installation. 

The  approach  is  based  on  the  transient  analysis  of  tuned  or  slightly 
detuned  equipment-structure  systems  in  which  the  mass  of  the  equip¬ 
ment  is  much  smaller  than  that  of  the  structure,  ll  is  assumed  that  the 
Information  available  to  the  designer  is  a  design  spectrum  for  the 
ground  motion,  fixed-base  modal  properties  of  the  structure,  and  fixed- 
base  properties  of  the  equipment.  The  results  obtained  are  simple  esti¬ 
mates  of  tlic  maximum  acceleration  and  displacement  of  the  equipment. 
The  method  can  also  be  used  to  treat  closely  spaced  modes  in  structural 
systemt;,  where  the  square  root  of  the  sum  of  the  squares  is  known  to 
be  invalid. 


INTRODUCTION  little  interaction,  in  which  case  the  conventional  floor 

The  design  of  equipment  to  withstand  dynamic  load-  spectrum  method  should  be  valid  for  transient  problems, 
ing  is  a  neglected  feature  of  structural  design.  Equipment  other  hand,  the  equipment  frequency  is  tuned 

is  rarely  designed  with  the  same  care  as  the  building  **  structural  frequency,  it  was  found  that  for  the  com- 

within  which  it  is  housed.  A  rational  approach  to  one  bined  system  there  are  iv/o  closely  spaced  frequencies  on 

aspect  of  equipment  design,  that  of  relatively  light  equip-  either  side  of  the  tuning  frequency  around  which  a  band 

ment,  is  presented  here.  The  model  considered  is  an  of  high  amplification  appears,  offering  a  substantial  target 

undamped  A-degree  of  freedom  structure  to  which  is  sympathetic  oscillation.  The  significant  equipment- 

attached  ail  undamped  single-degree-of-freedom  com-  structure  interaction  in  this  case  means  that  the  conven- 
ponent.  The  frequency  of  the  latter  can  be  higher  than  spectrum  method,  which  ignores  that  inlerac- 

the  fundamental  frequency  of  the  structure.  In  previous  "o’  valid  for  the  transient  analysis  problem, 

work  [ll,  we  have  described  the  response  of  such  a  sys-  In  this  paper  the  previous  research  is  extended  lo 

tern  to  steady-state  ground  shaking,  Sisnlflcant  interac-  transient  analysis  of  the  equipment-structure  interaction 

tion  eflTects  were  shown  to  occur  in  the  case  of  tuning,  problem.  The  peak  response  of  the  equipment  is 

the  situation  in  which  the  equipment  frequency  is  close  or  estimated  by  utilizing  a  design  spectrum  for  a  specified 

equal  to  one  of  the  natural  frequencies  of  the  structure.  input  to  the  structure,  and  fixed-base  dynamic  properties 

If  the  equipment  frequency  is  not  tuned  to  a  structural  of  the  structure  alone  and  of  the  equipment  alone.  By 

frequency,  the  response  is  roughly  the  superposition  of  taking  advantage  of  the  mathematical  structure  of  the 

the  structural  response  and  the  equipment  response  with  equations  and  of  asymptotic  methods  made  possible  by 
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the  smallness  of  the  equipment  mass  in  comparison  with 
the  structure  mass,  we  obtain  simple  results  that  are  valid 
for  tuned  and  nearly  tuned  systems. 

The  rationale  for  using  design  spectrum  methods  Is 
that  they  are  inexpensive  and  to  a  certain  extent  Incor* 
porate  the  probabilistic  nature  of  the  problem,  l,e.,  the 
uncertainty  involved  in  specifying  the  structural  pirame* 
lers  and  the  ground  shock  Input.  These  uncertainties  are 
accounted  for  in  constructing  a  design  spectrum  and  also 
in  the  way  that  the  maximum  values  In  each  mode  are 
combined  to  predict  the  maximum  for  the  entire  system. 

For  light  equipment,  the  results  obtained  can  be 
implemented  easily  and  efRclently  by  a  designer.  A 
surprising  feature  of  the  analysis  Is  its  extreme  simplicity; 
namely.  If  the  response  spectrum  for  the  ground  motion 
is  available,  the  response  spectrum  for  the  equipment  can 
be  calculated  merely  by  multiplying  the  former  by  an 
amplification  factor. 

ANALYSIS  or  EQUIPMENT-STRUCTURE  SYSTEMS 

In  this  section  we  formulate  the  equations  of  motion 
governing  the  response  of  a  general  undamped  N- 
degree-of-freedom  structure  to  which  is  attached  equip¬ 
ment  modeled  as  an  undamped  single-degree-of-freedom 
oscillator  (Figure  1). 


S-D-O-F 

EQUIPMENT 


I — (f) 


N-D-O-F 

STRUCTURE 


QROUNO  MOTION 

FIGURE  1  EQUIPMENT-STRUCTURE  SYSTEM 

The  equations  of  motion  of  the  iV-degree-of- 
freedom  structural  system  take  the  form 

z  (M,jUi  +  KiiUj)  -  i  K,jRjU,  +  Fe,  (1) 

/-.  j-i 

where  /-1. 2 . N  and  A/,,  and  K,/  are  the  mass  and 

stiffness  matrices,  respectively.  The  vector  R,  is  a  vector 
of  influence  coefficients  introduced  to  couple  the  actual 
ground  motion  i/,(f)  to  the  structure,  and  c,  a  vector 
whose  components  are  zero  at  every  degree  of  freedom 
except  the  one  to  which  the  equipment  is  attached, 
denoted  by  the  index  ^  where  it  takes  unit  value.  The 
term  F  is  the  interaction  force  between  the  equipment 
and  the  structure. 

The  naturai  frequency  n,  and  mode  shape  <b,*of  the 
mode  (/I-1.2 . N)  are  obtained  from  the  equations 


y-i  j-i 

where  /-1. 2 . N.  Equation  (I)  in  modal  coordinates  is 


i-\ 


where  k-t,2 . A  and 


Wr-ii't/'l’X 


F,  -  'ZK,jRtU,  +  Fei 
/-I 

with  Ml  the  generalized  mass.  The  Laplace  transform  of 
the  structural  response  U,(t)  is  given  by 


F,  “  Z  -(•  Fe, 

/-I 

where  p  is  the  Laplace  transform  parameter  and  a  bar 
above  a  function  denotes  Its  Laplace  transform.  The 
corresponding  equation  of  motion  for  the  equipment  dis¬ 
placement  u  Is 

-mu  “  f  -  k{u  -  U,)  (5) 

or,  in  Laplace  transforms, 

—  p^u  ~  itt^iu- U,)  (6) 

m 

where  m  and  k  are  the  mass  and  stiffness  of  the  equip¬ 
ment,  respectively.  A  relationship  between  u  and  U,  is 
obtained  from  Eq.  (6)  in  the  form 

(p* -f  w*)  B  “  (i>^  t/,  (7) 

which,  from  Eq.  (4),  can  be  written  as 


mp^  +  o^)  -  o'  Z 

Miip^+n}) 


Since  f--.'»ip'C,  F  can  be  eliminated.  The  final 
transformed  equation  for  the  equipment  response  is  then 

[,  1  5,  ^  mp'o'*,**,* 

B  (p'+o')  -t-  Z  .. ,  ; 

I  n-i  Miip'  +  ao 

N  P 

The  expression  Zi-i^a't’,*  can  be  written  as  n*'Z/-|4f./*‘; 
thus  the  solution  for  B  for  the  muUi-degree-of-freedom 
system  takes  the  form 


(10) 


The  zeroes  of  the  term  in  brackets  on  the  left-hand 
side  of  the  equation  must  be  determined  to  invert  the 
Laplace  transform  by  residue  theory.  These  zeroes  are 
the  poles  of  the  transfer  function  for  the  equipment 
response.  The  case  considered  here  is  that  Illustrated  In 
Fig.  2,  where  the  equipment  frequency  is  close  to  a  struc¬ 
tural  frequency,  say  ll„.  The  two  expressions  In  the 
brackets  on  the  left-hand  side  of  Eq.  (9)  have  been  plot¬ 
ted  separately;  />  was  replaced  by  iCl  and  the  graph  of  the 
second  function  and  the  negative  of  the  first  function  in 
the  bracketed  expression  were  then  drawn.  The  plot  for 
the  first  function  Is  a  simple  quadratic  in  n,  zero  when 
n  -u,  the  natural  frequency  of  the  equipment.  The  plot 
for  the  summation  is  a  complicated  curve  that  reaches 
±00  when  11 -fit  and  tt-l.i . N,  the  natural  frequen¬ 

cies  of  the  structure.  Two  such  curves  have  been  plot¬ 
ted,  one  for  equipment  of  small  mass,  and  another  for 
equipment  of  larger  mass. 


FIGURE  2  LOCATION  OF  POLES  OF  EQUIPMENT 
RESPONSE  TRANSFER  FUNCTION 


The  values  of  ll  at  the  Intersections  of  these  two 
curves  locate  the  zeroes  in  the  bracketed  expression, 
where  equipment-structure  interaction  is  considered. 
When  the  equipment  mass  is  small,  these  poles,  all  of 
which  are  simple,  appear  near  the  natural  frequencies  of 
the  structure.  Two  closely  spaced  poles,  referred  to 
herein  as  tuning  poles,  are  located  near  the  equipment 
frequency  and  the  frequency  of  the  structure  to  which  the 
equipment  is  nearly  tuned,  one  below  these  frequencies 
and  one  above  them  as  shown  in  the  figure.  These  two 
poles  coalesce  into  a  double  pole  when  u“n„  and  m  — 0. 
Thus,  the  contribution  to  the  sum  of  the  residues  at  all 
poles  is  dominated  by  the  residues  associated  with  the 
two  tuning  poles.  The  contribution  of  the  summation 
term  to  the  residues  at  these  two  poles  is  dominated  by 
the  term  where  k-n  since  the  denominator  of  that  term 
is  nearly  zero.  Hence,  in  the  region  of  p  -  /w,  Eq.  (9)  can 
be  approximated  by 


p’+n,; 


This  expression  Is  Identical  to  that  for  a  two-degree-of- 
freedom  system,  as  shown  in  Fig.  3.  The  equivalent 
expression  for  the  system  shown  in  that  figure  is 

+  (11) 

where  y-m/Af  is  the  mass  ratio.  When  we  compare  this 
expression  to  Eq.  (10),  we  .see  that  the  effective  mass 
ratio  is 


and  the  effective  ground  motion 
u;"  - 


FIGURE  3  TWO-DEGREE-OF-FREEDOM  SYSTEM 

In  the  subsequent  development,  the  contribution  of 
the  residues  from  the  tuning  poles  (which  are  near 
p  -/u)  will  be  obtained  from  an  analysis  of  the  equivalent 
two-degree-of-freedom  system  defined  by  the  above 
equations.  The  contributions  at  the  other  (Y-l)  poles 
are  straightforward  and  will  be  considered  after  the  two- 
degree-of-freedom  analysis  has  been  completed. 
Although  it  is  not  essential  that  an  equivalent  two- 
degree-of-freedom  system  be  considered,  since  it  is  only 
conceptual  and  introduces  no  further  approximations 
beyond  those  made  in  passing  from  Eq.  (9)  to  Eq.  (10), 
the  following  development  will  be  for  such  a  system  in 
order  to  simplify  notation.  We  will  use  the  notation  of 
expression  (11).  Thus,  fl  will  refer  to  n„,  and  y  and 
to  y''"  and  as  defined  in  Eqs.  (12)  and  (13), 

The  transformed  equipment  acceleration  Sip)  for 
the  equivalent  two-degree-o^freedom  system  takes,  from 
Eq.  (11),  the  form 

3  -  lA/(p)/Z)(p)l  i/j  (15) 

where 

/V(p)  -  (l+f)*(a<  (16) 

and 

Dip)  -  (17) 
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In  the  above  (-(ii~u)/u  is  tht  detuning  parameter.  The 
rollowing  discussion  concentrates  on  equipment  accelera¬ 
tion:  results  for  equipment  displacement  can  be  easily 
developed. 

The  nature  of  the  solution  strongly  depends  on  the 
location  of  the  zeroes  of  the  denominator  Dip).  These 
are  given  by 

±  1  (18) 

Since  the  analysis  is  concerned  with  light  equipment 
which  Is  only  slightly  detuned,  we  take  y'''  and  (  to  be  of 
the  same  order  and  «  1.  Thus,  to  dominant  order,  the 
four  roots  are 

pi,3-/ull  +  |±-j(ri-f')*‘l  (19) 

and  the  corresponding  complex  conjugates  of  pi  and  pj. 

The  formal  Inversion  of  the  transform  expression 
(IS)  is 


may  be  specified  by  a  code  or  determined  by  averaging 
several  possible  Inputs.  We  are  thus  interested  In  deter¬ 
mining  the  extent  to  which  Eqs.  (21)  and  (22)  can  be 
used  to  obtain  estimates  of  maximum  acceleration  wiien 
the  information  available  is  the  response  spectrum  of  the 
ground  motion  li,.  In  a  previous  paper  for  the  undamped 
perfectly  tuned  case  |2]  we  considered  a  number  of  alter¬ 
native  approaches.  Of  these  the  approach  termed  the 
amplified  ground  motion  spectrum  method  was  found  to 
be  the  only  practical  procedure.  This  can  be  extended 
readily  to  the  present  situation. 

When  Green’.s  function,  Eq.  (22),  Is  substituted  into 
Eq.  (21),  the  response  Is  given  by 


- f  “irtrlsIiiTifr-rlcosufr-rlrfr  (23) 


The  term  sim)(/-r)  Is  expanded,  leading  to 


where  r  Is  a  suitable  Bromwich  path.  If  u,(p)  is  taken  to 
be  I,  then  the  Inversion  directly  yields  Oreen's  function 
U(iii)  for  the  solution,  the  essential  component  of  the 
subsequent  analysis.  The  complete  solution  for  the 
equipment  acceleration  for  given  ground  motion  Unit)  will 
take  the  form 

uii)  -  J  ilff(/-T)U,(r)(/r  (21) 

0 

Green's  function  will  be  obtained  by  residue  theory,  since 
there  are  no  branch  cuts  in  the  p  plane.  The  inversion  of 
the  transformed  Green's  function  is  obtained  by  evaluat¬ 
ing  the  residues  at  each  pole,  Eq.  (19),  and  collecting 
complex  corrugate  terms  in  pairs.  To  dominant  order, 

i/c(r)  “  -  ’'"I' 

where 

w  “  (I  +f/2)ui  •  (oj-t-  ft)/2 
V  -  (y-t-f^)''W2 

This  function  represents  an  undamped  beat  solution  with 
the  beat  frequency  v  much  smaller  than  the  tuning  fre¬ 
quency  u. 


APPLICATION  TO  EQUIPMENT  MOUNTING  DESIGN 
The  results  given  in  Eqs.  (21)  and  (22)  could  in 
principle  be  used  by  a  designer  of  equipment  mounting  if 
a  specified  ground  acceleration  history  were  available  to 
estimate  the  forces  that  would  develop  in  the  equipment 
or  its  mounting.  However,  such  Information  is  not 
readily  available  and  the  numerical  evaluation  of  these 
integrals  may  be  inconvenient  during  the  design  process. 
Commonly,  a  designer  begins  with  a  design  spectrum  that 


where 

J  «,(r)sin»!rC0Sii(r-r)i/r 
a-tan-'  -5 - (25) 

J  ii,(T)c05r)rcosa>(f-T)i/r 
0 


We  are  interested  in  situations  where  the  ground  motion 
has  prescribed  Unite  duration  and  for  those  frequencies  a> 
where  the  maximum  response  of  a  single-degree-of- 
freedom  oscillator,  i.r.  the  response  spectrum,  is 
achieved  late  in  or  after  the  termination  of  the  ground 
motion.  These  frequencies  correspond  to  peaks  in  the 
response  spectrum.  Design  spectra,  reflecting  the  proba¬ 
bilistic  motion  of  the  input,  correspond  closely  to  the 
peaks  of  actual  spectra  and  thus  presuppose  late-occurring 
maxima.  When  ground  motion  is  caused  by  a  blast, 
which  is  of  short  duration,  it  Is  likely  that  the  maxima  of 
equipment  response  will  occur  long  after  the  ground 
motion  has  ended. 

Thus,  for  7)/| -27r(|/r «  1,  where  /,  is  the  duration 
of  the  ground  motion  and  Tis  the  beat  period  of  the  sys¬ 
tem,  the  first  integral  In  Eq.  (24)  can  be  approximated  by 

J*  i/,(r)cosil(r-r)(tr  (26) 

n 

and  the  second  neglected  since  sintjr  will  be  bounded  by 
■>iri«l,  and  w,-0  for  (>(,.  For  r)/|«l,  then,  we 
have 


The  term  in  the  integral  is  a  function  that  oscillates  with 
frequency  u,  which  is  high  compared  to  v<  and  a  max¬ 
imum  of  that  will  nearly  coincide  with  the  maximum  of 
slnt;r.  Thus,  an  estimate  of  the  maximum  value  of  ii(i)  is 
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|i'lm4.  “7  — ,77  niaJi|/i;,(/)  a)su(f-n,/i|  <2K) 

•y+f')  II 

Wc  recognize  that 

maxlj  c()s<;i(/-r)i/r| 

i) 

is  ihc  undamped  relative  velocity  response  spectrum, 
which  is  very  nearly  the  pseudo-velocity  response  s(>ec- 
irum  for  a  slnglc-degrec-or-rroedom  system  with 

frequency  w.  Accordingly,  we  obtain  the  following  esti¬ 
mate  of  maximum  acceleration 


l»l . -  TT^r.TA'.i'll 

(y+f'i 


(2'» 


If  the  displacement  and  iiscudo-uccelcrution  undamped 
response  spectra  us  functions  of  frequency  u  are  denoted 
by  and  S^{u^)  and  since  .V,i“i'i/u;  and  .Vj-m.SV, 

then  alternative  estimates  arc 


|n  iitij. 


-S'fjiuil 


(30) 


COMPLETE  SOLUTION  INCLUDING  OTHER  POLES 
Equations  (30)  and  (31)  give  the  dominant  equip¬ 
ment  response,  corresponding  to  the  contributions  from 
the  tuning  poles,  but  contributions  from  the  other  poles 
can  be  easily  computed.  To  do  so,  recall  that  the  nontun- 
ing  poles  of  Eq,  (9)  are  close  to  their  location  for  the 
structure  alone,  us  indicated  in  Fig.  2.  The  poles  for  the 
in'"  nontuned  mode  arc  nearly 

/)  -  ±  iU,„  (32) 

If  we  evaluate  the  residues  and  drop  negligible  terms,  we 
obtain,  to  dominant  order,  the  contribution  from  the  /»"' 
structure  pules  us 


where  m  ^  n. 

Nondominant  contributions  of  the  same  order  from  the 
tuning  poles  arc 


and 


lit  In,,, 


(w) 

(y+f^)^ 


(31) 


If  a  designer  is  given  only  the  response  spectrum  of  the 
ground  motion,  the  maximum  displacement  and  force  in 
the  equipment  cun  be  estimated  by  using  these  spocini 
amplified  by  the  factor  (y+f These  remarks  refer  to 
the  equivalent  two-degrcc-of-frcedom  .system.  Results 
for  the  general  system  arc  obtained  by  utilizing  the  fac¬ 
tors  in  Eqs.  (12),  (13),  and  (14). 

The  simplicity  of  the  result  can  be  explained  on  phy¬ 
sical  grounds.  In  weakly  coupled  systems  with  the  same 
frequency,  the  response  of  the  system  involves  a  perfect 
energy  exchange  between  each  component  at  a  beat  fre¬ 
quency  much  lower  than  the  natural  frequency  of  each 
component.  The  same  phenomenon  -  a  classical  boat 
phenomenon  -  occurs  here.  The  coupling  is  weak 
because  the  ratio  of  equipment  mass  to  structure  ma.ss  is 
small. 

When  a  structure  is  subjected  to  u  ground  motion, 
the  velocity  imparted  to  the  structure  is  mass- 
independent  and  determined  only  by  the  ground  motion. 
Thus,  if  the  same  ground  motion  were  applied  directly  to 
tuned  equipment,  the  same  velocity  would  be  transmitted 
to  it.  Kinetic  energy,  on  the  other  hand,  is  proportional  to 
the  mass  of  the  system  excited;  in  equipment,  that 
energy  would  be  much  smaller  than  in  a  structure.  How¬ 
ever.  if  the  equipment  were  attached  to  .i  structure  and 
the  structure  subjected  to  a  ground  motion,  the  kinetic 
energy  imparted  to  the  latter  would  subsequently  be 
wholly  transmitted  to  the  equipment,  if  tuned,  and  the 
velocity  imparted  would  be  amplified  by  the  reciprocal  of 
the  square  root  of  the  mass  ratio. 

Damping  is  clearly  important  in  this  process  because 
the  energy  transfer  requires  many  cycles  and  much  of  Ihc 
kinetic  energy  in  a  damped  system  could  be  dissipated 
before  being  transmitted.  The  transient  analysis  of 
damped  tuned  and  nearly  tuned  systems  will  be 
developed  in  future  work, 


.V 

l-(<a/'n„,)^ 


u>  sinwr 


(34) 


where  is  defined  in  Eq.  (14).  The  complete  solution 
for  the  response  of  the  equipment  then  takes  the  form 


lit/)  ■=  J 


ll,„sinll,,,(r-r) 


A  Cl" 

L  -77— cwsinuitt-Tl-t-i/./fr-T) 

„_i 


dr  (35) 


where  «,,(/)  is  given  in  Eq.  (22). 

The  character  of  the  two  parts  of  the  solution  in  Eq. 
(35)  dilTor,s.  The  contributions  from  the  nontuning  poles 
and  the  nondominanl  contributions  from  the  tuning  poles 
arc  conventional  and  would  attain  their  peaks  during  the 
ground  excitation  or  shortly  thereafter.  The  dominant 
response  from  the  tuning  poles,  on  the  other  hand,  is 
controlled  by  the  energy  transfer  from  the  structure  to 
the  equipment  through  beating,  which  takes  a  relatively 
long  time.  The  latter  contribution  achieves  its  peak  value 
considerably  later  than  the  former  and  they  should  be 
treated  as  separate  maxima.  The  maximum  response 
from  the  nondominanl  contributions  can  be  estimated  by 
the  conventional  square  root  of  the  sum  of  squares 
method. 

Accordingly,  the  estimate  of  the  maximum  accelera¬ 
tion  has  two  parts,  namely,  an  early  peak  given  by 


|ii  lin.,\ 


i-(n,„/c.,)2  * 

cr 


5s(Il,„) 


i-tw/ii,,,)' 


Shai) 


(36) 
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and  a  laier  peak,  from  the  dominant  contribution  of  the 
tuning  poles,  given  by 


IC"I 


(37) 


The  detuning  parameter  is  (~(n,-u)/u,  and  y*'"  is  given 
by  Eq.  (i2).  For  light  equipment  and  closely  tuned  sys¬ 
tems,  the  second  peak  is  likely  lo  be  more  important. 
However,  the  early  peak  may  be  the  larger  and  both 
should  therefore  be  evaluated. 

The  methods  developed  here  can  also  be  used  to 
estimate  the  peak  response  of  grossly  detuned  systems, 
/.i'..  where  the  equipment  frequency  is  far  from  all  struc¬ 
tural  frequencies,  and  will  be  given  in  future  work.  The 
advantages  of  this  approach  are  its  simplicity  and  adapta¬ 
bility  fur  practical  application.  A  great  deal  of  computa¬ 
tional  ed'ort  is  avoided  since  time  history  analyses  need 
not  be  performed.  The  equipment-structure  system  need 
not  be  analyzed  as  an  /V+i-degree-of-freedom  system 
either  by  modal  or  matrix-time-marching  methods,  and 
errors  In  estimates  of  peak  response  due  to  the  possible 
unreliability  of  numerical  time-integration  schemes,  or  to 
uncertainty  as  to  the  appropriate  procedure  for  summing 
the  contributions  of  the  two  closely  spaced  modes,  are 
thereby  avoided.  For  tuned  and  nearly  tuned  systems  the 
method  accounts  for  the  important  effect,  neglected  in 
the  floor  spectrum  method,  of  equipment-structure 


interaction.  The  method  advanced  here  does  not  require 
new  information  to  be  generated.  Data  available  from 
the  building  design  alone,  the  equipment  alone,  and  the 
ground  shock  spectra  are  used. 
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A  COMPUTATIONAL  MODEL  DESCRIBING  THE  INITIATION  OF 
SILVER  ACETYLIDE-SILVER  NITRATE  EXPLOSIVE  BY  AN  INTENSE  LIGHT  SOURCE* 


Floyd  H.  Mathews  , 
Sandln  Laboratories  t 
Albuquerque,  New  Mexico  87185 


The  surface  initiation  of  Silver  Acetyllde-Silver  Nitrate  explosive 
is  studied.  Initiation  occurs  when  the  explosive  is  exposed  to 
Irradiation  produced  by  an  electrical  discharge  through  an  array  of 
tungsten  wires,  each  surrounded  by  an  alr-fllled  Pyrex  tube.  The 
Initiation  process  Is  modeled  by  first  calculating  the  wire  heating 
and  subsequent  arc  breakdown.  Then  the  arc  energy  is  allowed  to 
reradlate  toward  the  explosive  surface  using  a  characteristic  relax¬ 
ation  time.  Finally  the  thormal  Initiation  of  the  explosive  surface 
is  modeled  as  the  conductive  transfer  of  heat  through  a  surface  layer 
of  Inert  explosive  which  had  prevlou.nly  been  darkened  by  exposure  to 
the  sun.  Initiation  occurs  when  active  explosive  reaches  a  critical 
temperature.  A  number  of  unknown  parameters  are  accommodated  by 
normalizing  the  calculation  to  agree  with  the  time  delay  before 
firing  which  was  measured  during  a  single  experiment. 

Reasonable  agreement  is  obtained  between  calculated  and  measured 
values  of  the  current  time  history  during  the  electrical  discharge, 
and  a  similar  agreement  Is  obtained  between  measured  and  calculated 
Irradlance  time  histories.  Calculated  explosive  Initiation  times  are 
also  reasonably  close  to  measured  values  over  a  range  of  test 
conditions.  Parametric  studies  indicate  that  the  initiated  area  may 
be  increased  by  a  factor  of  3.5  by  modifications  to  the  electrical 
circuit  while  maintaining  present  Initiation  conditions. 


INTRODUCTION 

Laboratory  nuclear  effects  test¬ 
ing  allows  the  study  of  weapon  response 
to  simulated  exoutmospherlc  x-ray 
encounters.  Coatings  of  the  primary 
explosive  Silver  Acetyllde-Silver 
Nitrate  (SASN)  are  employed  In  our 
laboratory  to  study  the  mechanical 
response  of  structures  to  externally 
applied  Impulsive  loads  [1-4].  This 
process  Involves  spray  painting  the 
surface  to  be  loaded  with  carefully 
controlled  thin  layers  of  explosive. 

The  explosive  Is  then  exposed  to 
sunlight  (suntannlng)  causing  a  surface 
darkening  of  the  outer  layer  of  the 
explosive.  When  exposed  to  an  Intense 
flash  of  light  the  explosive  is 
detonated  nearly  simultaneously  on  Its 
surface,  and  an  Impulse  load  Is  Imparted 
to  the  structure  within  a  few  micro¬ 
seconds.  The  suntanned  explosive 
exhibits  a  more  uniform  Initiation 


pattern  than  exhibited  by  untreated 
white  explosive.  The  local  Impulse 
value  can  be  varied  over  a  wide  range  by 
appropriate  local  variations  of  the 
explosive  mass.  Typical  values  of 
explosive  areal  density  are  300g/m*  to 
yield  an  impulse  of  •- 200  Pa-s. 

Depending  upon  the  expected  damage 
modes  of  the  structure,  initiation 


*The  submitted  manuscript  has  been 
authored  by  a  contractor  of  the  United 
States  Government  under  contract. 
Accordingly  the  United  States  Govern¬ 
ment  retains  a  nonexclusive,  royalty- 
free  license  to  publish  or  reproduce  the 
published  form  of  this  contribution,  or 
allow  others  to  do  so,  for  United  States 
Government  purposes. 

t A  U.S.  Department  of  Energy  Facility. 
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Fig.  1  -  Light  source  nnd  explosive  coated  structure 


simultaneity  over  widely  separated 
locations  on  the  explosive  surface  nay 
be  permitted  to  scatter  over  a  range 
from  1.0  to  about  10  us.  However,  in  a 
snail  local  area  It  is  desirable  to 
produce  initiation  within  a  scatter  of 
0.1  to  1.0  usec . 

In  this  paper  the  Initiation 
process  is  studied.  First  an  analytical 
model  Is  constructed  describing  the 
electrical  discharge  light  source  and 
then  this  conputatio  l.n  .coupled  to  a 
model  of  the  process  which  heats  the 
explosive  to  its  Initiation  temperature. 
This  model  is  then  made  to  agree  with  a 
single  experimental  point  In  order  to 
normalise  for  physical  parameters  which 
are  not  accurately  known.  Useful, 
though  not  exact,  agreement  Is  obtained 
when  comparison  Is  made  with  additional 
experimental  measurements  made  for 
different  conditions.  Finally,  studies 
are  made  of  various  parameters  which  can 
be  altered  through  design  of  the  light 
source.  Conclusions  resu.ltlng  from 
these  studies  have  proven  useful  during 


the  design  of  light  sources  applied  to 
testing  of  various  structures. 


INITIATION  PROCESS 

One  of  five  units  In  the  modular 
light  source  and  its  capacitor  discharge 
power  supply  Is  Illustrated  schematical¬ 
ly  In  Figure  )  and  has  been  described 
elsewhere  [5].  A  typical  erperiment 
Involves  discharging  the  capacitor  which 
Is  Initially  charged  to  40  kV  through 
an  array  of  five  0.076  mm  diameter 
tungsten  wires  609  mm  long  and  spaced 
90  tarn  apart.  The  tungsten  wires  are 
surrounded  by  heavy  wall  Pyrex  tubes  of 
12.7  nm  bor  .  Depending  upon  test 
requirements  many  parameters  nay  be 
varied.  These  Include  wire  spacing, 
wire  length,  number  of  capacitor  nodules, 
curvature  of  the  light  array  and  the  use 
of  white  paper  reflectors.  The  setup 
shown  In  Figure  1  Is  typical  of  all 
experlnents  described  in  this  paper  and 
Is  fairly  typical  of  a  structural 
testing  arrangement .  The  explosive 
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Fig.  2  -  Current  and  light  wavoforms 


surface  is  ordinarily  placed  within 
approximately  one  wire  spacing  from 
the  light  source  in  order  to  realize 
a  reasonably  uniform  light  flux  and 
acceptably  small  radiant  loss  at  the 
edges . 

When  the  capacitor  bank  is 
triggered,  the  current  waveform  follows 
the  time  history  Illustrated  schema¬ 
tically  in  Figure  2.  During  the  arc 
delay,  all  current  passes  through  the 
tungsten  wire,  causing  it  to  heat  from 
the  solid  state  up  through  the  onset  of 
vaporization,  Corresponding  nearly  to 
the  Instant  of  wire  surface  vaporiza¬ 
tion,  the  current  transfers  from  the 
high  resistance  wire  to  an  arc  which 
forms  In  the  surrounding  air  and  grows 
to  fill  the  entire  Pyrex  envelope. 

During  the  period  of  arc  growth  the 
circuit  resistance  drops  to  a  low  value 
resulting  in  a  current  waveform 
characteristic  of  an  underdamped 
discharge,  Kven  with  the  rapidly 
decreasing  resistance  as  current  trans¬ 
fers  from  the  wire  to  the  arc,  curient 
is  shared  apnrcxiaately  uniformly 
between  the  a)  I'ferent  parallel  arcs 
which  form  within  a  Jitter  of  1  us . 

Class  tubes  serve  to  confine  the  arc, 
thus  increasing  circuit  resistance  in 
comparison  to  an  unconfined  discharge. 
Shattering  Is  avoided  If  peak  currents 
are  below  30  k  amps  in  each  arc. 

Energy  Is  radiated  In  all 
directions  at  a  rate  dependent  upon  the 
arc  energy  density  and  the  arc  size. 

The  resulting  radiated  light  energy 
follows  the  current  waveform  illustrated 
In  Figure  2,  lagging  somewhat  behind  as 
a  result  of  energy  storage  in  the  heated 
gas.  Radiated  energy  is  lost  through 


absorption  In  the  Pyrex  envelopes,  and 
Is  lost  to  the  Bides  and  to  the  rear  of 
the  fixture.  Quartz  envelopes  Improve 
the  efficiency;  however,  the  tubes  are 
frequently  damaged  by  the  explosive 
blast  and  better  economy  Is  achieved  by 
using  Pyrex.  We  have  assumed  that  40% 
of  the  energy  emitted  by  the  arc  is 
absorbed  in  the  explosive  and  that  this 
energy  is  distributed  uniformly  over  an 
area  equal  to  the  planar  area  of  the 
light  source. 

The  thermal  process  believed  to 
cause  initiation  of  the  explosive  is 
illustrated  in  Figure  3.  The  energy 
flux  radiated  by  the  light  source  Is 
Incident  upon  the  outer  surface  of 
darkened  explosive.  Because  of  a  photo 
reaction  which  occurred  during  exposure 
to  sunlight,  this  "suntanned"  layer  Is 
Inert  to  an  unknown  small  depth  h. 

Since  most  of  the  energy  Is  deposited 
on  the  outer  surface,  with  a  small 
reflective  and  radiative  loss,  only 
those  losses  associated  with  geometry, 
l.e.,  edge  and  rear  losses,  significant¬ 
ly  reduce  the  energy  flux.  During  the 
small  interval  while  energy  is  incident 
upon  the  receiver  surface,  but  before 
the  explosive  has  detonated,  energy  is 
conducted  thermally  from  the  surface 
through  the  inert  layer  toward  vhe 
active  explosive.  Eventually  the  active 
explosive  is  heated  until  a  sufficient¬ 
ly  high  temperature  is  reached  to  cause 
initiation.  Somewhat  arbitrarily  a 
temperature  rime  of  200°C  above  ambient 
is  selected  to  represent  the  value 
causing  thermal  initiation  [6]  rather 
than  the  higher  values  suggested  for 
thermally  induced  cookoff  [1]  (260°C) 
or  the  value  suggested  by  Roth  [7]  for 
pulse  heating  reactions  (~600°C)  or 
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STRUCTURE 


Fig.  3  -  Explosive  Initiation  model 


lead  azide.  Nornallzatlon  of  computed 
results  to  an  experimentally  measured 
firing  delay  which  will  be  discussed 
later  is  intended  to  compensate  for  a 
lack  of  detailed  knowledge  of  this 
Important  parameter. 

In  the  past  section,  the  physical 
processes  which  cause  explosive 
Initiation  have  been  described.  In  the 
next  section  details  of  a  computational 
model  of  this  process  will  be  discussed. 
In  formulating  this  model  the  goal  is  to 
provide  a  means  for  investigating  the 
influence  of  various  physical  parameters 
upon  the  time  delay  between  arc  forma¬ 
tion  and  explosive  output.  With  this 
limited  goal,  the  difficult  task  of 
accurately  confirming  details  of  the 
theory  Is  avoided.  Instead,  estimated 
values  for  many  of  the  required  physical 
variables  are  used  and  the  computed 
results  are  normalized  to  agree  with  a 
particular  measurement.  Thus  by 
adjusting  a  single  parameter,  i.e,,  the 
unknown  thickness  of  the  inert  layer  of 
suntanned  explosive,  agreement  Is  forced 
by  using  a  single  experimental  measure¬ 
ment.  The  adequacy  of  the  normalized 
theory  may  then  be  checked  by  comparison 
with  other  experimental  measurements. 
This  type  of  empirical  theory  is 
formulated  In  the  next  section. 


COMPUTATIONAL  MODEL 

The  resistance  behavior  of  wire 
heated  to  explosion  by  a  rapid 
electrical  discharge  has  been 
extensively  studied  by  Tucker  [8,9]. 
Although  his  vacuum  conditions  are  not 
exactly  duplicated  In  our  arrangement, 
the  requirement  of  short  time  scales, 
i.e.,  a  few  lO's  of  u  seconds  are  met 
and  the  requirement  of  adiabatic  heating 
during  the  electrical  discharge  Is 
approximately  correct.  Therefore,  the 
analytical  formulation  in  which  the 
resistivity  of  tungsten  wire  p(t)  varies 
during  the  electrical  discharge  Is  used 
in  accordance  with  the  value  of  specific 
action  g(t}  as  the  discharge  occurs. 
Specific  action  Is  defined  by 


where  1  is  the  current,  A  is  the  wire 
area  and  t  Is  the  time,  Tucker  gives 
approximate  analytical  expressions  for 
tungsten  In  [9]  which  allow  calculation 
of  the  resistivity  of  the  wire  through¬ 
out  the  discharge.  This  process 
includes  (1)  a  solid  heating  phase, 

(2)  a  solid  to  liquid  transition,  (3)  a 
liquid  heating  phase,  and  (4)  a  liquid 
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vapor  transition.  Thus  the  variable 
resistance  offered  by  the  wire  during 
the  arc  delay  period  Is  calculated 
directly  as  a  function  of  action.  In 
functional  form 


where  Ry^(t)  Is  the  tine  dependent  wire 

resistance,  and  i  is  the  wire  length. 
With  this  Information  and  the  circuit 
equation , 


L 


li 

dt 


+ 


(3) 


where  L,  Rg,  C,  are  the  circuit 

Inductance,  bank  resistance,  capacitance, 
and  Initial  voltage  respectively. 
Numerical  solution  of  these  equations 
yields  the  result  of  Figure  4  for  a 
typical  case,  When  these  conditions  are 
repeated  experimentally,  we  find  that 
the  current  waveforms  agree  until 
formation  of  the  arc  at  6.3  ps ,  which 
corresponds  to  the  instant  when  the 
tungsten  wire  Is  Just  vaporizing  on  its 
surface.  We  conclude  that  arc  formatloi 
starts  at  a  specific  action  of  42500 
amp’  s/mm*  . 

Once  an  arc  has  formed  In  the  gas 
surrounding  the  tungsten  wire,  the 
resistance  afforded  by  the  Ionized  air 
Is  much  less  than  that  of  the  partially 
vaporized  wire.  Therefore  wire 
resistance  Is  dropped  from  the  calcul¬ 
ation  and  replaced  by  the  at'.c  resistance. 


An  appropriate  theory  for  air  resistance 
during  are  formation  was  not  found. 
Instead,  In  order  to  continue  the  calcu¬ 
lation,  data  from  [10]  was  employed  which 
applies  specifically  for  xenon,  With 
this  approximation,  the  realstance  of 
each  arc  path  la  given  by 

R  =  (4) 

*  Dl» 


where  I  Is  the  arc  length  In  mm,  D  Is 
the  arc  diameter  In  mm,  and  R^  Is  the 

resistance  of  a  single  arc  In  ohms. 

The  arc  growth  was  observed  as  a 
function  of  time  using  a  streaking 
camera  to  obtain  the  data  illustrated 
In  Figure  5.  Arc  growth  rate  was 
found  to  be  a  function  of  initial  charge 
voltage  as  illustrated  in  Figure  6. 

This  data  approximated  a  straight  line 
with  the  equation 


=  2(110000  10.89  (5) 


where  14,000  s  s  45,000  volts, 

D  s  12.7  mm  and  f.  =  610  mm  and  dD/dt  is 
the  rate  of  arc  grcwth.  We  assume 
further  that  after  the  arc  expands  to 
the  tube  wall,  then  the  arc  remains  at 
the  tube  diameter.  Note  that  Injection 
of  this  empi. real  equation  severely 
restricts  the  theory  since  the  desirable 
cause  and  effect  relationship  between 
current  and  arc  size  Is  not  permitted. 

The  arc  radiation  process  is 
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Fig.  4  -  Computed  current  time  waveform  during  arc  delay 
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Fig.  5  -  Arc  size  as  a  function  of  time 


modeled  after  the  methods  given  in 
[11]  by  Hug  et.  al.,  who  found  that  a 
characteristic  relaxation  time  t^,  could 

be  defined  for  various  gases  radiating 
energy  during  an  arc  discharge,  For  our 
tube  geometry  using  air  at  85  kPa  their 
results  suggest  that  the  relaxation  time 
tj,  is  given  in  terms  of  the  arc  diameter 

by 

t„  =  0.97  X  10"®  D  (6) 

r 

The  rate  of  energy  Increase  E  in  the  arc 
is  given  by 

di;  _  ^2_  E(t) 

dt  “  ^  ‘‘a  tj. 


where  the  singularity  at  D  =  0  is 
avoided  because  the  arc  must  begin  at 
the  finite  tungsten  wire  diameter.  The 
term  E(t)/tj,  represents  the  time 

dependent  power  leaving  the  arc  through 
radiation.  Integration  of  Equation  7 
from  the  initial  zero  energy  state  in 
the  arc  allows  computation  of  the  time 
history  of  the  radiated  energy.  The 
energy  flux  F(t)  reaching  the  target 


explosive  surface  is  given  by 


E(t)  Ti  (B) 

where  ri  is  the  source  efficiency  and  A^ 

is  source  a’'ea.  Values  of  ti  were 
estimated  to  be  0.4  when  no  reflector 
is  used  behind  the  light  array  and  a 
flat  target  equal  in  area  to  the  light 
source  was  placed  one  tube  spacing  in 
front  of  the  array.  This  estimate, 
which  accounts  only  for  geometrical 
losses,  was  justified  by  the  very  high 
electrical  to  optical  efficiency 
measured  in  [12], 

This  flux  may  now  be  employed  to 
calculate  the  internal  temperature  rise 
resulting  from  conduction  of  heat 
through  the  inerted  explosive  layer  to 
the  interface  between  inactive  and 
active  explosive.  This  calculation  is 
made  by  superposition  of  the  solution 
given  in  [13]  for  the  step  application 
of  a  heat  flux  to  a  conducting  half 
space.  Then 
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Fig.  6 


Arc  growth  rate  as  a  function  of  initial  voltage 


TCh.t)  =  lerf  (9) 

2/at 


where  T(h,t)  Is  the  temperature  Increase 
at  interior  location  h,  a  is  the  thermal 
diffusivity  of  the  inerted  explosive  and 
K  is  the  thermal  conductivity.  Repre¬ 
sentative  values  of  168.  mm^/s  for 
diffusivity  and  0.02  J/(s  °K  mm)  for 
conductivity  were  assumed. 

Only  one  parameter  remains  unknown, 
the  thickness  of  inert  material  h.  The 
delay  period  from  arc  formation  until 
explosive  firing  was  measured  by 
spraying  a  300  g/m”  coating  ~0.SS  mm 
thick  over  a  quartz  pressure  gage  and 
measuring  both  the  time  of  pressure  out¬ 
put  and  the  discharge  current  waveform. 
With  a  charge  voltage  of  40  kV  and  a 
test  setup  similar  to  Figure  1  using 
suntanned  explosive,  a  delay  period  of 
20  |is  was  measured  between  arc  formation 
and  explosive  pressure  output.  Agree¬ 
ment  between  calculated  and  measured 
values  was  obtained  when  an  inert  thick¬ 
ness  of  0.0095  mm  was  assumed  in  the 
calculation.  Thus  the  theory  was 
noraiallzed  to  agree  with  experimental 
values  by  selecting  a  specific  value 
for  the  unknown  Inert  layer  thickness. 

Forcing  agreement  of  the  calcula¬ 
tion  and  the  experiment  by  selecting  a 
value  of  one  parameter  may  mask  the 
possibility  that  values  for  other 
important  parameters  are  not  accurately 


known.  In  order  for  the  theory  to  be 
useful,  though  only  approximately 
correct,  agreement  must  be  demonstrated 
between  calculated  and  experimental 
values  for  other  conditions.  The  next 
section  illustrates  the  adequacy  of 
this  agreement. 


COMPARISON  TO  EXPERIMENT 

The  ability  of  the  theory  to 
predict  the  current  waveform  Is  Illus¬ 
trated  in  Figure  7.  The  current  was 
measured  by  Integrating  the  signal  from 
a  Rlgowsky  coll  placed  on  the  current 
return  path  common  to  all  five  wires. 
Measured  values  of  Rg,  L,  and  C  were 

used  in  the  calculation  and  the  value 
of  action  representing  arc  formation  was 
adjusted  to  force  agreement  between 
observed  and  computed  delay  time  before 
arc  formation.  This  relatively  good 
agreement  between  computed  and  observed 
waveshapes  was  repeated  for  similar 
comparisons  as  the  initial  bank  voltage 
was  varied  between  14  kV  and  45  kV. 

A  comparison  between  measured  and 
computed  optical  Irradlance  time 
histories  both  normalized  to  a  peak 
value  of  1  is  shown  In  Figure  8,  Again 
the  relatively  good  agreement  in  wave¬ 
shape  is  encouraging.  The  optical 
instrument,  a  bhangmeter  of  a  type 
specialized  for  nuclear  effects  testing, 
was  located  30  meters  from  the  source. 
Almost  an  order  of  magnitude  lower  peak 
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AMPLITUDE  CURRENT  K  Amp 


Fig.  7  -  Comparison  between  measured  and  computed 
total  current  waveforms 


Fig.  8  -  Comparison  of  computed  and  measured  normalized  light 
flux  waveforms 
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Tabu  1 


Measured  and  Computed  Arc  Delay  Tlae 


Charge  Voltage 

Delay  Time  (us) 

(k''^  Measured 

Computed 

Ratio 

45 

5.4 

5.2 

0.96 

40 

6.6 

6.6 

1.00 

28 

12.4 

1.1.8 

1.12 

20 

23.9 

27.8 

1. 16 

14 

50.6 

60.5 

1.20 

power  was  Indicated  by  this  Instrument 
than  the  computed  value.  Unfortunately, 
the  bhangmeter  was  available  only  for  a 
single  day,  hence,  resolution  of  this 
Important  difficulty  must  await  future 
testing.  With  this  uncertainty  and  the 
observation  that  use  of  quartz  rather 
than  Pyrex  has  little  effect  upon  the 
observed  Initiation  density,  a  100% 
efficiency  was  assumed  for  the  trans¬ 
formations  between  electrical  energy  and 
radiated  energy. 


The  computed  delay  time  for  arc 
formation  Is  compared  to  the  measured 
time  for  0.076  mm  diameter  wires 
609.7  mm  long  in  Table  I  for  a  range  of 
Initial  capacitor  voltages.  Clearly  a 
time  dependent  phenomenom  which  Is  not 
Included  In  this  theory  favors  shorter 
arc  delays  In  those  cases  where  the 
wire  heating  Is  relatively  slow. 

The  most  Important  comparison 
between  computed  and  measured  values  Is 
given  In  Table  11  where  values  for  the 


Table  II 

Comparison  of  Computed  and  Measured  Firing  Delays 


Bank 

Voltage 

(kV) 

Bo 

(kJ/m^) 

Computed 

Measured 

dT 

dt 

(°C/|i8) 

Firing 

Delay 

(us) 

Firing 

Delay^^^ 

(us) 

45 

85.0 

28 

18.5 

16.0 

40 

67.1 

26 

19.8 

20.0 

28 

32.9 

15 

25.8 

24.4 

20 

16.8 

4 

41.8 

No- Fire 

18.2 

13.9 

0 

No»Flre 

(1)  A  Is  the  mid  plane  area  of  the  light  source. 


(2)  The  firing  delay  time  is  measured  from  the  Instant  of 
arc  formation  until  the  instant  of  explosive  Initiation. 

(3)  Same  as  2  above  except  that  explosive  Initiation  corresponds 
to  measured  pressure  output  from  a  quartz  gage  covered  by 
explosive . 
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Table  III 


Obaerved  Detonation  Pattern  Spot  Densities 


Charge 

Voltage 

Computed 
Temperature 
Rise  Rata 

Detonation^ 
Spot  Density 

(kV) 

(°C/us) 

(Points/cm^) 

45 

28 

336 

40 

26 

136 

28 

15 

54 

(1)  Approximate  value 


time  delay  from  arc  formation  to 
explosive  output  are  given  as  a  function 
of  voltage.  Also,  values  for  the  rate 
of  temperature  rise,  and  stored 
electrical  energy  per  unit  of  light 
source  area  computed  at  the  light  source 
mid  plane  have  been  included.  The 
reasonably  good  comparison  between 
observed  and  computed  firing  delay  is 
justification  for  further  use  of  this 
model,  The  observation  of  a  no-fire 
point  measured  at  20  kV  with  no 
reflector  was  repeated  with  a  reflector 
and  again  a  no-fire  situation  was 
observed.  It  is  estimated  that  for 
these  experimental  conditions  a  no-fire 
threshold  would  be  expected  at  about 
25  kJ/m’  initial  stored  energy.  The 
theory  predicts  a  value  of  13.9  kj/,n*. 

No  further  adjustment  of  assumed 
explosive  properties,  l.e.,  the 
dif  fUrSlvity ,  wag  attempted  in  order  to 
Improve  agreement. 

A  further  experimental  observation 
is  that  a  pattern  of  markings  Is  left 
on  the  structural  surface  after 
explosive  firing.  These  markings  result 
from  discrete  points  of  initiation 
occurring  at  the  interface  between 
active  and  inert  suntanned  explosive. 
Hence,  when  the  most  favorably  situated 
explosive  points  are  heated  to  firing 
conditions,  an  explosive  reaction  Is 
started  which  detonates  adjacent 
explosive  by  shock  wave  excitation 
before  a  thermally  Induced  reaction 
takes  place.  Interaction  between 
detonations  radiating  from  one  initia¬ 
tion  point  with  those  radiating  from  an 
adjacent  initiation  point  cause  a 
pattern  of  uneven  pressure  on  the  target 
surface  which  leaves  a  "detonation  spot 
pattern."  Counting  this  spot  pattern  is 


a  somewhat  subjective  exercise;  however, 
representative  data  using  the  setup  of 
Figure  1  is  given  above  in  Table  III. 

The  spot  pattern  is  indicative  of 
surface  firing  simultaneity.  For 
instance,  consider  a  spot  pattern  where 
spots  are  located  uniformly  about 
2,4  mm  apart  or  at  17  points/cm*.  Then, 
with  the  known  detonation  velocity  of 
J.2  mm/ys  [1],  initiation  simultaneity 
cannot  be  better  than  1  us  on  the 
surface.  Simultaneity  is  probably  less 
due  to  lower  detonation  rates  associated 
with  transition  from  thermal  initiation 
to  full  detonation.  A  specification  for 
acceptable  initiation  can  be  derived 
from  these  observations.  We  adopt  the 
results  from  the  40  kV  observations  of 
Table  II  and  Table  III  as  the  desired 
initiation  condition  where  a  computed 
temperature  rise  rate  of  25,9°C/us  at  an 
initiation  temperature  of  200°C  produces 
a  spot  density  of  136  per  cm”  and  the 
similar  values  obtained  at  28  kV  are 
adopted  as  minimum  which  must  be  main¬ 
tained  in  order  to  avoid  any  possibility 
of  initiation  failure. 


PARAMETER  STUDIES 

Parametric  studies  were  conducted 
in  order  to  identify  those  design 
variables  which  might  be  altered  in 
order  to  increase  the  area  which  could 
be  fired  without  increasing  the 
capacitor  bank  size.  In  all  cases  the 
experimental  arrangement  described  in 
Figure  1  was  used  as  the  nominal  value 


T«bl«  IV 


Variation  of  Lamp  Diameter 


Lamp 

Dlaaeter 

(aa) 

Area 

(a®) 

Firing 

Delay 

(ms) 

dT 

("C/us) 

^aax 
(k  aap) 

^mln 
(k  aap) 

“0 

T 

(kJ/a*) 

15.90 

0.239 

19.5 

25.9 

98.2 

52,0 

77.0 

12.70^^^ 

0.274 

20.5 

25.9 

98.1 

43,4 

67.2 

9.52 

0.366 

21.1 

25.9 

95.7 

37.0 

50.3 

6.35 

0.627 

21.5 

25.9 

86.0 

10.3 

34.9 

(1)  Nominal  circuit 


Table  V 

Variation  of  Wire  Number 


Number 

Area 

Firing 

Delay 

(ms) 

dT 

dt 

(■’C/us) 

^max 

(k  amp) 

(k  amp) 

®0 

T 

(KJ/mh 

9 

0.222 

18.9 

25.8 

104.9 

58.1 

82.8 

7 

0 , 347 

20.4 

25.9 

102.0 

58.1 

74.5 

5(1) 

0.274 

20.5 

25.9 

98.1 

43.4 

67.2 

3 

0.300 

20.5 

26.0 

90.8 

29.4 

61.3 

(1) 

Nominal  circuit 

over  which  improvements  are  sought." 
Usually  several  Iterations  were  required 
In  order  to  select  the  appropriate  area 
which  would  just  reproduce  the  nominal 
value  of  temperature  rise  rate  at  the 
Instant  of  explosive  Initiation. 

Results  of  these  Iterations  are 
suauaarlzed  In  Tables  IV  through  X. 

Reducing  the  lamp  diameter  reduces 
the  lamp's  characteristic  relaxation 
time  resulting  in  an  Increased  area. 
Numerical  verification  is  given  In 
Table  IV.  This  Improvement  la  Halted 
by  the  ability  of  the  tube  to  withstand 
arc  pressure,  a  parnmeter  which  was  not 
Investigated.  Heavy  wall  Pyrex  tubes 


12.7  am  In  diameter  will  sometimes  burst 
at  maximum  currents  above  30  k  amps .  A 


Nominal  values  are;  Capacitor  bank: 

R  =  0.076  ohms,  L  =  1.59  uH,  C  =  23. uF, 
Vp  =  40  kV;  Wire:  D  -  609.6  mm, 

diameter  =  0 . 076  mm ,  Number  s  5  ,  Arc 

action  g  =  42500  ,  Source;  Area 

mat' 

0.274  m^,  Efficiency  0.40,  Explosive 

diffusivlty  =  168  aim^/S,  Conductivity  = 
0.02  J/(s  °C  m).  Inert  layer  h  = 

0 . 0095  am . 
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Table  v: 

Variation  ot  Wire  Length 


Length 

Illuminated 

Area 

(m^) 

Arc  Delay 
(us) 

firing  Delay 
(us) 

dT 

•Si 

(“C/us) 

^0 

X 

(kJ/m^) 

4S7.2 

0.239 

3.8 

19.2 

25.9 

77.0 

609.7^^^ 

0.274 

6.6 

20.5 

25.9 

67,2 

812.8 

0.290 

12.5 

20.4 

25.8 

63.4 

(1)  Nominal 

circuit 

Table  VII 

Variation  ot  Bank  Resistance 


R 

(ohms) 

Illuminated 

Area 

(mh 

Firing  Delay 
(us) 

dT 

Si 

(°C/U8) 

0 

.274 

19.5 

25.8 

.0176^^' 

.274 

20,5 

25.9 

.0352 

.261 

19.7 

26,9 

(1)  Nominal 

circuit 

second  Important  result  is  that  the 
negative  current,  which  occurs  after 
explosive  initiation,  is  reduced  by 
smaller  tube  diameters.  Reducing  this 
current  amplitude  will  exhibit  the 
added  advantage  of  reducing  instrumen¬ 
tation  noise  [14]  since  any  current 
flowing  after  explosive  initiation  is 
likely  to  cause  noise. 

Changing  the  number  of  wires 
produced  the  results  of  Table  V,  Only  a 
limited  gain  is  possible  since  peak 
currents  above  30  k  amp/Tube  exist  when 
3  wires  are  used.  Changing  the  wire 
length  (Table  VI)  changed  the  arc  delay 
time  but  liad  a  small  effect  upon  the 
firing  delay.  Increasing  the  tube 
length  allowed  a  modest  increase  .in  the 
area.  Similarly,  variation  in  the  bank 
resistance,  Rq  (Table  VII)  had  little 
effect. 


Increasing  the  speed  of  the  dis¬ 
charge  by  reducing  the  Inductance 
(Table  VIII)  had  a  significant  influence 
upon  the  maximum  ares.  This  is  an 
Important  finding  of  the  study  because 
major  inductance  reduction  is  possible 
through  carefully  executed  modifications 
to  the  light  fixture. 

The  Illuminated  area  increased  with 
higher  charge  voltage  (Table  IX)  while 
the  energy  per  unit  area  remained 
relatively  constant.  The  area  Increase 
is  therefore  a  result  of  increased 
stored  energy. 

The  results  shown  in  Table  X 
Indicate  the  changes  in  firing  time  and 
temperature  rise  rate  which  would  result 
from  decreasing  the  spacing  of  the  tubes 
and  thereby  decreasing  the  illuminated 
area  with  no  other  changes  in  the 
nominal  setup.  As  the  area  is  reduced. 
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Table  VI ll 


Varletlon  of  inductance 


(UH) 

Illuminated 

Area 

(m®) 

Firing  Delay 
(us) 

(°c/us) 

®0 

T 

(kJ/m^) 

.40 

0,432 

17.1 

25.9 

42.6 

.80 

0.360 

18.3 

25.9 

51.1 

1.59<^^ 

0.274 

20.5 

25.9 

67.2 

4.00 

0.147 

21.6 

25.9 

125.2 

8.00 

0.080 

22.9 

26.0 

1230.0 

(1)  Nominal  circuit 

I 


I 


Table  IX 

Variation  of  Charge  Voltage 


'^O 

Illuminated 

Area 

<m^) 

Firing  Delay 

(us) 

(“c/us) 

®0 

T 

(kj/m^) 

50 

.400 

20.2 

25.8 

71.9 

45 

.336 

20.1 

25.8 

69.3 

40(1> 

.274 

20.4 

25.9 

67,2 

35 

.212 

19.4 

25.9 

66.5 

(1) 

Nominal  circuit 

significant  laiproveaients  in  temperature 
rise  rate  and  reduced  firing  delays  are 
realized.  The  effect  on  the  stored 
energy  requlreaient  Is  dramatic  and 
leads  to  excessively  large  capacitor 
banks.  An  Indication  of  the  importance 
of  light  Intensity  variations  can  also 
be  derived  from  this  table.  Thus,  if 
the  light  Intensity  were  half  the  nomi¬ 
nal  value,  firing  would  be  delayed 
6.6  liS  and  if  light  Intensity  were 
twice  the  nominal  value  firing  would  be 
premature  by  5.1  us. 


An  investigation  into  an  optimized 
light  source  is  given  in  Table  XI. 

Here  the  length  to  width  ratio  was  held 
at  1.33,  the  9.4  mm  tube  diameter  was' 
selected,  the  source  efficiency  was 
Improved  to  0,6  by  a  reflector,  and  an 
Inductance  value  of  0.4  uH  was  used. 
This  type  of  improvement  with  a  45  kV 
initial  voltage  could  potentially 
Increase  the  Illuminated  area  by  a 
factor  of  3.5  while  preserving  the 
firing  simultaneity  typical  of  existing 
test  experience.  These  Improvements 
could  also  be  employed  to  Increase  the 
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Table  X 


Variation  of  Firing  Tlae  and  Teaperature  Rise  Rate  with  Area 


Area 

<m2) 

Firing 

Delay 

(us) 

dT 

dt 

Cc/ua) 

^0 

X 

(kJ/m^) 

.0635 

12.1 

67.47 

279.8 

.  1370 

15.3 

37.48 

134.3 

.2740^^^ 

20.4 

25.88 

67,2 

.5480 

27.0 

13.65 

33.6 

(1)  Nominal  circuit 

Table  XI 

Performance  of  Optimized  Light  Source 


Voltage 

(kV) 

Area 

(m^) 

Delay 

(ps) 

dT 

dt 

(‘C/us) 

^0 

X 

(kJ/m^) 

^max 

(k  amp) 

40<1> 

.2740 

20.4 

25.88 

67.2 

98.  1 

40<2) 

.7300 

19.0 

26.  18 

25.2 

94,8 

40<2) 

.2740 

12.2 

52.89 

67.2 

94.8 

45(2) 

.9640 

19.3 

25.33 

24.2 

107.0 

45<2) 

.2740 

11.6 

59.56 

85.0 

107.0 

(1)  Nominal  circuit 

(2)  The  following 
circuit  —  L 

changes 
^  0,4  uH, 

were  made 
N  =  0.6, 

from  the 
d  =  9.52 

nominal 

mm 

temperature  rlae  rate  by  a  factor  of  2.0 
and  thereby  reduce  the  firing  delay. 

Note  that  theme  improvements  yield 
maximum  currents  In  each  of  five  lamps 
of  only  21  k  amps. 


CONCLUSION 

An  analytical  model  has  been 
formulated  of  the  processes  occurring 
during  the  firing  of  SASN  explosive  by 
the  discharge  of  a  capacitor  bank 


through  an  arc  light  source.  This  model 
Is  shown  to  agree  reasonably  with 
experiments  over  a  limited  range  of 
Important  variables.  When  this  model  Is 
used  to  study  Improvements  which  could 
be  made  to  the  light  source,  significant 
Improvements  to  the  firing  process  are 
predicted.  It  Is  concluded  that  the 
most  significant  variables  are  the 
circuit  Inductance  and  the  tube  diameter. 
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TOMINAL  \MJXIIV  M<ID  HomiON  OF  A  FLYER  FLKTE  RROmJa) 

BY  A  nJBE-OIMritaXI  explosive  aiARGE* 


R.  A.  Benham 
Sandla  laboratories 
Albuquerque,  New  Moxloo  87185 


A  method  for  predLctlng  the  terminal  velocity  and  rotation  rate  of  a  flyer 
plate  propelled  by  an  open-ended,  tube-ocntedned  e)qploslve  charge  has  been 
developed.  A  procedure  for  calculating  the  fraction  of  the  explosive  that 
la  effective  In  aooelerating  the  plate  leads  to  a  very  sijiple  set  of 
equations  for  predicting  the  perfonrence  of  the  explosive  systan.  Calcu¬ 
lations  using  this  theory  are  ocrpared  with  results  front  nimerous  e*q3eri- 
ments.  Measured  values  of  flyer  velocity  are  predicted  vdthln  +5%  and 
rotation  rates  with  tlOt. 


INTROOUn'IOt) 

Eiqterltnents  cnploylng  openr-ended,  tuhe- 
conflned  ffiqgloslve  charges  to  propel  Intact 
flyer  plates  to  high  terminal  t^loclty  are 
currently  being  enplcyed  to  study  weapon 
fuzing  under  oondltlcra  sinulatlng  high 
velocity  IntMct  Into  hard  earth  targets.  The 
iiDvlng  plates  are  used  to  Inpact  stationary 
ballistic  missile  warhead  fuzes  at  Inpact 
velocities  of  up  to  3650  tn/a.  This  tumazxxind 
niithod  produces  representative  infiact  stresses 
while  avoiding  the  high  oost  of  flight  test. 
Previous  papers  [  1,2,3  ]  have  described  the 
basic  cuqperiitiental  ooncepts  and  have  devel¬ 
oped  an  analytical  approach  useful  in  pre¬ 
dicting  the  behavior  of  explosively  euooeler- 
ated  flyer  plates.  The  approaich  in  these 
papers  relies  on  the  eiqilrical  developnent  of 
an  explosive  mass  "dlsoount  factor"**  which  is 
then  used  to  analytically  predict  the  behavior 
of  similar  systons.  Recently,  a  single 
analytical  model  of  the  eiqploslve  process  was 
developed  by  modifying  one  Initial  basic 
assunptlon  of  the  previous  work.  This  achieve¬ 
ment  Is  significant  In  that  it  eliminates  the 
need  for  new  aipirlcal  data  in  the  design  of 
different  open-ended,  tube  confined  explosive 
sysbeme.  The  new  model  acmes  from  a  concept 
dmeloped  by  Baun  [4]  and  reiterated  by 
Kennedy  [  5  ]  of  estimating  the  mass  of  explo¬ 
sive  that  Is  useful  in  acxslerating  a  plate 


*^s  work  was  si^iported  by  the  U.s. 
Ihergy  and  Reaearch  Development  Adknlnlstratlon. 

**The  explosive  mass  "dlsoount  factor" 
represents  the  fraction  of  the  esqilosive  that 
Is  effective  In  accelerating  a  plate  for  a 
particular  explosive  system. 


for  an  unoonflncd  explosive  charge.  This 
paper  extends  the  ooncept  to  all^  estimating 
tiia  flyer  plate  terminal  velcxslty  for  tube- 
oonfln^  explosive  systems.  The  modal  alleys 
prediction  of  flyer  plate  terminal  velocity 
and  rotation  rate  within  a  few  percent.  The 
system  perfocirancK  is  calculated  using  only 
the  explosive,  the  tube  and  the  flyer  masses, 
the  explosive  diameter  and  length,  alxxig  with 
e>q>loaive  properties  cf  detonation  velocity 
and  Gurney  [6  ]  oonstant.t 

This  paper  presents  the  theory  used  in 
the  devolopmmt  of  the  model  of  the  open-ended, 
tube-cjonfined  explosively  propelled  flyer 
plate.  The  theory  has  been  ^lppllcd  to  25 
tests  conducted  during  the  previous  development 
work  [  1,2,3  ] .  The  theoretical-experimental 
oorrelatlcin  which  indicates  exoellwt  ogreenent 
between  theory  and  measured  results  is 
Included, 

DEVELOPMENT  OP  THE  THEXJRY 

Figure  1  shows  the  configuration  of  the 
explosive  system.  The  explosive  is  housed  in 
a  cylindrical  tube  container  and  is  detonated 
at  a  single  point  at  the  open  end.  The  tube 
provides  lateral  cxnfinenent  to  the  explosive 
expansion  process,  thus  oontalnlng  the 
explosive  gas  pressure  behind  the  flyer  for 
Icng  enough  to  accelerate  the  plate  to  a  high 


trhe  Gumsy  constant,  or  velocity,  relates 
the  quantity  of  chemical  energy  (£)  of  an 
explosive  that  is  oonverted  to  kinetic  energy 
the  detonation  process  and  Is  denoted  as 
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twiniiial  v«looi^>  Ihe  cushlai  attenuates  the 
shook  ptessure  into  the  £lyer  plate#  therefore 
deuxeasing  the  probability  of  its  breakup  due 
to  spallation.  Ihe  flyer  plate  oonsista  of  an 
Inpact  plate  and  a  guard  ring.  The  pressure 
exerted  aoross  tlie  bade  face  of  the  flyer  plate 
is  not  exactly  unifomu  i.e.,  it  is  loMer  at 
the  edges  because  of  lateral  rarefaction 
waves.  The  gusrd  ring  is  Included  to  Isolate 
the  Inpact  plats  from  the  edge  pressure 
gradient#  as  well  as  to  s^Hurate  the  plate 
from  any  interactions  that  might  occur  between 
the  guani  ring  and  the  tube  wells.  The  inter¬ 
face  between  the  guard  ring  and  the  inpact 
plate  is  spherical  whidt  prevents  angular 
maments#  as  well  as  shear  stresses#  from 
affecting  the  iirpact  plate  notion.  The  flyer 
plats  may  be  tapered  serosa  a  diatnater  to 
cause  plate  rotation  which  allows  inpact  with 
the  test  itan  at  a  predetemined  angular 
orientatian.  The  explosive  mass  (C)  #  flyer 
mass  (M)  and  effective  tube-oonflnemBnt 
mase  (N)  will  be  used  in  the  theory  later  in 
this  rsix^rt. 


ILVCII  PUktl  I  MASS-MI 
MAV  U  TAPCKED  TO  CAUSE 


CUSHION  PLATE  ROTAtlON. 


SOlIO  SJCONOaBY  explosive  CONflNMENl 

‘Cl  (EFf£CTIVEMASS*NJ 


Fig.  1  -  Experimental  Configuration 

The  new  theory  extends  a  Gurney  exmeept# 
of  discounting  explosive  mass  [  6  ]  ,  which 
has  been  used  extensively  to  predict  the 
velocity  of  frotpents  in  the  design  of  explo¬ 
sive  systene  sudi  as  bombs,  shells#  and 
grenades.  The  Gurney  model  has  been  reviewed 
by  J.  E.  Kennedy  [5]  who  presented  applica¬ 
tions  that  illustrated  its  range  of  appli¬ 
cability.  Kennecly  exmeurs  with  Baisr.  [4]  that 
for  explosive  systems  with  significant  losses 
due  to  lateral  rarefaction  waves#  i.e.#  no 
tube  confinement,  "that  the  eiqplosive  material 
within  30°  of  the  normal  at  an  edge  of  the 
charge  cannot  contribute  to  metal  accelera¬ 
tion."  Baum  [4]  determined  the  nagnitExle  of 
the  dlsoomt  angle  by  assuming  that  the 
explosive  that  had  experienced  an  "average 
or  characteristic  rarefaction  wave"  by  the 
time  the  explosive  had  just  ocnpletely 
detonated#  oould  not  contribute  to  driving 
the  flyer  plate  mass.  He  estimated  that  the 


magnitude  of  the  "avereiqe  rarefaction  wave" 
velocity#  radially  Inward  (for  ®cplc«iviM 
wit)i  Y  «<  3)  #  is  a^roxinetely  one-half  of 
the  Elatonatioii  velralty  (U)  #  which  leads  to 
the  calculation  of  a  disixiunt  angle  of 
B  (6  a  tan  D/{^‘0)).  Figure  2  shows  how  the 
dlsoount  angle  process  works  for  a  lossy 
system  (no  lateral  oonfinonent) . 

If  the  explosive  length  (1)  is  less  than 
the  charge  diarater  divided  by  the  tan^t  of 
the  discount  angle,  then  the  explosive  in  the 
volume  of  a  truncated  cone  of  half  angle  30° 
and  height  (i)  is  the  effective  inass  used  for 
driving  the  flyer  plate. 


Pig,  2  -  Mass  Discount  Method  for  lossy 
CJonfigurations 

The  explosive  mass  discounting  method  can 
now  be  extended  to  systems  that  are  laterally 
Exjnfined  by  a  cylindrical  tube  since  it  is 
established  that  an  unoenfined  explosive  charge 
requires  a  3QP  discount  angle  for  use  in 
predieddng  the  flyer  terminal  velcxiity.  The 
dlsEXunt  angle  for  a  tube-cenfined  system  is 
assumed  to  be  dependent  upon  the  vebxrity  of 
the  characteristic  rarefaction  waves  moving 
laterally  inward  toward  the  system  axis.  The 
velocity  of  the  characrteristic  rarefac±icxi 
wave  is  (xmtrolled  by  the  escape  velocity  of 
the  detonation  products  frem  lateral 
surface  of  the  explosive.  The  naximun  escape 
velocity  is  equal  to  the  terminal  radial 
velocity  of  the  confiiUng  tube  wall.  The 
tube  terminal  velcKity  can  be  calculated  using 
the  Gurney  [5]  relation  shown  in  Eejuation  1. 
This  ecjuatlon  predic:±s  the  terminal  radial 
velcxity  6f  a  long  cylindrical  tube  packed 
with  expletive.  The  effect  of  the  gas  losses 
at  the  end  of  the  tube  is  not  addressed  by 
Bejuation  1.  Since  the  flyer  plate  is  generally 
feu:  away  from  tlie  open  end  of  the  tube#  then 
the  effect  of  the  gas  losses  out  the  e^  of  the 
tube  upon  the  radial  terminal  velcxrity  near  the 
flyer  is  not  critically  iirportant. 
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V^,  B  tube  terminal  radial  velocity 
B  Gumny  velocity  oC  the  e)4>lo6ive 

U/C  B  ratio  of  tlie  tube  mass  that  is 
oontaut  with  the  explosive*  to 
ojq^losive  nass  i)er  unit  length 
of  tube 


For  sinplicity,  tiie  disoount  angle  for 
the  tube-oonfined  system  la  assumed  to  be 
linear**  in  ttie  tube  terminal  radial  velocity 
between  the  limits  of  U  (disoount  angle)  a 
CP  for  a  very  thick  confining  wall 
(N  “  “  in  Equation  1,  Vy  =  0)  and  d  »  30®  for 
an  unoonfin^  explosive  (N  ■  0  in  Equation  1, 
Vx  B  2  y^) .  Ihis  linear  relation  is  shown 
in  Equation  2  relating  discount  angle  to  tube 
termined  velocity. 


is  the  maximun  velocity  of  the  cx»i- 
finement  wall  (for  a  very  thin  wall) 


Vxto  =>/T./2F 


(3) 


and  is  found  by  putting  tJ  =  0  in  Equation  1»  as 
seen  above.  Putting  Eqaitions  1  ar^  3  into 
Equation  2  gives  the  formula  for  the  tube- 
oonfined  disoount  angle,  0: 


0  B  30°/(^  (N 

Figure  3  shows  the  process  of  the  lateral 
confining  tube  expansion  where  Vp  is  the 
flyer  plate  terminal  velocity.  in  tl»e  figure 
the  detonation  wave  front  has  just  reacdied 
the  back  of  the  flyer  plate. 


*Only  that  portion  of  the  tube  which  is  in 
radial  oontact  with  the  ejplosive  is  used  in 
calculating  N.  Ihe  portion  of  tube  that  houses 
the  flyer  plate  and  that  acts  as  a  barrel  is 
mt  us^  in  calculating  the  effective  tube 
mass  (N) . 

**The  linear  assumption  does  fit  oqperi- 
mental  data  as  seen  in  a  later  secrtlon. 


EXPANDED 


Fig.  3  -  Disexount  angle  for  the  Tube-Confined 
Explcniva  Charge 


aha  discount  angle  of  Ecquation  4  defining 
a  truncated  or  full  cone,  can  be  used  to  deter¬ 
mine  the  effective  mass  ((^ff )  of  explosive 
for  driving  the  flyer  plate.  Aie  effective 
explosive  mass  is  asstned  to  act  in  a  one¬ 
dimensional  manner  and,  therefore,  can  be 
used  directly  in  the  one-dimensional  gas 
dynamics  solution  for  the  motion  of  a  plate 
with  detonation  loading  [  7  ].  Equation  S  is 
the  relation  for  the  final  average  velocity  of 
the  plate  using  tlm  cxte-dbienslcnal  gas 
dyaumics  solution  with  the  eigalcxilve  mass  C 
replaced  by  the  effective  explosive  mass  C^f^, 


D  =  Detonation  velocity 
M  B  Mass  of  the  flyer  plate 
Cgjj  “  Effective  explosive  mass 


In  Kennedy*  s  paper  [  5  ]  the  gais  dynamic 
solution  (y  “  3)  was  oempared  to  the  Gurney 
solutiexa  with  very  good  ireaults.  Uve  author 
chose  Y  -  3  for  the  escplosives  used  in  the 
experimental  series  (Cerp.  C-4,  PBX-9404)  based 
on  Kennedy's  WDt)c  and  upon  calculated  averaw 
values  of  Y  from  the  JM,  Equation  of  State  [8] 
(see  Appendix) . 

One  limit  that  acmes  from  the  disoount 
angle  oonoept  is  that  If  the  length  of  the 
explosive  cdiarge  is  greater  than  a  critical 
lEuigth  l  (tlie  radius  divided  by  tie  tangent 
of  the  discount  angle),  then  the  effective 
e)q>lo3lve  nass  is  t}iat  of  a  cone  with  the  base 
eijial  to  the  charge  radius  and  length  equal 
1. 
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No  additional  valocity  is  achieved  by  adding 
exploeiM  beyond  this  length  t. 

Equations  4  and  5  can  be  used  to  predict 
the  average  velocity  <Vp)  of  a  flyer  plate 
front  an  explosive  assmly  like  that  in  Fig.  1. 
Ihe  values  for  N  (mass  of  the  effective  tube 
oonfinanent]  and  C  (total  mass  of  the  exploeive) 
are  used  to  calculate  0  (Bq.  4) .  The  values 
of  eigilosive  diansiter  and  length  are  used  with 
6  to  calculate  the  effeetiua  mass  of  the 
explosive  ,  ihe  explosive  detonatian 
velocity  (U)  and  flyer  mass  (M)  are  used  with 
C.f  and  Y  to  calculate  the  flyer  terminal 
velocity  usir.g  tig.  5. 

in  some  cases,  it  is  desired  to  cause  the 
flyer  plate  to  rotato  slowly  so  that  oblique 
inpacts  with  targets  msy  be  obtained.  The 
flyer  plate  thickness  is  tmried  linearly 
across  a  diameter  and  since,  for  a  constant 
thickness  of  explosive,  the  local  flyer  plate 
velocity  la  inversely  proportional  to  plate 
thickneas,  then  a  velo^ty  gradient  is  develop¬ 
ed  across  the  tapered  plate.  A  method  of 
designing  a  flyer  plate  taper  has  been  derived 
using  the  effective  explosive  mass  (C  from 
the  results  of  Eguation  4.  The  velocfcy 
gradient  across  the  plate  can  be  determined 
from  the  desired  plate  rotation  rate.  The 
absolute  velocities  at  the  edges  of  the  plate 
can  be  calculated  by  adding  the  velocity  at 
the  center  of  the  plate  to  the  velocity 
differential  beb^en  the  oanter  and  ed^  of 
the  plate.  Bguatlon  5  is  used  to  determine  the 
local  mass  of  tne  flyer  plate  that  will  give 
the  desired  velocity  at  that  location.  The 
thickness  of  the  flyer  can  then  be  detenrdned 
by  knowing  the  mass  density  of  the  flyer 
material.  In  the  reverse  manner,  if  the 
flyer  plate  taper  is  known,  then  the  expectocS 
ro^tion  rate  for  a  given  explosive  system  can 
be  cailculated. 

The  raiicU.  width  of  the  guard  ring  is 
ciiosen  to  be  equal  to  the  explosive  length 
(1)  times  U>e  tangent  of  the  dlsoount  angle. 

It  is  expected  that  the  main  pressure  gradient 
across  ttie  bade  of  the  plate  occurs  in  this 
outer  annular  region. 

A  ocxiputer  program  has  been  written 
which  inoorporates  the  oonoepts  of  this  method 
and  allows  calculation  of  bemlnal  velocities 
and  rotation  rates  for  a  tube-oonfined 
explosive  system. 

TKEOR&riCAL-EXPEmMEKTAL  CORRELATION 

Data  from  experimental  work  of  Mathews  and 
Duggin  [1,2, 3, 9]  were  available  to  the  author 
and  were  used  for  oonparison  to  this  theory. 

The  experiiiients  oonsisted  of  detonating 
explosive  systems  similar  to  the  one  shewn  in 
Fig.  1  and  measuring  the  flyer  plate  velocity 
and  rotation  rate,  A  flash  X-ray  system  was 
used  to  obtain  multiple  ahslowgraphs  of  the 
flyer  plate  at  known  times  after  the 


explosive  initiation.  Oanpenaatlon  for  the 
effects  of  air  drag  on  the  plate  and  parallax 
associated  with  the  X-ray  lystem  was  made 
[1,2,3].  The  reaults  of  the  eigierttwnts  were 
taken  directly  fzm  Mathews'  and  Duggin’a  data 
'With  no  additicnal  adjuatmenta  being  made. 

Table  I  ahows  the  results  of  1£  non- 
rotating  tests  vd.th  the  tube  oonfinement  mass/ 
exploeive  mass  ratio  (tt/C)  varying  from  0,06 
to  4.4  and  with  tha  exploalve  mass/flyer  mass 
ratio  {C/M>  ranging  frexn  2.99  to  20.14.  The 
valuea  of  calculate  final  veloci^  (uaing  the 
method  of  this  report)  were  vdthin  +St  of  the 
measured  velocity,  *’ 

Even  for  charges  of  length  greater  than 
the  charge  radius/tangent  of  tha  disoount 
angle  the  agreenent  is  exoellant  (in  these 
caseo  the  apex  of  the  oone  of  the  diaoount 
volim  is  within  the  explosive) ,  Possible 
errors  in  experimental  tedinique  are  of  the 
same  magnitude  as  the  thooietical-experiinental 
varl^mce  obeerved  fron  the  data. 

Table  II  shows  results  on  rotating  systans. 
Tite  agreement  bebueat  the  measured  and 
calnilativi  rotation  rate  magnitude  is  good. 
Experiments  are  currently  being  designed  to 
further  investigate  the  rotation  process  which 
will  ))ope£ully  give  even  better  agreanent 
between  the  theory  and  experiment. 

The  theory  was  checked  against  three 
experiments  using  an  exploeive  made  up  of  two 
explosives t  PBX-9404  and  Ocnposltion  C-4  at 
a  ratio  of  8i2.  The  exploeive  volume  was 
adjusted  analytically  to  an  equivalent  volune 
of  PBX-9404  exploeive  by  replacing  the 
(kmpoBition  C-4  volume  by  an  energy  equivalent 
ujlune  of  PHX-9404.  The  energy  equivalency 
was  based  on  tha  Gurney  velccity  of  the  explo¬ 
sive  as  shown  in  Equation  6. 

"'*^(0-4) 

''°^'*^BX-9404)“ ''°^““(C-4)  ~  (6) 

'^^PBOC-  9404) 

All  three  tests  were  designed  for  flyer  rota¬ 
tion.  The  results  are  shown  in  Table  III-  The 
agreotient  in  velocity  is  excellent  and  tlie 
agreement  in  rotation  rate  is  acceptable.  In 
every  case,  the  measured  value  of  rotation 
rate  is  less  than  the  calculated  values. 


SEMMARy  AND  OCNCUUSICN 

A  theory  for  predicting  the  velocity  arxJ 
rotation  rate  of  a  tube-oenfined  explosively 
driven  flyer  plate  has  been  develop^.  A 
scheme  for  determining  the  mass  of  the  ejqilo- 
sive  that  is  effective  in  driving  the  plate 
by  dlsaountlng  a  quantity  of  explosive  baaed 
on  the  amount  of  lateral  tamping  present  has 
been  devised.  The  technique  predicts  barmlnad 
velocity  of  a  tube-confin^  flyer  plate  to 


\ 


vdthin  -fSI  and  ratatlcn  ratea  that  ae«  about 
X0%  hlc^wr  than  maaaubed.  E)qpecijn«ntatlan  la 
oontlnulng  to  further  Investigate  the  rotation 
process.  Xhe  theory  has  also  been  used  to 
predict,  vdth  equally  gocxl  results,  the 
perfotmaiice  of  tube-oonflned  syataro  with 
multiple  explosives. 


Y  at  any  expansion  V  can  he  determined 
using  Equation  A-S  leading  bo  a  plot  of 
Y  vs  V. 


V  /3P\ 


(A.-3) 


APPBOSC 

Determination  of  y  for  the  atqtloelve  used 
in  the  tube-osnflned,  flyer>filate  syston  la 
Inportant  alnoc  the  final  plate  velocity  (v„) 
la  nearly  linearly  dopendent  on  Ita  value.  ' 
(aee  Equation  A-1) . 


_ _ //,  .  aa^effW^ 

vliere 

D  ■  Detonation  velocity  of  the  explosive 


'-eff 


Effective  exploslva  mass 


M  ■  Flyer  plate  mass 


‘Through  calculations  performed  by  Bam 
[  4  ]  and  Qumey  [  6  ]  It  has  been  found  that  for 
this  systm  90%  of  the  final  flyer-plate  velo¬ 
city  la  attained  after  the  explwlve  has 
expanded  to  2.36  tines  Its  Initial  voltxie 
(95%  at  3.15  times  the  Initial  volume).  These 
values  of  percent  of  final  flyer  velocity  vs 
expatmloh  ratio  are  not  affected  by  the 
quantity  of  lateral  tanplng  because  of  the 
nature  of  the  explosive  mass  dlsccunt  process. 

The  average  value  of  y  for  use  in 
Equation  A-1  is  determined  by  using  the  ML 
aquatlon-of-state  for  various  explralve 
product  gases. 


P  -  Ab"^'^  +  +  C 


<A-2) 


where 


Figure  A-1  shove  the  plots  of  y  vs  V  for 
the  explosive  Ocngxioltlan  C-4  and  PBK-9404. 
Ths  average  value  of  y  over  a  given  expansion 
Is  determlnad  fnxn  the  data  of  the  y  vs  V 
plots  by  using  the  averaging  Equation  A-4. 


Average 


/: 


Ydv 


/ 


(A-4) 


dv 


The  results  show  that  the  average  y  for 
Ccnposltlon  C-4  for  V  ••  2.36  (90%  of  final 
velocity)  is  2.94  and  for  V  -  3.15  (95%  of 
final  velocity)  Is  2.91.  For  PBX-9404,  the 
average  y  for  V  2.36  Is  2.96  and  for 
V  ■  3.15  Is  3.12.  ■nYsse  values  justify  the 
use  of  Y  “  3  for  the  prtxmss  Involved  In 
the  barrel-tanped  explosive  system  for 
propelling  flyer  plates  to  high  velocities. 


P  •»  Pressure 

4  - 

V  ••  Instantaneous  volume 

3- 

7 

V_  a  Initial  volvRie 
o 

2 

V  «  v/V^  ■  specific  volute 

A,B,C,R,  ,R,  a  Btplrlcally  determined/ 

^  ^ _ 

1- 

EXPANSION  REGION 
OF  INTEREST 


T-AVE- 2.96  0R  V  >2.36 
■FAVE  ■  3. 12  OR  V  »  3.15 


,  .  BX  -  9404  „  JL 

''"Vo 

Fig.  AO  -  7VSV  PLOT  FOR  EXPLOSIVES  OF  INTEREST 


197 


\ 


Oozrelaticn,  Ncnrotatioo  Flyer  Plates 
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A  STABILITY  THEOREM  FOR  A  DYMAMICALLY  LOADED 
LINEAR  VISCOELASTIC  STRUCTURE 


D.  W.  Nicholson 
Naval  Surface  Weapons  Center 
White  Oak,  Silver  Spring,  Maryland  20910 


The  response  of  a  linear  viscoelastic  structure  to  a 
dynamic  load  is  considered.  For  the  finite  element 
equation  of  dynamic  equilibrium  a  representation  of  the 
solution  is  derived  using  the  exponential  matrix  function, 
and  this  representation  permits  application  of  the  highly 
efficient  method  of  Gaussian  quadrature.  Positive 
definiteness  and  other  properties  of  the  system  mass, 
damping  and  stiffness  matrices  are  shown  to  ential 


satisfaction  of  an  inequality 
numerical  type  of  stability. 


INTRODUCTION 

We  consider  a  damped  linear  system 
under  dynamic  loading.  Positive 
definiteness  of  the  system  matrices  is 
shown  to  ensure  satisfaction  of  a 
condition  both  for  physical  and 
numerical  stability.  A  general 
solution  Is  obtained  using  the  matrix 
exponential  function,  and  computation 
can  be  performed  using  the  efficient 
method  of  Gaussian  quadrature.  Out 
results  appear  to  be  new. 

Of  course,  stability  of  linear 
viscoelastic  arid  other  time  invariant 
linear  systems  has  been  extensively 
studied  before.  Primarily,  physical 
stability  was  investigated  and  an 
approach  (Lyapunov's  first  method)  was 
followed  which  obviated  the  need  for 
establishing  a  certain  mathematical 
fact  (namely,  that  the  norm  of  the 
transition  matrix  not  exceed  unity) . 
However,  because  certain  additional 
physical  and  numerical  stability 
results  are  thereby  obtained,  this 
fact  is  worth  demonstrating.  Here, 
apparently  for  the  first  time,  the 
demonstration  is  given,  and  several 
consequences  are  described. 

RESPONSE  OF  DAMPED  LINEAR  SYSTEMS 

1.  General  Form  of  the  Solution 

In  finite  element  analysis  and 
elsewhere,  the  dynamic  response  of  a 
linear  viscoelastic  structure  may  be 


ensuring  a  physical  and  a 


represented  as  the  linear  system  [11 

Mk  +  Dx  +  Kx  =  f  (t)  (1) 

where  M,  D  and  K  are,  respectively, 
the  mass,  damping  and  stiffness 
matrices,  x  is  the  displacement  vector 
and  f  is  the  force  vector.  The 
matrices  are  n  by  n  and  real,  constant, 
Hermitian  and  positive  definite  (RCHPD), 
the  vectors  are  real  and  n  by  1,  and 
the  superposed  dot  denotes  differ¬ 
entiation  with  respect  to  time  t.  The 
vector  f(t)  is  considered  known  as  a 
function  of  time.  For  wave  propagation 
analyses,  the  mass  matrix  is  diagonal 
[2]. 

We  introduce  the  matrix 
exponential  function  defined  for  the 
nonsingular  matrix  (Xt)  by  the  power 
series  [3] 

00  , 

Exp{Xt)  =  E  (Xt)^/j!  .  (2) 

j  =  0 

This  function  is  completely  analogous 
to  the  scalar  exponential  function, 
and  in  particular  we  will  need  the 
useful  properties 

Exp(Xt)  Exp(-Xt)  =  I  (3a) 

Exp(Xtj^)  Exp(Xtj)  =  Exp(X(t^  +  tj)) 

(3b) 


♦ 


where  1^1  corresponds  to  the  interval 

0  ^  T  At.  The  interval  for  the  i^*' 
interval  is  now  evaluated  as  [4] 


lAt 

I  Exp(-A~^BT)A“^q (T)dT 


J 

(i-DAt 


Using  Gjuatlon  (3c),  Equation  (4a)  is 
readily  shown  equivalent  to 

Exp(-A“^Bt)^  Exp(A“^Bt)q  ■  A“^h  (t)  . 


After  elementary  integration  and  the 
application  of  Equation  (3o) ,  we  have 


q  =  Exp(-A"^Bt)  j  Exp(A“^Bn)  A'^hl 


a  j  Exp (-A“^BT)A”^g(T)dT 


where 

„„  ,  {tlsjii-). 

The  foregoing  integral  represen¬ 
tation  of  the  solution  suggests  a 
powerful  method  of  Integration,  namely 
Gaussian  quadrature,  as  discussed  below. 

2.  Application  of  Gaussian  Quadrature 

The  numerical  integration  can  be 
facilitated  by  exploiting  the  useful 
properties  of  the  exponential  matrix 
function,  particularly  Equation  (3b) . 
Divide  the  interval  of  integration  into 
N  subintervals  of  length  At.  The 

Gaussian  quadrature  points  in  the  i 
such  interval  are  designated  , 

T2^^^...,  ‘  But  for  equal 

intervals  At,  these  points  have  the 
relation 

Tj  +  (i-1)  At  (5) 


p  E  Exp[-A“^BT.  A'^q(T 

^  jsl  J  3 


Now  Equation  (3b)  together  with 
Equation  (5]  Implies  a  kind  cf 
recursion  relation; 


Jj  «  Exp(-A"^BTj  ^^^) 


Jj(i)  =  Exp  (-A'^BAt) 


=  Exp(-A"^BAt)^"^J 


Equation  (6)  is  conveniently  rewritten 
as 


Exp(-A‘^BT)A"^q(T)dT 


(i-l)At 


=  Exp ( 


.  "  (i-1)  ,  I 

-A*  BAt)  J  .  A  q  (t  , 

i=»l  ^  3 


So  the  application  of  the  Gaussian 
quadrature  method,  which  itself  is  most 
efficient,  is  facilitated  by  the 
recursive  relations  derived  from  the 
properties  of  the  matrix  exponential 
function . 

We  will  subsequently  prove  a 
strong  stability  theorem  for  the  present 
numerical  method  which  will  be  then 
seen  to  offer  strong  attractions 
compared  to  the  more  common  methods, 
including  mode  superposition  and  direct 
numerical  integration.  These  latter 
two  methods  are  sometimes  inconvenient 
or  unsi  ble  [5] .  But  one  very  serious 
disadvantage  of  the  present  method  is 
the  fact  that  the  exponential  matrix 
function  can  be  fully  populated  even 
when  M,  D  and  K  are  sparse  and  banded, 
so  that  storage  limitations  may  be 
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bothersome.  We  hope  to  determine  in 

future  work  how  this  difficulty  can  be  >1  ni  ) 

obviated. 

STABILITY  CONDITIONS  •  (A'^B  i"'I)"^A~^h^ 


e:-'l 


A-'„ 


,.l  It 


In  this  section  we  derive  an 
inequality  ensuring  both  a  physical  and 
a  numerical  type  of  stability.  In  the 
subsequent  section  we  prove  that  the 
inequality  is  satisfied  by  the  damped 
linear  system  represented  by  Equation 
<1)  . 

1.  Physical  Stability 

For  impulse  loading  expressed  by 

f(t)  =  f^  6(t) 

where  f„  is  a  constant  vector  and  6(t) 
o 

is  the  Dirac  function,  the  solution 
expressed  by  Equation  (4b)  becomes  [61 

q  =  Exp(-A"^Bt)A"^  | |  . 

The  present  system  will  be  called 
physically  stable  if  its  response  to  an 
impulse  loading  is  nonincreasing  in 

time.  Let  | . |  denote  some  vector  norm 

and  let  | | . | I  denote  some  consistent 

matrix  norm  [7]i  i.e.,  for  a  vector  y 

and  a  matrix  Y, 


Ivyi  1  I |v| I  |y| 


asBuminii  [A  B  f  iml)  is  nonsingular, 
which  wo  will  subsequently  prove  it  to 
be.  Rirwrltiny  gives 

q  -  I  Exp  ( i '■'!  t ) -i;xp  (-A~^  rn  )  I 

•  {a‘’h  *■  ii,q)*^A"^h  . 

t) 

By  virtue  of  r'lOrm  prop'.Tti  cs , 

hi  I  I  lExp(iMlt)  1  l  +  l  lEXp  (-A'^-Bt)  I  !}■ 

•|(A"^P.  ^  i^iTl  ■^A'^'h^l  . 

Put 

I  I  Exp  (I  i'jit )  I  I  =  |Exp(i(ot)|  =  1, 

where  in  this  instance  tlie  vertical 
bars  denote  the  magnitude.  By  the 
physical  stability  condition,  Inoq.  (7), 
it  follows  that 

hl/|2  (A"’-B+i.,.I)"^\'Si^|  <1. 

Otherwise  stated,  the  physical 
stability  condition  implies  a  bound  on 
the  response  to  a  constant  amplitude 
oscillatory  input.  By  using  the 
Fourier  representation 


Physical  stability  obtains  if  for  some 
such  norms 

j  111. 

It  is  sufficient  if 

I  1  Exp(-A'^Btl  Mil  (7) 

fer  all  t  i  O.  Hereafter  the  system  of 

interest  will  be  called  physically 
stable  if  Ineq.  (7)  is  satisfied. 

To  consider  physical  stability 
further,  consider  the  constant  amplitude 
oscillatory  input 

f  =  f  Exp(iut)  =  f  Expdiut). 
o  o 

(That  f  Exp(iiut)  =  f  Expdiut)  is 
o  o 

readily  proved  from  Equation  (2).)  Now 
referring  back  to  Equation  (4b)  we  find 


f  (t)  =  XI  (in-t) 

n=o 

one  may  prove  that  the  present  condition 
of  physical  stability  leads  to  a 
corresponding  bound  on  the  response  for 
a  very  general  class  of  input  functions. 

2.  Numerical  Stability 

Computational  error  will  arise  in 
the  foregoing  numerical  approach  from 
several  important  sources,  including 
quadrature  error  and  "propagated  initial 
error."  A  computational  method  will  be 
called  stable  with  respect  to  a  given 
source  of  error  if  this  error  increases 
at  most  linearly  with  the  number  of  time 
steps  over  which  computation  is 
performed.  Of  primary  concern  in  this 
regard  is  that  error  at  one  time  step 
might  be  amplified  in  subsequent  steps. 
At  first  glance,  such  a  difficulty  would 
be  expected  here  because  of  the  presence 

of  Exp(-A  ^Bt)  in  the  integral  of 
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Equation  (4o) .  In  this  section  we 
focus  on  the  computation  of 

Exp(-a“^BL) . 

Owlnq  to  property  (3b),  if  t»mAt 
for  some  intoqer,  then 

Exp(-A"^Dt)  »  Exp(-mA"^BAt) 

=  fPxp(-A"^BAtl'". 


Suppose  that  computation  of 

Exp  {-A  ^li  t)  introduces  a  “small" 
error  E  such  that  tlie  actual  computed 
matrix  C  is  qiven  by 

C  =  Exp(-A“^BAt)  +  E, 

where  1|e||/||c||  <<  1.  (Rapid 

computation  of  Exp(-A”^BAt)  is 
discussed  in  the  appendix.)  Assume 
that  subsequent  matrix  operations 
introduce  no  further  error,  and  now  at 

the  time  step 
C™  3  Exp (-A“^BAt)™ 

+  m  Exp  (-A'^BAt)"*  ^E.... 

Define  the  error  E  as  E  = 
m  m 

c"  -  Exp(-A‘^BAt;'",  and  for  ||e|| 
sufficiently  small  we  obtain 

s  tn  [Exp(-A''-BAt)  . 

In  terms  of  matrix  norms, 

1|E„II  II  Exp(-A'^BAt)  1  lEl  1  . 

Clearly,  the  present  error  grows  stably, 
i.e,,  at  most  linearly  with  m,  if 

I |Exp (-A'^BAt) Mil, 

and  by  Equation  (3b)  this  condition 
holds  if  and  only  if 

1  |Exp(-A"^Bt)  Mil 

for  all  t.  But  this  last  inequality 
was  previously  given  in  Ineq .  (1)  as 
the  condition  for  physical  stability. 
Recapitulating,  Ineq .  TT)  states  a 
condition  for  both  a  physical  and  a 
numerical  type  of  stability. 

In  the  subsequent  sections  we 
prove  that  Ineq.  (7)  holds  under  the 
assumption  that  M,  D  and  K  are  real, 
constant,  Hermitian  and  positive 


definite  (RCHPD)  . 

f;TAnTl,ITY  THEOREM 

A  suitable  matrix  norm  (7]  can  be 
found  such  that  Ineq.  (7)  is  satisfied 
if  and  only  if 

P(Exp(-A"^BAt))  <1 

where  p  denotes  the  spectral  radius  of 
the  matrix  Exp  (-A'^BAt)  .  (for  the 
eigenvalues  A (Exp  (-A”^B  t), 

p (Kxp (-A“^B  t))  = 

max  I  (Exp  (-A”^BAt)  )  I  .  ) 

Now  I G  ] 

X^  (Exp  (-A“^BAt)  )  =  Exp(-Xj^(A~^B)At) 

and  upon  writing  X^^  (A  ^B)  = 
wc  have 

p[rxp(-A"^BAt)l 

=  max  [  |Exp(-aj^At)Exp(-iBj^At)  I  ] 


3  max  I  Rxp(-dj^At)| 


=  Exp  [-  (min  a  j )  At)  , 


So  now  proving  stability  reduces  to 
proving  that  min  a,  >  0,  that  is,  to 

i  _1 

proving  that  the  eigenvalues  of  A  B 
have  only  nonnegative  real  parts.  In 

this  event  A  ^B  is  called  a  stable 
matrix . 

A  matrix  will  be  called  strongly 
stable  if  its  eigenvalues  have  only 
positive  real  parts,  Our  strategy  in 
proving  that  Ineq.  (7)  is  satisfied  in 
the  present  system  is  to  show  that  the 
positive  definiteness  and  other 
properties  of  M,  D  and  K  entail  that, 

for  every  e  >  0,  A  ^(B  +  el)  is  similar 
to  a  strongly  stable  matrix,  and  is 
therefore  itself  strongly  stable. 

It  is  convenient  to  introduce  an 
intermediate  notion.  Specifically,  a 
matrix  Y  will  be  called  positive  real 

[7]  if  and  only  if  y  Yy  is  a  positive 


real  nuinber  for  every  nonvanishing  real 

vector  y,  (Here  y  Is  the  Hermltlan 
transpose  of  y.)  By  a  theorem 
attributed  to  Wachspress  [7],  necessary 
and  sufficient  conditions  for  Y  to  be 

positive  real  f  re  that  Y  +  Y*^  be 
positive  definite. 

For  every  real  c  >  o,  B  +  eI  Is 
positive  real  since 


has  been  derived  using  the  matrix 
exponential  function.  A  stability 
condition  has  been  derived  ensuring 
stable  response  to  a  broad  class  of 
dynamic  Inputs,  and  also  ensuring 
numerical  stability  with  respect  to 
propagated  error.  A  theorem  has  been 
proved  showing  that  the  stability 
condition  Is  satisfied  under  the 
assumptions  on  the  system  matrices, 
particularly  positive  definiteness. 


B  +  El  +  (B  +  el)^ 


2 (D  +  El)  o 
o  2eI 


is  positive  definite  (block  diagonal 
with  positive  definite  blocks) .  Now 

the  RCHPD  matrix  a”^  can  be  written  as 

a"^  =  a'^/^  a"^/^  where  is 

likewise  RCHFD  [7],  Further,  for  every 

H  “1/2 

nonvanishing  real  vector  y,  y  A  ' 

-1/2 

(B  +  EI)A  can  be  written  as 

(A  ^^^y)^(B  +  EI)(A  ^'^^y)  and  hence  is 
a  positive  real  number  since  B  t  eI  is 

-1/2 

positive  real.  (That  A  'is  non- 
vanishing  follows  from  positive 

definiteness  of  A”^'^^.)  Hence  ■ 

(B  +  eI)A”^'^^  is  also  positive  real. 


We  now  invoke  a  theorem  attributed 
to  Lyapunov  [7].  A  matrix  X  is  strongly 
stable  if  and  only  if  there  exists  a 
positivei  definite,  Hermitian  matrix  Y 

such  that  XY  +  YX*^  is  positive  definite. 
With  the  identification  Y  =  I,  it 

follows  that  the  positive  real  matrix 
a‘^'^^(B  +  eDa"^-^^  is  strongly  stable. 


But  note  that 
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APPENDIX 


So  a“^(B  +  El)  is  similar  to  a  strongly 
stable  matrix  and  is  therefore  itself 
strongly  stable.  For  every  £  >  o,  its 
eigenvalues  have  positive  real  parts. 

Hence  a"^B  is  a  stable  matrix,  and  the 
satisfaction  of  the  stability  condition, 
Ineq.  (7),  is  proved  for  the  system 
represented  by  Equation  (1). 


Rapid  Computation  of  Exp(-A~^BAt) 

The  exponential  matrix  function 
satisfies  the  equation  [8] 


Exp(-A~^B&t)  =  lim  j^l  - 
m-*-" 


CONCLUSION 

One  may  derive  the  approximation 

We  have  considered  a  damped  linear 
system  with  positive  definite  mass, 
damping  and  stiffness  matrices.  A 
solution  permitting  application  of  the 
efficient  method  of  Gaussian  quadrature 
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The  present  method  Involves  both 
''extrapolation ”  and  "telescoping. 


Kxp(-A"^BAt)  =  (I  -  - — +  £j^(m)At^ 

+  fj  +  0  (At^) . 

A  roproaentatlon  accurate  to  order 
O(At^)  is  obtained  by  eliminating  At^ 

3 

and  At  in  the  system 

Exp(-A"^BAt)  =  (I  -  — +  fj^{m)At^ 

+  fjCmjAt^ 


Exp(-A“^QAt)  =  (I  -  ^ 


+  fj^(m+l)At‘‘  +  f2(m+l)Af 


F.xp(-A"^BAt) 


m+2 


+  (m+2)  At’  +  fj  (m+2)  At’ 


This  leads  to  an  expression  of  the  form 


Exp(-A"’BAt) 


0(Afc'‘) 


ik 

i=lf  ^ 


(m) 


I  - 


A“’BAt 


Tm-l+ii 


M-1+1 


where  qj^tm)^^,  q^lm)  and  q^im)  are 
readily  derived. 

.Suppose  now  that  ra  =  2  for  a  k 
positive  integer.  Then  computation  of 

(I  ~  — requires  only  P.nm/tn2 

matrix  multiplications  according  to 
the  scheme 

^1  =  ^ 

=  m 

q  =  1,2 . .  k 

^q+1  " 


A~’BAt) 


r (I-A-’BAt) 


j  ■ 
_a 


2 
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Conventional  monitoring  and  evaluation  In  shock  testing  1s  based  mainly 
on  acceleration  pulse  recordings  from  a  shock  machine  and  a  tested  pro¬ 
duct.  For  product  fragility  boundary  establishment,  shock  machine 
velocity  change  Is  either  computed  from  drop  height,  measured  by  an 
optical  velocity  meter  or  single  Integration  of  the  acceleration  time 
pulse. 

An  approach  to  acceleration  transient  analysis  Is  described  whereby  a 
real-time  double  Integrator  circuit  provides  analog  readout  of  velocity 
and  displacement  as  well  as  acceleration.  Absolute  and  relative  velo¬ 
city  changes  and  displacements  are  obtained  by  means  of  consecutive 
Integration  of  signals  from  acceleration  transducers. 

Although  an  analog  double  Integration  circuit  1s  featured  In  this  work, 
the  applications  also  apply  to  digital  double  Integration. 


INTRODUCTION 

Since  the  advent  of  shock  machines  for 
shock  testing  [1],  monitoring  and  evaluation  of 
test  results  is  based  mainly  on  acceleration 
pulse  recordings  of  shock  machine  and  tested 
product.  For  product  fragility  boundary  esta¬ 
blishment  [1,4],  shock  machine  velocity  change 
Is  either  computed  from  drop  height  measured  by 
an  optical  velocity  meter  or  single  integration 
of  the  acceleration  pulse  [2,3,4]. 

Real-time  double  Integration  can  signifi¬ 
cantly  extend  the  capability  of  acceleration 
transient  analysis  whereby  absolute  and  rela¬ 
tive  velocity  changes  and  displacements  can  be 
measured  by  means  of  consecutive  Integration  of 
signals  from  acceleration  transducers  (acceler¬ 
ometers)  [6]. 

In  B  recent  study  conducted  by  the  authors 
at  MTS  Systems  Corporation,  a  practical  single 
and  double  Integration  electronic  network  was 
developed  utilizing  a  small  analog/hybrid  com¬ 
puter.  This  prototype  network  w1 ; :  serve  as  a 
basis  for  development  of  a  commercial  Analog 


Double  Integrator  (A.D.I.)  for  simultaneous 
real-time  recording  of  velocHles  and  displace¬ 
ments  as  well  as  the  source  acceleration  sig¬ 
nals.* 

An  A.D.I.  In  conjunction  with  the  availa¬ 
bility  of  extremely  light  weight  and  high  sen¬ 
sitivity  accelerometers  provides  the  capability 
of  measuring  relative  displacements  of  very 
delicate  product  component  parts  with  good 
accuracy. 

In  shock  machine  testing,  absolute  table 
and  product  velocity  changes  and  displacements 
as  well  as  velocities  and  displacements  of  the 
product  In  relation  to  the  table  or  product  com¬ 
ponent  parts  In  relation  to  the  product  Itself 
can  be  measured.  Some  additional  practical 
application  possibilities  are; 

1.  Hammer/ Anvil  configurations. 

A.  Measuring  dynamic  displacement  of 

^Readers  Interested  in  details  of  the  electronic 
network  of  A.D.I.  are  referred  to  the  second 
author. 
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the  prograirmers  of  a  shock  machine 

C1.0. 

B.  Velocity  changes  and  recoil  dis¬ 
placements  of  Inertia  activation 
mechanisms  (automatic  weapons, 
canons,  dies,  etc.). 

2.  Packaging  problems. 

A.  Measuring  velocity  changes  and 
dynamic  displacements  of  cushioned 
Items  and  product  component  parts. 

B.  Measuring  dynamic  cushion  deflec¬ 
tion  In  shock  machines,  cushion 
testers,  or  free  fall  drop  tests 
of  packaged  products  to  detect 
"bottoming"  strains  (maximal 
cushion  deflection). 

C.  Detecting  critical  dynamic  deflec¬ 
tions  of  containers  or  product 
component  parts.  This  Is  espec¬ 
ially  Important  In  product  fra¬ 
gility  testing  whereby  unacceptable 
deformation  (non-destructive 
assessment)  of  components  on  the 
verge  of  elasticity  limits  rather 
than  actual  f.illure  (destructive 
assessment)  serve  as  product  fra¬ 
gility  criteria. 


The  signal  Gj  from  a  probe  accelerometer 
attached  to  the  place  where  displacement  mea¬ 
surement  Is  desired,  Is  fed  Into  the  A.D.I. 
circuit  through  a  suitable  accelerometer  condi¬ 
tioner.  This  mode  requires  setting  of  Initial 
conditions  for  velocity  Vq  and  displacement  Xq 
at  the  Instant  of  collision.  However,  Initial 
conditions  are  not  required  for  measuring  total 
velocity  change  iV  alone.  Thus,  by  running  a 
preliminary  test  and  single  Integrating  the 
acceleration  signal, Vq  can  be  computed  by: 


where  Cp  Is  the  coefficient  of  restitution  of 
the  colliding  surfaces. 

Cr  Is  either  known  from  physical  tables  or 
can  be  easily  determined  by  Independent  tests. 
For  example,  an  optical  velocity  change  meter 
can  be  used  for  this  purpose,  whereby 


V 


0 


AV 

TTTfTtJ 


(2) 


Here,  t)  and  t?  are  optical  velocity  change 
meter  readout  times  corresponding  to  Incidence 
and  rebound  times  respectively. 


The  A.D.I.  also  affords  estimation  of  the 
energy  Involved  In  shock  by  real-time  plotting 
of  tiie  acceleration  signal  versus  the  displace¬ 
ment  calculated  by  double  Integration.  This 
type  of  analysis  creates  a  completely  new  dimen¬ 
sion  In  shock  analysis,  since  the  area  under  the 
acceleration  (force)  deformation  curve  repre¬ 
sents  the  energy  Involved  1n  the  dynamic  test. 
Thus,  It  1s  possible  to  estimate  energy  absorp¬ 
tion  of  cushioning  materials,  shock  absorbers, 
etc.,  or  plot  dynamic  hysteresis  curves  of  any 
material  subjected  to  transient  loads. 

Although  an  analog  double  Integration  cir¬ 
cuit  Is  featured  1n  this  work,  the  applications 
apply  to  digital  double  Integration  as  well. 


PRINCIPLES  OP  OPERATION 

There  are  tw  possibilities  of  A.D.I.  app¬ 
lication:  "absolute"  and  "relative"  mode.  In 
the  Absolute  Mode  only  one  accelerometer  is 
used  for  determination  of  absolute  velocity 
change  aV  and  displacement  aX.  In  the  Relative 
Mode  two  accelerometer  signals  are  subtracted 
from  each  other  to  obtain  relative  acceleration 
Gp,  whereupon  relative  velocity  change  iVp  and 
relative  displacement  aXr  are  generated  by 
A.D.I. 


Absolute  Mode 


The  oscilloscope  traces  In  Figure  2-42 
were  obtained  with  Vq  •  0  setting.  Note  that 
the  velocity  trace  does  not  pass  through  zero 
at  the  transition  between  Incidence  and  rebound, 
consequently  the  displacement  signal  "Ramps 
Off",  Thus,  displacement  cannot  be  measured 
but  total  velocity  change  Is  readily  obtainable 
(about  2.2  m/sec  In  Figure  2-42).  When  Vo  f  0, 
the  accuracy  of  the  displacement  trace  will 
depend  strongly  on  the  exactness  of  the  Vq  set¬ 
ting  at  the  Instant  of  collision. 

This  may  be  facilitated  by  using  electro- 
optical  rather  than  a  mechanical  microswitch 
for  triggering  the  A.D.I,  Assuming  Xq  =  0  at 
the  Instant  of  collision  and  given  accurate 
estimates  of  Vq,  an  accurate  A.D.I.  calculation 
of  dynamic  displacement  Is  possible. 

Figure  2-41  Is  an  example  of  this  mode. 
Retaining  the  same  Input  pulse  as  In  Figure  2-42 
the  total  velocity  change  remains  the  same 
(2.2  m/sec)  whereas  the  setting  of  Initial 
velocity  to  Vq  '  1.1  m/sec  results  in  about 
5.5  mm  displacement. 

Oleson  [51  described  this  mode  of  double 
Integration,  however,  the  real  advantage  of 
double  Integration  In  shock  testing  lies  In  the 
ability  to  measure  relative  displacement  by 
double  Integrating  a  differential  acceleration 
signal  between  two  accelerometers. 


Figure  la  Is  a  schematic  of  the  absolute 
mode  setup  for  shock  machine  testing. 


2X0 


a.  Absolute  ADI  Mode 


b.  Relative  ADI  Mode 


Fig.  1  -  Schematics  of  Analog  Double  Integration  setups. 
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Fig.  2  -  Example  of  absolute  mode  A.D.I. 
with  Initial  conditions  Vg  =  0  (42)  and 
Vg  =  1.1  m/sec  (41).  aVi  =  2.2  m/sec  In  both 
cases. 


Relative  Mode 

In  the  relative  mode  there  1s  no  need  to 
know  Vg  1n  advance.  A  second  accelerometer  Is 
used  as  a  reference  and  acceleration  differ¬ 
ences  are  double  Integrated. 

Let  Gp  be  the  relative  acceleration  (dif¬ 
ferential  acceleration  signal), 

G[^  =  G(,  -  G.|  (3) 

where  Gg  is  the  output  or  probe  acceleration  and 
G-\  Is  the  input  or  reference  acceleration  sig¬ 
nal.  A  good  example  is  shock  machine  testing, 
where  G^  is  the  signal  from  an  accelerometer 
mounted  on  the  table  while  Gg  Is  generated  by  a 
probe  accelerometer  on  the  specimen. 


The  first  Integration,  to  obtain  the  rela¬ 
tive  velocity  Vfitt)  Is ; 

^G|^(t)  dt  =  V[^(t)  +  Constant  (4) 


where  the  constant  of  Integration  Is  the  Ini¬ 
tial  relative  velocity  between  specimen  and 
table  at  the  Instant  of  collision.  In  most 
practical  cases  this  can  be  assumed  to  be  zero. 

Thus,  the  relative  displacement  a|^  Is 
obtained  simply  by; 

^VR(t)  dt  =  k|^(t)  +  Constant  (5) 


Again,  the  constant  of  Integration  may  be 
assumed  to  be  zero  since  the  relative  movement 
between  the  table  of  the  shock  machine  and  spe¬ 
cimen  prior  to  collision  Is  negligible  compared 
to  the  displacement  during  the  shock. 

Figure  lb  Is  a  schematic  of  the  relative 
mode  setup  for  A.D.l.  Note  that  the  LVDT  (Lin¬ 
ear  Variable  Displacement  Transformer)  Is  not 
required  for  A.D.I.  calculations.  It  was  used 
In  our  experimental  setup  for  estimation  of 
A.D.I.  displacement  error  by  comparing  A.D.I. 
and  LVDT  results. 

The  oscilloscope  traces  In  Figure  3-13, 

19,  37  are  examples  of  shock  machine  tests  of 
the  same  specimen  with  elastomer,  plastic,  and 
gas  cylinder  progratmers  respectively.  Note 
the  relationship  between  the  three  signals  G) , 

Gg  and  Go.  It  can  be  seen  that  Go  Changes  sign 
during  tne  Input  pulse  period.  That  is,  the 
specimen  Is  accelerated  In  relation  to  the 
table  at  the  beginning  of  the  shock  and  decel¬ 
erated  at  the  end  of  the  shock. 

The  oscilloscope  traces  In  Figure  3-14,  20, 
38  are  examples  of  double  Integration  of  the 
corresponding  Gr  signals  1n  Figure  3-13,  19,  37 
respectively.  For  comparison ,  simultaneous  tra¬ 
ces  of  aXr  by  the  LVDT  are  shown  together  with 
the  A.D.I.  traces.  Note  that  only  the  first 
"half  cycle"  represents  the  "shock",  while  the 
traces  following  the  first  half  cycle  represent 
residual  reciprocating  motion  of  the  specimen 
following  the  shock.  These  can  be  used  for 
calculating  the  logarithmic  decrement  of  the 
system,  I.e.  the  damping  characteristics. 


DYNAMIC  FORCE  DEFLECTION  CURVES 

The  dynamic  force  acting  on  the  specimen 
during  a  shock  can  be  approximated  for  most 
typical  specimens  as  Gg  times  the  mass  of  the 
specimen.  Thus,  plots  of  Gg  versus  AXr  are 
essentially  dynamic  force  deformation  curves  of 
the  specimen  during  the  shock.  Such  curves  are 
very  useful  In  materials  testing  where  measure¬ 
ment  of  resistance  to  transient  loading  Is 
desired. 


\ 
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The  oscilloscope  traces  on  the  left  side 
of  Figure  4-10.  21,  39  are  Gq  versus  AXr  plots 
of  the  three  example  input  pulses  in  Figure  3 
respectively,  while  the  right  side  curves  were 
obtained  by  plotting  versus  the  LVOT  signal 
for  comparison.  These  curves  are  actually 
(tynamic  hysteresis  loops,  with  the  outer  loop 
representing  the  first  cycle  (shock  pulse) 
while  the  consecutive  inner  loops  represent 
residula  reciprocating  specimen  motion  follow¬ 
ing  the  shock. 


Also,  the  area  enclosed  by  the  loops 
represents  the  energy  dissipated  by  the  speci¬ 
men  during  the  test.  The  portion  of  the  area 
enclosed  in  the  loops  to  the  left  of  the  6q 
axis  represents  the  energy  dissipated  by  the 
specimen  during  incidence  (compression  of  spe¬ 
cimen)  while  the  area  to  the  right  of  the 
axis  represents  the  energy  dissipated  during 
rebound  (expansion  of  the  specimen). 


It  is  interesting  to  observe  that  the 
relatively  long  square  [trapeaoidal )  input 
pulse  of  about  13  g  (Figure  3-37)  produced  sim¬ 
ilar  resDonse  to  the  24  g  haversine  pulse  (Fig¬ 
ure  3-13).  This  can  be  seen  by  comparing  the 
shape  and  size  of  the  loops  in  Figure  4-10  to 
those  of  Figure  4-39. 


Also,  the  response  of  the  specimen  to  the 
short  duration  170  g  peak  pulse  of  Figure  3-19 
is  only  slightly  greater  than  the  previous 
(compare  Figure  4-21  to  Figure  4-10,  39).  This 
demonstrates,  in  a  very  simple  way,  the  rela¬ 
tive  role  of  peak  acceleration,  pulse  shape  and 
duration  in  shock  testing  [1.311. 


In  addition  to  Gq  versus  aXp  plots.the 
A.O.I.  affords  plotting  of  any  two  signals  out 
of  the  group  -  G^,  Gq,  Gr,  aVr,  aXr,  aX<  - 
against  each  other.  Of  practical  interest  are 
G{  versus  aXi  and  Gd  versus  AXr  plots.  The 
traces  in  Figure  5-T6,  24,  43  are  examples  of 
the  former  while  the  traces  in  Figure  4-11,  22, 
40  are  examples  of  the  latter  for  the  three 
example  input  pulses  of  Figure  3. 

Gi  versus  aXi  plots  may  be  considered  as 
shock  machine  "progranmer  signatures".  Compare 
the  gradual  deflection  and  rebound  of  the  elas¬ 
tomer  programmer  (Figure  5-16)  creating  a  half¬ 
sine  pulse  to  the  "spike"  force  deflection 
curve  of  plastic  programmers  (virtually  no 
deflection  -  Figure  6-24)  to  a  gas  cylinder  pro¬ 
grammer  (Figure  6-43)  reaching  maximum  force  at 
almost  zero  deflection  then  keeping  up  the  max¬ 
imum  force  throughout  its  deflection  followed 
by  sudden  rebound.  "Programmer  signature" 
curves  are  useful  in  optimal  programmer  design. 


The  traces  in  Figure  4-11,  22,  40  are  tra¬ 
ces  of  6r  versus  aXr  for  the  three  example 
input  pulses  in  Figure  3  as  before.  Since 
Gr  =  Go  -  G^ ,  the  Gr  versus  aXr  plots  are 
affected  by  both  G^  and  Gg.  The  input  pulse 
tends  to  be  of  short  duration  relative  to  the 
specimen  response.  Consequently,  Gr  is  domi¬ 
nated  initially  by  -Gi  and  therefore  shows  the 


-G'l  pulse.  After  completion  of  the  Gj  pulse 
the  trace  becomes  Gg  versus  aXr  and  therefore 
also  shows  the  dynamic  hysteresis  loops. 


ACCURACY  OF  A.D.l. 

The  inherent  difficulty  in  double  integra¬ 
tion  of  shock  pulses  is  that  the  integrator 
gains  must  be  very  high  in  order  to  provide 
useable  scaling  on  displacement.  Gains  of  245 
volts  per  sec.  per  volt  for  the  first  integra¬ 
tor  and  400  volts  per  sec.  per  volt  for  the 
second  integrator  were  used  in  this  work.  This 
provides  a  net  gain  of  98000  through  the  two 
integrators.  As  a  result,  displacement  error 
builds  up  at  a  rate  of  0.049t2  times  the  DC  off¬ 
set  in  the  first  integrator. 

This  effect  is  minimized  by  use  of  an 
automatic  balancing  circuit  to  correct  DC  off¬ 
set,  and  a  trigger  mechanism  to  initiate  inte¬ 
gration  at  the  instant  the  shock  table  contacts 
the  programmer.  Additional  sources  of  error  in 
A.D.l.  applications  are: 

1.  Poor  matching  of  reference  and  probe 
accelerometers  in  the  relative  mode. 

2.  Inaccurate  triggering  and  electrical 
trigger  noise. 

3.  Friction  noise  in  guide  posts  and 
bearings  of  a  shock  machine. 

4.  Electronics  components  sensitivity 

to  temperature  and  other  environmental 
changes . 

6.  Due  to  filtering  effects  which  may  be 
Introduced  by  the  accelerometers  and 
conditioners,  there  may  be  a  small 
phase  error  between  the  real  acceler¬ 
ation  time  history  and  the  accelero¬ 
meter  signal  used  for  the  Integration 
with  the  accelerometer  signal  having 
a  phase  lead  at  low  frequencies  with 
respect  to  the  real  acceleration. 

6.  Slight  displacement  amplitude  errors 
can  be  introduced  due  to  A.D.l. 
scaling  errors  or  accelerometer  con¬ 
ditioner  loading  by  the  A.D.l.  circuit. 

All  of  these  errors  can  be  reduced  to 
acceptable  values  by  accurate  matching  of  accel¬ 
erometers,  photoelectric  triggering,  proper 
cable  shielding  and  high  quality  electronics. 
Friction  noise,  filtering  effects  and  A.D.l. 
scaling  errors  can  be  reduced  by  suitable  pre- 
cal ibration. 


Velocity  Change  Accuracy 

Throughout  the  tests,  velocity  change  from 
an  optical  velocity  change  meter  were  compared 
with  integrator  results.  The  table  below  shows 
some  representative  results  for  12  inches 
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Fig.  4  -  Hysteresis  loops  of  the  same  specimen  subjected  to  the  three  differenl  shock  pulses 
l\ y  J9  respectively).  Corresponding  "specimen  signatures"  (11,  ‘^Z.  40  respectively). 


Fig.  S  -  Elastomer,  plastic  and  gas  cylin¬ 
der  "programmer  signatures"  (16,  24,  43  respec¬ 
tively)  . 


effective  drop  height  with  plastic  prograwners . 


nVl  Optical 
_ m/sec 


4Vi  integrated 
m/sec 


1.92 

2.00 

1.96 

1 .95 

1.96 

1.90 

2.05 

2.10 

2.11 

2.20 

It  can  be  seen  that  the  agreement  is  quite 
good. 


Absolute  Displacement  Accuracy 

Theoretical  displacement  of  shock  machine 
prograimiers  were  calculated  using  the  following 
formula ; 

Halfsine  pulses:  4X  =  3.898  x  10"^  x  ACC  x 
Square  pulses;  AX  =4,83  x  10"®  x  ACC  x  t^ 


where  ACC  is  in  g,  t  in  ms,  and  AX  in  inches. 


The  table  below  compares  some  of  the  the¬ 
oretically  calculated  values  to  the  Integration 
results:  (12  inches  effective  drop  height) 


- ■  '  " 

AXi  Theoretical 
m 

AX^  Integrated 
min 

Plastic 

Programmers 

0.928 

1.25 

Elastomer 

Programmers 

13.1 

13.0 

Gas 

Programmers 
(100  psi) 

7.28 

7.55 

Again,  the  agreement  seems  to  be  quite  good. 


Relative  Displacement  Accuracy 

Throughout  the  tests,  relative  displace¬ 
ment  readings  obtained  by  A.D.I.  were  compared 
with  those  of  the  LVDT. 

Visual  inspection  of  the  aXr  traces  gen¬ 
erated  by  the  LVDT,  versus  aXr  traces  obtained 
by  A.D.I.,  reveals  good  agreement  up  to  about 
100  ms  time  histories  (Figure  4  and  Figure  3-14, 
20,  38).  Note  that  comparing  LVDT  and  A.D.I. 
results  involves  an  inherent  error  due  to  the 
phase  shift  effect  as  mentioned  earlier.  This 
effect  will  tend  to  reduce  the  area  enclosed 
within  the  A.D.I.  hysteresis  loop.  On  the  other 
hand,  the  phase  as  measured  by  an  LVDT  will 
tend  to  lag  the  true  phase  angle  between  the 
real  acceleration  and  displacement.  Thus,  the 
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area  within  the  LVDT  hysteresis  loop  will  be 
slightly  Increased  In  comparison  to  the  true 
value. 

Consequently,  It  appears  that  A.D.I.  re¬ 
sults  do  not  carry  larger  errors  of  velocity 
change  and  displacement  than  conventional  opti¬ 
cal  velocity  change  meters  or  LVDT's. 


CONCLUSION 

The  feasibility  and  some  application  pos¬ 
sibilities  of  A.D.I.  were  demonstrated  and  the 
accuracy  was  shown  to  be  adequate  for  process¬ 
ing  time  histories  of  up  to  100  ms.  These 
results  were  obtained  with  a  small  comnerclal 
analog  computer.  The  use  of  better  electronic 
circuit  design  would  result  In  superior  accur¬ 
acy  and  dependability.  Nevertheless,  the 
results  achieved  In  the  study  are  comparable 
to  those  obtained  by  conventional  optical 
velocity  change  meters  and  LVDT's.  The  flex¬ 
ibility  afforded  by  measuring  velocity  and 
relative  displacement  from  accelerometer  sig¬ 
nals,  rather  than  cumbersome  fixturing  of 
velocity  meters  or  LVDT's,  renders  A.D.I.  a 
powerful  tool  In  shock  testing. 

The  economics  are  also  favorable  since  the 
additional  cost  for  A.D.I.  electronics  are  lar¬ 
gely  offset  by  the  elimination  of  velocity 
change  meters,  LVDT's,  conditioners  and  dis¬ 
plays. 


NOTATION 

Sign  convention  for  all  values;  Up0  Oown0 

Gj  -  Input  acceleration  (shock  machine 
acceleration)  -  g. 

G.  -  Output  acceleration  (product  component 
acceleration)  -  g. 

Go  -  Relative  acceleration  (product  versus 
shock  machine  acceleration)  -  g. 

aV.|  -  Input  velocity  change  (shock  machine 
table  versus  machine  base)  m/sec. 

aV^  -  Output  velocity  change  (product  versus 
machine  base)  m/sec. 

4Vp  -  Relative  velocity  change  (product  ver- 
"  sus  shock  machine  table,  product  com¬ 
ponent  versus  product,  etc.)  m/sec. 

V^  -  Initial  velocity  for  Integration 
(Ideally  V^  -  V^)  m/sec. 

aX,  -  Absolute  displacement  of  Input  accel¬ 
erometer  (deflection  of  programmers )mm 

ax.  -  Absolute  displacement  of  output  accel¬ 
erometer  (displacement  of  product  ver¬ 
sus  machine  base)  mm. 


aXn  -  Relative  displacement  (product  versus 
"  shock  machine  table  )  nm. 

t.|  ,t2-  Optical  aV  meter  readouts,  ms, 


t  -  time  msec. 

-  Coefficient  of  restitution. 

LVDT  -  Linear  Variable  Differential  Trans¬ 
former  (displacement  transducer). 
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